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W e are cognitive scientists — a linguist and a psychologist — each 
with a long-standing passion for the beautiful ideas of mathematics. 
As specialists within a field that studies the nature and structure of ideas, 
we realized that despite the remarkable advances in cognitive science and a long 
tradition in philosophy and history, there was still no discipline of mathe- 
matical idea analysis from a cognitive perspective — no cognitive science of 
mathematics. 

With this book, we hope to launch such a discipline. 

A discipline of this sort is needed for a simple reason: Mathematics is deep, 
fundamental, and essential to the human experience. As such, it is crying out 
to be understood. 

It has not been. 

Mathematics is seen as the epitome of precision, manifested in the use of 
symbols in calculation and in formal proofs. Symbols are, of course, just sym- 
bols, not ideas. The intellectual content of mathematics lies in its ideas, not in 
the symbols themselves. In short, the intellectual content of mathematics does 
not lie where the mathematical rigor can be most easily seen — namely, in the 
symbols. Rather, it lies in human ideas. 

But mathematics by itself does not and cannot empirically study human 
ideas,- human cognition is simply not its subject matter. It is up to cognitive sci- 
ence and the neuroscicnccs to do what mathematics itself cannot do — namely, 
apply the science of mind to human mathematical ideas. That is the purpose of 
this hook. 

One might think that the nature of mathematical ideas is a simple and obvi- 
ous matter, that such ideas are just what mathematicians have consciously 
taken them to be. From that perspective, the commonplace formal symbols do 
as good a job as any at characterizing the nature and structure of those ideas. If 
that were true, nothing more would need to be said. 


XI 



XII 


PttKPAlIE 


But those of us who study the nature of concepts within cognitive science 
know, from research in that Held, that the study of human ideas is not so sim- 
ple. Human ideas are, to a large extent, grounded in sensory-motor experience. 
Abstract human ideas make use of precisely formulatablc cognitive mecha- 
nisms such as conceptual metaphors that import modes of reasoning from sen- 
sory-motor experience. It is always an empirical question just what human 
ideas are like, mathematical or not. 

The central question we ask is this: How can cognitive science bring sys- 
tematic scientific rigor to the realm of human mathematical ideas, which lies 
outside the rigor of mathematics itself? Our job is to help make precise what 
mathematics itself cannot — the nature of mathematical ideas. 

Rafael Niinez brings to this effort a background in mathematics education, 
the development of mathematical ideas in children, the study of mathematics 
in indigenous cultures around the world, and the investigation of the founda- 
tions of embodied cognition. George Lakoff is a major researcher in human con- 
ceptual systems, known for his research in natural-language semantics, his 
work on the embodiment of mind, and his discovery of the basic mechanisms 
of everyday metaphorical thought. 

The general enterprise began in the early 1990s with the detailed analysis by 
one of Lakoff's students, Ming Ming Chiu (now a professor at the Chinese Uni- 
versity in Hong Kong), of the basic system of metaphors used by children to 
comprehend and reason about arithmetic. In Switzerland, at about the same 
time, Niinez had begun an intellectual quest to answer these questions: How 
can human beings understand the idea of actual infinity — infinity conceptual- 
ized as a thing, not merely as an unending process? What is the concept of ac- 
tual infinity in its mathematical manifestations — points at infinity, infinite 
sets, infinite decimals, infinite intersections, transfinitc numbers, infinitesi- 
mals? He reasoned that since wc do not encounter actual infinity directly in the 
world, since our conceptual systems are finite, and since wc have no cognitive 
mechanisms to perceive infinity, there is a good possibility that metaphorical 
thought may be necessary for human beings to conceptualize infinity. If so, new 
results about the structure of metaphorical concepts might make it possible to 
precisely characterize the metaphors used in mathematical concepts of infinity. 
With a grant from the Swiss NSF, he came to Berkeley in 1993 to take up this 
idea with Lakoff. 

We soon realized that such a question could not be answered in isolation. We 
would need to develop enough of the foundations of mathematical idea analysis 
so that the question could he asked and answered in a precise way. We would need 
to understand the cognitive structure not only of basic arithmetic but also of sym- 
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bolic logic, the Boolean logic of classes, set theory, parts of algebra, and a fair 
amount of classical mathematics: analytic geometry, trigonometry, calculus, and 
complex numbers. That would be a task of many lifetimes. Because of other com- 
mitments, we had only a few years to work on the project — and only part-time. 

So we adopted an alternative strategy. We asked, What would be the mini- 
mum background needed 

• to answer Niinez's questions about infinity, 

• to provide a serious beginning for a discipline of mathematical idea 
analysis, and 

• to write a book that would engage the imaginations of the large number 
of people who share our passion for mathematics and want to under- 
stand what mathematical ideas arc? 

As a consequence, our discussion of arithmetic, set theory, logic, and algebra 
are just enough to set the stage for our subsequent discussions of infinity and 
classical mathematics. Just enough for that job, but not trivial. Wc seek, from a 
cognitive perspective, to provide answers to such questions as, Where do the 
laws of arithmetic come from? Why is there a unique empty class and why is it 
a subclass of all classes? Indeed, why is the empty class a class at all, if it can- 
not be a class of anything? And why, in formal logic, docs every proposition fol- 
low from a contradiction? Why should anything at all follow from a 
contradiction? 

From a cognitive perspective, these questions cannot be answered merely by 
giving definitions, axioms, and formal proofs. That just pushes the question one 
step further back: How arc those definitions and axioms understood? To answer 
questions at this level requires an account of ideas and cognitive mechanisms. 
Formal definitions and axioms are not basic cognitive mechanisms; indeed, 
they themselves require an account in cognitive terms. 

One might think that the best way to understand mathematical ideas would 
be simply to ask mathematicians what they arc thinking. Indeed, many famous 
mathematicians, such as Descartes, Boole, Dedekind, Poincard, Cantor, and 
Weyl, applied this method to themselves, introspecting about their own 
thoughts. Contemporary research on the mind shows that as valuable a method 
as this can be, it can at best tell a partial and not fully accurate story. Most of 
our thought and our systems of concepts are part of the cognitive unconscious 
(see Chapter 2). We human beings have no direct access to our deepest forms of 
understanding. The analytic techniques of cognitive science are necessary if we 
are to understand how we understand. 
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One of the great findings of cognitive science is that our ideas are shaped by 
our bodily experiences — not in any simplemindcd one-to-one way but indi- 
rectly, through the grounding of our entire conceptual system in everyday life. 
The cognitive perspective forces us to ask, Is the system of mathematical ideas 
also grounded indirectly in bodily experiences? And if so, exactly how? 

The answer to questions as deep as these requires an understanding of the 
cognitive superstructure of a whole nexus of mathematical ideas. This book is 
concerned with how such cognitive superstructures are built up, starting for the 
most part with the commonest of physical experiences. 

To make our discussion of classical mathematics tractable while still show- 
ing its depth and richness, we have limited ourselves to one profound and cen- 
tral question: What docs Euler's classic equation, +1=0, mean? This 
equation links all the major branches of classical mathematics. It is proved in 
introductory calculus courses. The equation itself mentions only numbers and 
mathematical operations on them. What is lacking, from a cognitive perspec- 
tive, is an analysis of the ideas implicit in the equation, the ideas that charac- 
terize those branches of classical mathematics, the way those ideas are linked 
in the equation, and why the truth of the equation follows from those ideas. To 
demonstrate the utility of mathematical idea analysis for classical mathemat- 
ics, we set out to provide an initial idea analysis for that equation that would 
answer all these questions. This is done in the case-study chapters at the end of 
the book. 

To show that mathematical idea analysis has some importance for the phi- 
losophy of mathematics, we decided to apply our techniques of analysis to a 
pivotal moment in the history of mathematics — the arithmetization of real 
numbers and calculus by Dedckind and Weicrstrass in 1872. These dramatic de- 
velopments set the stage for the age of mathematical rigor and the Foundations 
of Mathematics movement. Wc wanted to understand exactly what ideas were 
involved in those developments. We found the answer to be far from obvious: 
The modern notion of mathematical rigor and the Foundations of Mathematics 
movement both rest on a sizable collection of crucial conceptual metaphors. 

In addition, we wanted to see if mathematical idea analysis made any differ- 
ence at all in how mathematics is understood. We discovered that it did: What 
is called the real-number line is not a line as most people understand it. What 
is called the continuum is not continuous in the ordinary sense of the term. 
And what arc called space-filling curves do not fill space as wc normally con- 
ceive of it. These are not mathematical discoveries but discoveries about how 
mathematics is conceptualized — that is, discoveries in the cognitive science of 
mathematics. 
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Though we are not primarily concerned here with mathematics education, 
it is a secondary concern. Mathematical idea analysis, as we seek to develop it, 
asks what theorems mean and why they are true on the basis of what they 
mean. We believe it is important to reorient mathematics teaching more to- 
ward understanding mathematical ideas and understanding why theorems are 
true. 

In addition, we see our job as helping to make mathematical ideas precise in 
an area that has previously been left to "intuition." Intuitions are not necessar- 
ily vague. A cognitive science of mathematics should study the precise nature 
of clear mathematical intuitions. 


The Romance of Mathematics 

In the course of our research, we ran up against a mythology that stood in the 
way of developing an adequate cognitive science of mathematics. It is a kind of 
"romance" of mathematics, a mythology that goes something like this. 

• Mathematics is abstract and disembodied— yet it is real. 

• Mathematics has an objective existence, providing structure to this uni- 
verse and any possible universe, independent of and transcending the 
existence of human beings or any beings at all. 

• Human mathematics is just a part of abstract, transcendent mathematics. 

• Hence, mathematical proof allows us to discover transcendent truths of 
the universe. 

• Mathematics is part of the physical universe and provides rational 
structure to it. There arc Fibonacci series in flowers, logarithmic spirals 
in snails, fractals in mountain ranges, parabolas in home runs, and ir in 
the spherical shape of stars and planets and bubbles. 

• Mathematics even characterizes logic, and hence structures reason it- 
self — any form of reason by any possible being. 

• To learn mathematics is therefore to learn the language of nature, a 
mode of thought that would have to be shared by any highly intelligent 
beings anywhere in the universe. 

• Because mathematics is disembodied and reason is a form of mathe- 
matical logic, reason itself is disembodied. Hence, machines can, in 
principle, think. 

It is a beautiful romance — the stuff of movies like 2001, Contact, and Sphere. 
It initially attracted us to mathematics. 
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But the more we have applied what we know about cognitive science to un- 
derstand the cognitive structure of mathematics, the more it has become clear 
that this romance cannot be true. Human mathematics, the only kind of mathe- 
matics that human beings know, cannot he a subspecies of an abstract, transcen- 
dent mathematics. Instead, it appears that mathematics as we know it arises from 
the nature of our brains and our embodied experience. As a consequence, every 
part of the romance appears to be false, for reasons that we will be discussing. 

Perhaps most surprising of all, we have discovered that a great many of the 
most fundamental mathematical ideas arc inherently metaphorical in nature: 

• The number line, where numbers are conceptualized metaphorically as 
points on a line. 

• Boole's algebra of classes, where the formation of classes of objects is 
conceptualized metaphorically in terms of algebraic operations and ele- 
ments: plus, times, zero, one, and so on. 

• Symbolic logic, where reasoning is conceptualized metaphorically as 
mathematical calculation using symbols. 

• Trigonometric functions, where angles are conceptualized metaphori- 
cally as numbers. 

• The complex plane, where multiplication is conceptualized metaphor- 
ically in terms of rotation. 

And as we shall sec, Nunez was right about the centrality of conceptual 
metaphor to a full understanding of infinity in mathematics. There arc two in- 
finity concepts in mathematics — one literal and one metaphorical. The literal 
concept ("in-finity" — lack of an end) is called "potential infinity." It is simply a 
process that goes on without end, like counting without stopping, extending a 
line segment indefinitely, or creating polygons with more and more sides. No 
metaphorical ideas are needed in this case. Potential infinity is a useful notion 
in mathematics, but the main event is elsewhere. The idea of "actual infinity," 
where infinity becomes a thing — an infinite set, a point at infinity, a transflnite 
number, the sum of an infinite series — is what is really important. Actual in- 
finity is fundamentally a metaphorical idea, just as Ntinez had suspected. The 
surprise for us was that all forms of actual infinity — points at infinity, infinite 
intersections, transflnite numbers, and so on — appear to he special cases of just 
one Basic Metaphor of Infinity. This is anything but obvious and will be dis- 
cussed at length in the course of the book. 

As we have learned more and more about the nature of human mathematical 
cognition, the Romance of Mathematics has dissolved before our eyes. What has 
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emerged in its place is an even more beautiful picture — a picture of what math- 
ematics really is. One of our main tasks in this book is to sketch that picture 
for you. 

None of what we have discovered is obvious. Moreover, it requires a prior un- 
derstanding of a fair amount of basic cognitive semantics and of the overall cog- 
nitive structure of mathematics. That is why wc have taken the trouble to write 
a book of this breadth and depth. Wc hope you enjoy reading it as much as we 
have enjoyed writing it. 




Introduction: 


Why Cognitive Science 
Matters to Mathematics 


M athematics as we know it has been cheated and used by 
human beings: mathematicians, physicists, computer scientists, and 
economists — all members of the species Homo sapiens. This may be an obvious 
fact, but it has an important consequence. Mathematics as we know it is lim- 
ited and structured by the human brain and human mental capacities. The only 
mathematics we know or can know is a brain-and-mind-based mathematics. 

As cognitive science and neuroscience have learned more about the human 
brain and mind, it has become clear that the brain is not a general-purpose de- 
vice. The brain and body co-cvolved so that the brain could make the body func- 
tion optimally. Most of the brain is devoted to vision, motion, spatial 
understanding, interpersonal interaction, coordination, emotions, language, and 
everyday reasoning. Human concepts and human language are not random or 
arbitrary; they are highly structured and limited, because of the limits and 
structure of the brain, the body, and the world. 

This observation immediately raises two questions: 

1. Exactly what mechanisms of the human brain and mind allow human 
beings to formulate mathematical ideas and reason mathematically? 

2. Is brain-and-mind-based mathematics all that mathematics is? Or is 
there, as Platonists have suggested, a disembodied mathematics tran- 
scending all bodies and minds and structuring the universe — this uni- 
verse and every possible universe? 
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Question 1 asks where mathematical ideas come from and how mathemati- 
cal ideas are to be analyzed from a cognitive perspective. Question 1 is a scien- 
tific question, a question to be answered by cognitive science, the 
interdisciplinary science of the mind. As an empirical question about the 
human mind and hrain, it cannot be studied purely within mathematics. And 
as a question for empirical science, it cannot he answered by an a priori philos- 
ophy or by mathematics itself. It requires an understanding of human cognitive 
processes and the human brain. Cognitive science matters to mathematics be- 
cause only cognitive science can answer this question. 

Question 1 is what this book is mostly about. We will be asking how normal 
human cognitive mechanisms are employed in the creation and understanding 
of mathematical ideas. Accordingly, we will be developing techniques of math- 
ematical idea analysis. 

But it is Question 2 that is at the heart of the philosophy of mathematics. It 
is the question that most people want answered. Our answer is straightforward: 

• Theorems that human beings prove are within a human mathematical 
conceptual system. 

• All the mathematical knowledge that wc have or can have is knowledge 
within human mathematics. 

• There is no way to know whether theorems proved by human mathe- 
maticians have any objective truth, external to human beings or any 
other beings. 

The basic form of the argument is this: 

1. The question of the existence of a Platonic mathematics cannot be ad- 
dressed scientifically. At best, it can only be a matter of faith, much like 
faith in a God. That is, Platonic mathematics, like God, cannot in itself 
be perceived or comprehended via the human body, brain, and mind. 
Science alone can neither prove nor disprove the existence of a Platonic 
mathematics, just as it cannot prove or disprove the existence of a God. 

2. As with the conceptualization of God, all that is possible for human be- 
ings is an understanding of mathematics in terms of what the human 
brain and mind afford. The only conceptualization that we can have of 
mathematics is a human conceptualization. Therefore, mathematics as 
we know it and teach it can only be humanly created and humanly con- 
ceptualized mathematics. 
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3. What human mathematics is, is an empirical scientific question, not a 
mathematical or a priori philosophical question. 

4. Therefore, it is only through cognitive science — the interdisciplinary 
study of mind, brain, and their relation — that we can answer the ques- 
tion: What is the nature of the only mathematics that human beings 
know or can know? 

5. Therefore, if you view the nature of mathematics as a scientific ques- 
tion, then mathematics is mathematics as conceptualized by human be- 
ings using the brain's cognitive mechanisms. 

6. However, you may view the nature of mathematics itself not as a sci- 
entific question but as a philosophical or religious one. The burden of 
scientific proof is on those who claim that an external Platonic mathe- 
matics docs exist, and that theorems proved in human mathematics are 
objectively true, external to the existence of any beings or any concep- 
tual systems, human or otherwise. At present there is no known way to 
carry out such a scientific proof in principle. 


This book aspires to tell you what human mathematics, conceptualized via 
human brains and minds, is like. Given the present and foreseeable state of our 
scientific knowledge, human mathematics is mathematics. What human math- 
ematical concepts are is what mathematical concepts are. 

Wc hope that this will be of interest to you whatever your philosophical or 
religious beliefs about the existence of a transcendent mathematics. 

There is an important part of this argument that needs further elucidation. 
What accounts for what the physicist Eugene Wigncr has referred to as "the un- 
reasonable effectiveness of mathematics in the natural sciences" (Wigncr, 
I960)? How can we make sense of the fact that scientists have been able to find 
or fashion forms of mathematics that accurately characterize many aspects of 
the physical world and even make correct predictions? It is sometimes assumed 
that the effectiveness of mathematics as a scientific tool shows that mathe- 
matics itself exists in the structure of the physical universe. This, of course, is 
not a scientific argument with any empirical scientific basis. 

We will take this issue up in detail in Part V of the book. Our argument, in 
brief, will be that whatever "fit" there is between mathematics and the world 
occurs in the minds of scientists who have observed the world closely, learned 
the appropriate mathematics well (or invented it), and fit them together (often 
effectively) using their all-too-human minds and brains. 
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Finally, there is the issue of whether human mathematics is an instance of, 
or an approximation to, a transcendent Platonic mathematics. This position 
presupposes a nonscientific faith in the existence of Platonic mathematics. We 
will argue that even this position cannot be true. The argument rests on analy- 
ses we will give throughout this book to the effect that human mathematics 
makes fundamental use of conceptual metaphor in characterizing mathemati- 
cal concepts. Conceptual metaphor is limited to the minds of living beings. 
Therefore, human mathematics (which is constituted in significant part by con- 
ceptual metaphor) cannot be a part of Platonic mathematics, which — if it ex- 
isted — would be purely literal. 

Our conclusions will be: 

1. Human beings can have no access to a transcendent Platonic mathe- 
matics, if it exists. A belief in Platonic mathematics is therefore a mat- 
ter of faith, much like religious faith. There can be no scientific 
evidence for or against the existence of a Platonic mathematics. 

2. The only mathematics that human beings know or can know is, there- 
fore, a mind-based mathematics, limited and structured by human 
brains and minds. The only scientific account of the nature of mathe- 
matics is therefore an account, via cognitive science, of human mind- 
based mathematics. Mathematical idea analysis provides such an 
account. 

3. Mathematical idea analysis shows that human mind-based mathemat- 
ics uses conceptual metaphors as part of the mathematics itself. 

4. Therefore human mathematics cannot be a part of a transcendent Pla- 
tonic mathematics, if such exists. 

These arguments will have more weight when we have discussed in detail 
what human mathematical concepts are. That, as we shall see, depends upon 
what the human body, brain, and mind arc like. A crucial point is the argument 
in (3) — that conceptual metaphor structures mathematics as human beings con- 
ceptualize it. Bear that in mind as you read our discussions of conceptual 
metaphors in mathematics. 

Recent Discoveries about the Nature of Mind 

In recent years, there have been revolutionary advances in cognitive science — 
advances that have an important bearing on our understanding of mathematics. 
Perhaps the most profound of these new insights are the following: 
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1 . The embodiment of mind. The detailed nature of our bodies, our brains, 
and our everyday functioning in the world structures human concepts 
and human reason. This includes mathematical concepts and mathe- 
matical reason. 

2. The cognitive unconscious. Most thought is unconscious — not re- 
pressed in the Freudian sense but simply inaccessible to direct con- 
scious introspection. Wc cannot look directly at our conceptual systems 
and at our low-level thought processes. This includes most mathemat- 
ical thought. 

3. Metaphorical thought. For the most part, human beings conceptualize 
abstract concepts in concrete terms, using ideas and modes of reasoning 
grounded in the sensory-motor system. The mechanism by which the 
abstract is comprehended in terms of the concrete is called conceptual 
metaphor. Mathematical thought also makes use of conceptual 
metaphor, as when we conceptualize numbers as points on a line. 

This book attempts to apply these insights to the realm of mathematical 
ideas. That is, we will be taking mathematics as a subject matter for cognitive 
science and asking how mathematics is created and conceptualized, especially 
how it is conceptualized metaphorically. 

As will become clear, it is only with these recent advances in cognitive sci- 
ence that a deep and grounded mathematical idea analysis becomes possible. In- 
sights of the sort we will be giving throughout this book were not even 
imaginable in the days of the old cognitive science of the disembodied mind, de- 
veloped in the 1960s and early 1970s. In those days, thought was taken to be the 
manipulation of purely abstract symbols and all concepts were seen as literal — 
free of all biological constraints and of discoveries about the brain. Thought, 
then, was taken by many to be a form of symbolic logic. As we shall see in 
Chapter 6, symbolic logic is itself a mathematical enterprise that requires a 
cognitive analysis. For a discussion of the differences between the old cognitive 
science and the new, see Philosophy in the Flesh (Lakoff & Johnson, 1999) and 
Reclaiming Cognition (Nunez &. Freeman, cds., 1999). 

Mathematics is one of the most profound and beautiful endeavors of the imag- 
ination that human beings have ever engaged in. Yet many of its beauties and 
profundities have been inaccessible to nonmathematicians, because most of the 
cognitive structure of mathematics has gone undcscribed. Up to now, even the 
basic ideas of college mathematics have appeared impenetrable, mysterious, 
and paradoxical to many well-educated people who have approached them. Wc 
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believe that cognitive science can, in many cases, dispel the paradoxes and clear 
away the shrouds of mystery to reveal in full clarity the magnificence of those 
ideas. To do so, it must reveal how mathematics is grounded in embodied ex- 
perience and how conceptual metaphors structure mathematical ideas. 

Many of the confusions, enigmas, and seeming paradoxes of mathematics 
arise because conceptual metaphors that are part of mathematics are not recog- 
nized as metaphors but are taken as literal. When the full metaphorical charac- 
ter of mathematical concepts is revealed, such confusions and apparent 
paradoxes disappear. 

But the conceptual metaphors themselves do not disappear. They cannot be 
analyzed away. Metaphors are an essential part of mathematical thought, not 
just auxiliary mechanisms used for visualization or ease of understanding. Con- 
sider the metaphor that Numbers Are Points on a Line. Numbers don't have to 
be conceptualized as points on a line,- there arc conceptions of number that are 
not geometric. But the number line is one of the most central concepts in all of 
mathematics. Analytic geometry would not exist without it, nor would 
trigonometry. 

Or take the metaphor that Numbers Are Sets, which was central to the Foun- 
dations movement of early-twenticth-century mathematics. Wc don't have to 
conceptualize numbers as sets. Arithmetic existed for over two millennia with- 
out this metaphor — that is, without zero conceptualized as being the empty set, 
1 as the set containing the empty set, 2 as the set containing 0 and 1, and so on. 
But if we do use this metaphor, then forms of reasoning about sets can also 
apply to numbers. It is only by virtue of this metaphor that the classical Foun- 
dations of Mathematics program can exist. 

Conceptual metaphor is a cognitive mechanism for allowing us to reason 
about one kind of thing as if it were another. This means that metaphor is not 
simply a linguistic phenomenon, a mere figure of speech. Rather, it is a cogni- 
tive mechanism that belongs to the realm of thought. As we will see later in the 
book, "conceptual metaphor" has a technical meaning: It is a grounded, infer- 
ence-preserving cross-domain mapping — a neural mechanism that allows us to 
use the inferential structure of one conceptual domain (say, geometry) to reason 
about another (say, arithmetic). Such conceptual metaphors allow us to apply 
what we know about one branch of mathematics in order to reason about an- 
other branch. 

Conceptual metaphor makes mathematics enormously rich. But it also brings 
confusion and apparent paradox if the metaphors arc not made clear or are taken 
to be literal truth. Is zero a point on a line? Or is it the empty set? Or both? Or 
is it just a number and neither a point nor a set? There is no one answer. Each 
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answer constitutes a choice of metaphor, and each choice of metaphor provides 
different inferences and determines a different subject matter. 

Mathematics, as we shall see, layers metaphor upon metaphor. When a sin- 
gle mathematical idea incorporates a dozen or so metaphors, it is the job of the 
cognitive scientist to tease them apart so as to reveal their underlying cognitive 
structure. 

This is a task of inherent scientific interest. But it also can have an important 
application in the teaching of mathematics. We believe that revealing the cog- 
nitive structure of mathematics makes mathematics much more accessible and 
comprehensible. Because the metaphors are based on common experiences, the 
mathematical ideas that use them can be understood for the most part in every- 
day terms. 

The cognitive science of mathematics asks questions that mathematics does 
not, and cannot, ask about itself. How do we understand such basic concepts as 
infinity, zero, lines, points, and sets using our everyday conceptual apparatus? 
How are we to make sense of mathematical ideas that, to the novice, are para- 
doxical — ideas like space-filling curves, infinitesimal numbers, the point at in- 
finity, and non-well-foundcd sets (i.e., sets that "contain themselves" as 
members)? 

Consider, for example, one of the deepest equations in all of mathematics, the 
Euler equation, e n/ + 1 = 0, e being the infinite decimal 2.718281828459045. . . , 
a far-from-obvious number that is the base for natural logarithms. This equation 
is regularly taught in elementary college courses. But what exactly docs it mean? 
We arc usually told that an exponential of the form q" is just the number q 
multiplied by itself n times,- that is, q • q • . . . • q. This makes perfect sense for 
2 s , which would be 2 • 2 • 2 • 2 • 2, which multiplies out to 32. But this definition 
of an exponential makes no sense for e ni . There are at least three mysteries here. 

1. What does it mean to multiply an infinite decimal like e by itself? If you 
think of multiplication as an algorithmic operation, where do you start? 
Usually you start the process of multiplication with the last digit on the 
right, but there is no last digit in an infinite decimal. 

2. What does it mean to multiply any number by itself it times? tt is an- 
other infinite nonrepeating decimal. What could "tt times" for per- 
forming an operation mean? 

3. And even worse, what does it mean to multiply a number by itself an 
imaginary (V-l) number of times? 
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And yet we are told that the answer is -1 . The typical proof is of no help here. 
It proves that e vi + 1 = 0 is true, but it docs not tell you what e vl means! In the 
course of this book, we will. 

In this book, unlike most other books about mathematics, we will be con- 
cerned not just with what is true hut with what mathematical ideas mean, how 
they can be understood, and why they arc true. We will also be concerned with 
the nature of mathematical truth from the perspective of a mind-based mathe- 
matics. 

One of our main concerns will be the concept of infinity in its various man- 
ifestations: infinite sets, transfinite numbers, infinite scries, the point at infin- 
ity, infinitesimals, and objects created by taking values of sequences "at 
infinity," such as space-filling curves. We will show that there is a single Basic 
Metaphor of Infinity that all of these arc special cases of. This metaphor origi- 
nates outside mathematics, but it appears to be the basis of our understanding 
of infinity in virtually all mathematical domains. When wc understand the 
Basic Metaphor of Infinity, many classic mysteries disappear and the apparently 
incomprehensible becomes relatively easy to understand. 

The results of our inquiry arc, for the most part, not mathematical results but 
results in the cognitive science of mathematics. They are results about the 
human conceptual system that makes mathematical ideas possible and in 
which mathematics makes sense. But to a large extent they are not results re- 
flecting the conscious thoughts of mathematicians; rather, they describe the un- 
conscious conceptual system used by people who do mathematics. The results 
of our inquiry should not change mathematics in any way, but they may radi- 
cally change the way mathematics is understood and what mathematical re- 
sults are taken to mean. 

Some of our findings may be startling to many readers. Here are some examples: 

• Symbolic logic is not the basis of all rationality, and it is not absolutely 
true. It is a beautiful metaphorical system, which has some rather 
bizarre metaphors. It is useful for certain purposes but quite inadequate 
for characterizing anything like the full range of the mechanisms of 
human reason. 

• The real numbers do not "fill" the number line. There is a mathemati- 
cal subject matter, the hyperreal numbers, in which the real numbers 
are rather sparse on the line. 

• The modern definition of continuity for functions, as well as the so- 
called continuum, do not use the idea of continuity as it is normally 
understood. 
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• So-called space-filling curves do not fill space. 

• There is no absolute yes-or-no answer to whether 0.99999. . . . = 1. It 
will depend on the conceptual system one chooses. There is a mathe- 
matical subject matter in which 0.99999. . . . = 1, and another in which 
0.99999. . . . * 1. 

These are not new mathematical findings but new ways of understanding 
well-known results. They are findings in the cognitive science of mathemat- 
ics — results about the conceptual structure of mathematics and about the role 
of the mind in creating mathematical subject matters. 

Though our research docs not affect mathematical results in themselves, it 
does have a bearing on the understanding of mathematical results and on the 
claims made by many mathematicians. Our research also matters for the phi- 
losophy of mathematics. Mind-based mathematics, as wc describe it in this 
book, is not consistent with any of the existing philosophies of mathematics: 
Platonism, intuitionism, and formalism. Nor is it consistent with recent post- 
modernist accounts of mathematics as a purely social construction. Based on 
our findings, we will be suggesting a very different approach to the philosophy 
of mathematics. Wc believe that the philosophy of mathematics should be con- 
sistent with scientific findings about the only mathematics that human bciiigs 
know or can know. We will argue in Part V that the theory of embodied math- 
ematics — the body of results we present in this book — determines an empiri- 
cally based philosophy of mathematics, one that is coherent with the 
"embodied realism" discussed in Lakoff and Johnson (1999) and with "ecologi- 
cal naturalism" as a foundation for embodiment (Nunez, 1995, 1997). 

Mathematics as wc know it is human mathematics, a product of the human 
mind. Where does mathematics come from? It comes from us! Wc create it, but 
it is not arbitrary — not a mere historically contingent social construction. What 
makes mathematics nonarbitrary is that it uses the basic conceptual mecha- 
nisms of the embodied human mind as it has evolved in the real world. Mathe- 
matics is a product of the neural capacities of our brains, the nature of our 
bodies, our evolution, our environment, and our long social and cultural history. 

By the time you finish this book, our reasons for saying this should be clear. 


The Structure of the Book 

Part I is introductory. We begin in Chapter 1 with the brain's innate arith- 
metic — the ability to subitizc (i.c., to instantly determine how many objects are 
in a very small collection) and do very basic addition and subtraction. We move 
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on in Chapter 2 to some of the basic results in cognitive science on which the 
remainder of the book rests, Wc then take up basic metaphors grounding our un- 
derstanding of arithmetic (Chapter 3) and the question of where the laws of 
arithmetic come from (Chapter 4). 

In Part II, wc turn to the grounding and conceptualization of sets, logic, and 
forms of abstract algebra such as groups (Chapters 5, 6, and 7). 

Part III deals with the concept of infinity — as fundamental a concept as there 
is in sophisticated mathematics. The question wc ask is how finite human cog- 
nitive capacities and everyday conceptual mechanisms can give rise to the full 
range of mathematical notions of infinity: points at infinity, infinite sets, math- 
ematical induction, infinite decimals, limits, transfinitc numbers, infinitesi- 
mals, and so on. We argue that the concept of actual infinity is metaphorical in 
nature and that there is a single conceptual metaphor — the Basic Metaphor of 
Infinity (Chapter 8) — underlying most if not all infinite notions in mathematics 
(Chapters 8 through 11). We will then, in Part IV, point out the implications of 
this type of analysis for an understanding of the continuum (Chapter 12) and for 
continuity and the real numbers (Chapters 13 and 14). 

At this point in the book, we take a break from our line of argumentation to 
address a commonly noticed apparent contradiction, which we name the 
Length Paradox. We call this interlude le trou nnrmand, after the course in a 
rich French meal where a sorbet with calvados is served to refresh the palate. 

We now have enough results for Part V, a discussion of an overall theory of 
embodied mathematics (Chapter 15) and a new philosophy of mathematics 
(Chapter 16). 

To demonstrate the real power of the approach, wc end the book with Part VI, 
a detailed case study of the equation that brings together the ideas at the heart 
of classical mathematics: e w + 1 = 0. To show exactly what this equation 
means, wc have to look at the cognitive structure — especially the conceptual 
metaphors — underlying analytic geometry and trigonometry (Case Study 1), 
exponentials and logarithms (Case Study 2), imaginary numbers (Case Study 3), 
and the cognitive mechanisms combining them (Case Study 4). 

We chose to place this case study at the end for three reasons. First, it is a de- 
tailed illustration of how the cognitive mechanisms described in the book can 
shed light on the structure of classical mathematics. We have placed it after our 
discussion of the philosophy of mathematics to provide an example to the 
reader of how a change in the nature of what mathematics is can lead to a new 
understanding of familiar mathematical results. 

Second, it is in the case study that mathematical idea analysis comes to the 
fore. Though we will be analyzing mathematical ideas from a cognitive per- 
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spectivc throughout the book, the study of Euler's equation demonstrates the 
power of the analysis of ideas in mathematics, by showing how a single equa- 
tion can bring an enormously rich range of ideas together — even though the 
equation itself contains nothing but numbers: e, ir, V-l, 1, and 0. We will be ask- 
ing throughout how mere numbers can express ideas. It is in the case study that 
the power of the answer to this question becomes clear. 

Finally, there is an educational motive. We believe that classical mathemat- 
ics can best be taught with a cognitive perspective. We believe that it is impor- 
tant to teach mathematical ideas and to explain why mathematical truths 
follow from those ideas. This case study is intended to illustrate to teachers of 
mathematics how this can be done. 

We see our book as an early step in the development of a cognitive science of 
mathematics — a discipline that studies the cognitive mechanisms used in the 
human creation and conceptualization of mathematics. We hope you will find 
this discipline stimulating, challenging, and worthwhile. 




Pan I 

The Embodiment of 
Basic Arithmetic 
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The Brain's Innate Arithmetic 


T his book asks a centtkal question: What is the cognitive structure 
of sophisticated mathematical ideas? What are the simplest mathemati- 
cal ideas, and how do wc build on them and extend them to develop complex 
mathematical ideas: the laws of arithmetic, set theory, logic, trigonometry, cal- 
culus, complex numbers, and various forms of infinity — transfinitc numbers, 
infinitesimals, limits, and so on? Let us begin with the most fundamental as- 
pects of number and arithmetic, the part we are all born with. 

Number Discrimination by Babies 

The very idea that babies have mathematical capacities is startling. Mathemat- 
ics is usually thought of as something inherently difficult that has to be taught 
with homework and exercises. Yet we come into life prepared to do at least 
some rudimentary form of arithmetic. Recent research has shown that babies 
have the following numerical abilities: 

1 . At three or four days, a baby can discriminate between collections of 
two and three items (Antcll & Keating, 1983). Under certain conditions, 
infants can even distinguish three items from four (Strauss & Curtis, 
1981; van Loosbroek & Smitsman, 1990). 

2. By four and a half months, a baby "can tell" that one plus one is two 
and that two minus one is one (Wynn, 1992a). 

3. A little later, infants "can tell" that two plus one is three and that three 
minus one is two (Wynn, 1995). 


is 
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4. These abilities arc not restricted to visual arrays. Babies can also dis- 
criminate numbers of sounds. At three or four days, a baby can dis- 
criminate between sounds of two or three syllables (Bijeljac-Babic, 
Bertoncini, Si Mehler, 1991). 

5. And at about seven months, babies can recognize the numerical equiv- 
alence between arrays of objects and drumbeats of the same number 
(Starkey, Spclkc, Si Gelman, 1990). 

How do we know that babies can make these numerical distinctions? Here is 
one of the now-classic experimental procedures (Starkey Si Cooper, 1980): 
Slides were projected on a screen in front of babies sitting on their mother's lap. 
The time a baby spent looking at each slide before turning away was carefully 
monitored. When the baby started looking elsewhere, a new slide appeared on 
the screen. At first, the slides contained two large black dots. During the trials, 
the baby was shown the same numbers of dots, though separated horizontally 
by different distances. After a while, the baby would start looking at the slides 
for shorter and shorter periods of time. This is technically called habituation} 
nontcchnically, the baby got bored. 

The slides were then changed without warning to three black dots. Immedi- 
ately the baby started to stare longer, exhibiting what psychologists call a longer 
fixation time. The consistent difference of fixation times informs psychologists 
that the baby could tell the difference between two and three dots. The experi- 
ment was repeated with the three dots first, then the two dots. The results were 
the same. These experiments were first tried with babies between four and five 
months of age, but later it was shown that newborn babies at three or four days 
showed the same results (Antell & Keating, 1983). These findings have been 
replicated not just with dots but with slides showing objects of different shapes, 
sizes, and alignments (Strauss & Curtis, 1981). Such experiments suggest that 
the ability to distinguish small numbers is present in newborns, and thus that 
there is at least some innate numerical capacity. 

The ability to do the simplest arithmetic was established using similar 
habituation techniques. Babies were tested using what, in the language of 
developmental psychology, is called the violation-of-expectation paradigm. The 
question asked was this: Would a baby at four and a half months expect, given 
the presence of one object, that the addition of one other object would result in 
the presence of two objects? In the experiment, one puppet is placed on a stage. 
The stage is then covered by a screen that pops up in front of it. Then the baby 
secs someone placing a second identical puppet behind the screen. Then the 
screen is lowered. If there are two puppets there, the baby shows no surprise; 
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Sequence of events: 1 ♦ 1 = 1 or 2 

1. Object placed In case 2. Screen comes up 3. Second objoct addod 4. Hand leaves empty 
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S. screen drop* ... 6. revealing 2 objects 

(b) Impossible Outcome 
S. screen drops ... 6. revealing 1 object 
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Sequence of events: 2 - 1 = 1 or 2 

1 . Ob|ects placed In case 2. Screen comes up 3. Empty hand enters 4. One object removed 



Then either: (a) Possible Outcome Or (b) Impossible Outcome 


5. screen drops . . . 



6. revealing 1 object 


5. screen drops . . . 


6. revealing 2 objects 
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FIGURE 1.1 A usual design for studying the arithmetic capabilities of in- 
fants (Wynn, 1992a). These studies indicate that infants as young as four- 
and-a-half months old have a primitive form of arithmetic. They react 
normally to events in which 1 puppet + 1 puppet = 2 puppets or in which 
2 puppets - 1 puppet = 1 puppet. But they exhibit startled reactions (e.g., 
systematically longer staring) for impossible outcomes in which 1 puppet 
+ 1 puppet - 1 puppet or in which 2 puppets - 1 puppet - 2 puppets. 


that is, it doesn't look at the stage any longer than otherwise. If there is only 
one puppet, the baby looks at the stage for a longer time. Presumably, the rea- 
son is that the baby expected two puppets, not one, to be there. Similarly, the 
baby stares longer at the stage if three puppets are there when the screen is low- 
ered. The conclusion is that the baby can tell that one plus one is supposed to 
be two, not one or three (sec Figure 1.1). 

Similar experiments started with two puppets being placed on-stage, the 
screen popping up to cover them, and then one puppet being visibly removed 
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from behind the screen. The screen was then lowered. If there was only one pup- 
pet there, the babies showed no surprise; that is, they didn't look at the screen 
for any longer time. But if there were still two puppets on the stage after one 
had apparently been removed, the babies stared at the stage for a longer time. 
They presumably knew that two minus one is supposed to leave one, and they 
were surprised when it left two. Similarly, babies at six months expected that 
two plus one would be three and that three minus one would be two. In order 
to show that this was not an expectation based merely on the location of the 
puppets, the same experiment was replicated with puppets moving on turnta- 
bles, with the same results (Koechlin, Dchaene, &. Mchler, 1997). These find- 
ings suggest that babies use mechanisms more abstract than object location. 

Finally, to show that this result had to do with abstract number and not par- 
ticular objects, other experimenters had the puppets change to balls behind the 
screen. When two balls appeared instead of two puppets, four- and five-month- 
olds (unlike older infants) manifested no surprise, no additional staring at the 
stage. But when one ball or three balls appeared where two were expected, the 
babies did stare longer, indicating surprise (Simon, Hespos, & Rochat, 1995). 
The conclusion was that only number, not object identity, mattered. 

In sum, newborn babies have the ability to discern the number of discrete, sep- 
arate arrays of objects in space and the number of sounds produced sequentially 
(up to three or four). And at about five months they can distinguish correct from 
incorrect addition and subtraction of objects in space, for very small numbers. 

The evidence that babies have these abilities is robust, but many questions 
remain open. What exactly are the mechanisms — neurophysiological, psycho- 
logical, and others — underlying these abilities? What arc the exact situational 
conditions under which these abilities can be confirmed experimentally? When 
an infant's expectations are violated in such experiments, exactly what expec- 
tation is being violated? How do these abilities relate to other developmental 
processes? And so on. 

The experimental results to date do not give a complete picture. For example, 
there is no clear-cut evidence that infants have a notion of order before the age 
of fifteen months. If they indeed lack the concept of order before this age, this 
would suggest that infants can do what they do without realizing that, say, 
three is larger than two or that two is larger than one (Dehaene, 1997). In other 
words, it is conceivable that babies make the distinctions they make, but with- 
out a rudimentary concept of order. If so, when, exactly, does order emerge from 
the rudiments of baby arithmetic— and how? 

Despite the evidence discussed, experimenters do not necessarily agree on 
how to answer these questions and how to interpret many of the findings. The 
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new field of baby arithmetic is going through the usual growing pains. (For a 
brief summary, see Bideaud, 1996.) But as far as the present book is concerned, 
what matters is that such abilities do exist at a very early age. We will refer to 
these abilities as innate arithmetic. (This term has also been used in Butter- 
worth, 1999, p. 108.) 


Subitizing 

All human beings, regardless of culture or education, can instantly tell at a glance 
whether there are one, two, or three objects before them. This ability is called 
subitizing, from the Latin word for "sudden." It is this ability that allows new- 
born babies to make the distinctions discussed above. We can subitizc — that is, 
accurately and quickly discern the number of — up to about four objects. Wc can- 
not as quickly tell whether there are thirteen as opposed to fourteen objects, or 
even whether there are seven as opposed to eight. To do that takes extra time and 
extra cognitive operations — grouping the objects into smaller, subitizablc groups 
and counting them. In addition to being able to subitize objects in arrays, wc can 
subitizc sequences. For example, given a sequence of knocks or beeps or flashes 
of light, we can accurately and quickly tell how many there arc, up to five or six 
(Davis fit Pdrusse, 1988). These results are well established in experimental stud- 
ies of human perception, and have been for half a century (Kaufmann, Lord, Reese, 
fit Volkmann, 1949). Kaufmann ct al. observed that subitizing was a different 
process from counting or estimating. Today there is a fair amount of robust evi- 
dence suggesting that the ability to subitize is inborn. A survey of the range of 
subitizing experiments can be found in Mandler and Shebo (1982). 

The classic subitizing experiment involves reaction time and accuracy. A num- 
ber of items are flashed before subjects for a fraction of a second and they have to 
report as fast as they can how many there are. As you vary the number of items 
presented (the independent variable), the reaction time (the dependent variable) is 
roughly about half a second (actually about 600 milliseconds) for arrays of three 
items. After that, with arrays of four or five items, the reaction time begins in- 
creasing linearly with the number of items presented (see Figure 1.2). Accuracy 
varies according to the same pattern: For arrays of three or four items, there are 
virtually no errors. Starting with four items, the error rate rises linearly with the 
number of items presented. These results hold when the objects presented are in 
different spatial locations. When they overlap spatially, as with concentric circles, 
the results no longer hold (Trick fit Pylyshyn, 1993, 1994). 

There is now a clear consensus that subitizing is not merely a pattern-recog- 
nition process. However, the neural mechanism by which subitizing works is 
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FIGURE 1.2 Fifty years ago, experimental studies established the human capacity for mak- 
ing quick, error-free, and precise judgments of the numcrosity of small collections of items. 
The capacity was called subitizing. The figure shows results for these judgments under three 
experimental conditions. The levels of accuracy (top graphic) and reaction time (bottom 
graphic) stay stable and low for arrays of sizes of up to four items. The numbers increase dra- 
matically for larger arrays (adapted from Mandler & Shcbo, 1982). 
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still in dispute. Randy Gallistel and Rochcl Gelman have claimed that subitiz- 
ing is just very fast counting — serial processing, with visual attention placed on 
each item (Gelman & Gallistel, 1978). Stanislas Dchaene has hypothesized in- 
stead that subitizing is all-at-once> that is, it is accomplished via "parallel preat- 
tentive processing," which does not involve attending to each item one at a 
time (Dchaene, 1997). Dehaenc's evidence for his position comes from patients 
with brain damage that prevents them from attending to things in their envi- 
ronment serially and therefore from counting them. They can nonetheless 
subitize accurately and quickly up to three items (Dehaene & Cohen, 1994). 


The Numerical Abilities of Animals 

Animals have numerical abilities — not just primates but also raccoons, rats, and 
even parrots and pigeons. They can subitize, estimate numbers, and do the sim- 
plest addition and subtraction, just as four-and-a-half-month-old babies can. 
How do we know? Since we can't ask animals directly, indirect evidence must 
be gathered experimentally. 

Experimental methods designed to explore these questions have been con- 
ceived for more than four decades (Mechncr, 1958). Here is a demonstration for 
showing that rats can learn to perform an activity a given number of times. The 
task involves learning to estimate the number of times required. The rats are 
first deprived of food for a while. Then they are placed in a cage with two levers, 
which we will call A and B. Lever B will deliver food, but only after lever A has 
been pressed a certain fixed number of times — say, four. If the rat presses A the 
wrong number of times or not at all and then presses B, it is punished. The re- 
sults show that rats learn to press A about the right number of times. If the 
number of times is eight, the rats learn to press a number close to that — say, 
seven to nine times. 

To show that the relevant parameter is number and not just duration of time, 
experimenters conceived further manipulations: They varied the degree of food 
deprivation. As a result, some of the rats were very hungry and pressed the lever 
much faster, in order to get food quickly. But despite this, they still learned to 
press the lever close to the right number of times (Mechncr fit Gucvrekian, 
1962). In other series of experiments, scientists showed that rats have an ability 
to learn and generalize when dealing with numbers or with duration of time 
(Church fit Meek, 1984). 

Rats show even more sophisticated abilities, extending across different action 
and sensory modalities. They can learn to estimate numbers in association not 
just with motor actions, like pressing a bar, but also with the perception of tones 
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or light flashes. This shows that the numerical estimation capacity of rats is not 
limited to a specific sensory modality: It applies to number independent of 
modality. Indeed, modalities can be combined: Following the presentation of a 
sequence of, say, two tones synchronized with two light flashes (for a total of 
four events), the rats will systematically respond to four (Church & Meek, 1984). 

Nonhuman primates display abilities that are even more sophisticated. Rhesus 
monkeys in the wild have arithmetic abilities similar to those of infants, as re- 
vealed by studies with the violation-of-expcctation paradigm. For example, a 
monkey was first presented with one eggplant placed in an open box. Then a par- 
tition was placed in front of the eggplant, blocking the monkey's view. Then a sec- 
ond eggplant was placed in the box, in such a way that the monkey could sec it 
being put there. The partition was then removed to reveal cither one or two egg- 
plants in the box. The monkey looked significantly longer at the "impossible" 
one-eggplant case, reacting even more strongly than the babies. According to the 
primatologists' interpretation, this was an indication that the monkey expected 
to sec two eggplants in the box (Hauser, MacNcilagc, Sc Ware, 1996). 

In another line of research, primatologists have found that a chimpanzee can 
do arithmetic, combining simple physical fractions: one-quarter, one-half, and 
three-quarters. When one-quarter of an apple and one-half glass of a colored liq- 
uid were presented as a stimulus, the chimpanzee would choose as a response a 
three-quarter disc over a full disc (Woodruff & Premack, 1981). 

Chimpanzees have even been taught to use numerical symbols, although the 
training required years of painstaking work. About twenty years ago at Kyoto 
University, Japanese primatologists trained chimpanzees to use arbitrary visual 
signs to characterize collections of objects (and digits to characterize numbers). 
One of their best "students," a chimpanzee named Ai, learned to report the 
kind, color, and numerosity of collections of objects. For instance, she would ap- 
propriately select sequences of signs, like "pcncil-red-three" for a group of three 
red pencils and "toothbrush-blue-fivc" for a collection of five blue toothbrushes 
(Matsuzawa, 1985). Reaction-time data indicate that beyond the numbers three 
or four, Ai used a very humanlike serial form of counting. Recently Ai has made 
improvements, mastering the labeling of collections of objects up to nine, as 
well as ordering digits according to their numerical size (Matsuzawa, 1997). 

Other researchers have shown that chimpanzees arc also able to calculate 
using numerical symbols. For example, Sarah Boysen succeeded, through years 
of training, in teaching her chimpanzee, Sheba, to perform simple comparisons 
and additions. Sheba was progressively better able to match a collection of ob- 
jects with the corresponding Arabic numeral, from 0 to 9. Sheba also learned to 
choose, from among several collections of objects, the one correctly matching a 
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given numeral. Later, using an ingenious experimental design, Boysen demon- 
strated that Sheba was able to mentally perform additions using symbols alone. 
For example, given symbols "2" and "4," Sheba would pick out the symbol "6" 
as a result (Boysen & Capaldi, 1993; Boysen & Berntson, 1996). Although these 
impressive capacities require years of training, they show that our closest rela- 
tive, the chimpanzee, shares with us a nontrivial capacity for at least some in- 
nate arithmetic along with abilities that can he learned through long-term, 
explicit, guided training. 


The Inferior Parietal Cortex 

Up to now, we have mainly discussed human numerical capacities that are non- 
symbolic, where numbers of objects and events were involved, but not symbols 
for those numbers. Numbers are, of course, distinct from numerals, the symbols 
for numbers. The capacity for using numerals is more complex than that for num- 
ber alone, as we shall discuss below in detail. Moreover, there arc two aspects of 
the symbolization of number: written symbols (say, Arabic numerals like "6") and 
words, both spoken and written, for those symbols (say, "six"). The words and the 
numerals have different grammatical structure. The grammatical structure of the 
words is highly language-dependent, as can be seen from the English "eighty-one" 
versus the French "quatre-vingt-un" ("four-twenty-one"). Thus, the capacity for 
naming numbers involves a capacity for number plus two symbolic capacities — 
one for written numerals and one for characterizing the structure of the (typically 
complex) words for those numerals. 

There is a small amount of evidence suggesting that the inferior parietal cor- 
tex is involved in symbolic numerical abilities. One bit of evidence comes from 
patients with Epilepsia arithmetices, a rare form of epileptic seizure that occurs 
when doing arithmetic calculations. About ten cases in the world have been 
studied. In each case, the electroencephalogram (EEG) showed abnormalities in 
the inferior parietal cortex. From the moment the patients started doing even 
very simple arithmetic calculations, their brain waves showed abnormal rhyth- 
mic discharges and triggered epileptic fits. Other intellectual activities, such as 
reading, had no ill effects. (For discussion, see Dehaenc, 1997, p. 191.) 

A second piece of evidence comes from Mr. M, a patient of Laurent Cohen 
and Stanislas Dchacne, who has a lesion in the inferior parietal cortex. Mr. M 
cannot tell what number comes between 3 and 5, but he can tell perfectly well 
what letter comes between A and C and what day comes between Tuesday and 
Thursday. Knowledge of number sequence has been lost, but other sequential 
information is unaffected. 
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Mr. M can correctly give names to numerals. Shown the symbol 5, he can re- 
spond "five." But he eannot do simple arithmetie. He says that two minus one 
makes two, that nine minus eight is seven, that three minus one makes four. 
He has lost the sense of the structure of integers. He also fails "bisection" 
tasks — deciding which number falls in a given interval. Between three and five, 
he places three. Between ten and twenty, he places thirty, then corrects his an- 
swer to twenty-five. Yet his rote arithmetic memory is intact. He knows the 
multiplication table by heart; he knows that three times nine is twenty-seven, 
but fails when the result of addition goes beyond ten. Asked to add 8 + 5, he 
cannot break 5 down into 2 + 3, to give (8 + 2) + 3, or 10 + 3. He has lost every 
intuition about arithmetie, but he preserves rote memory. He ean perform sim- 
ple rote calculations, but he does not understand them. 

The inferior parietal cortex is a highly associative area, located anatomically 
where neural connections from vision, audition, and touch come together — a lo- 
cation appropriate for numerical abilities, since they are common to all sensory 
modalities. Lesions in this area have been shown to affect not only arithmetic 
but also writing, representing the fingers of the hand, and distinguishing right 
from left. Mr. M has all these disabilities. However, some patients have only 
one or another, which suggests that the inferior parietal cortex is divided into 
microrcgions associated with each. 

Dehaene (1997) asks why these capacities come together in a single region. 
"What," he asks, "is the relationship between numbers, writing, fingers, and 
space?" He speculates as follows: Numbers are connected to fingers because 
children learn to count on their fingers. Numbers are related to writing because 
they arc symbolized by written numerals. Numbers are related to space in var- 
ious ways; subitizing, for example, requires objects to be distributed over space, 
and integers arc conceptualized as being spread in space over a number line. 
And mathematical talent often correlates with spatial abilities. Thus, Dehaene 
reasons that, despite limited evidence at present, it makes sense to conclude 
that basic arithmetie abilities make major use of the inferior parietal cortex. 

Other mathematical abilities appear to involve other areas of the brain. For 
example, the prefrontal cortex, which is involved in complex structuring — com- 
plex motor routines, plans, and so on — seems to be used in complex arithmetie 
calculation, though not in rote memory (say, for multiplication tables). Patients 
with frontal lesions have difficulty using the multiplication algorithm, adding 
when they should multiply, forgetting to carry over, not processing digits in the 
right order; in short, they are unable to carry out complex sequential operations 
correctly. 
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FIGURE 1.3 The left hemisphere of the human brain, showing where the angular gyrus is 
in the inferior parietal cortex. This is an area in which brain lesions appear to severely affect 
arithmetic capacities. 


The capacity for basic arithmetic is separate from the capacity for rote memo- 
rization of addition and multiplication tables. Such rote abilities seem to he sub- 
cortical, associated with the basal ganglia. One patient of Cohen and Dehaene has 
a lesion of the basal ganglia and has lost many rote abilities: A former teacher and 
devout Christian, she can no longer recite the alphabet, familiar nursery rhymes, 
or the most common prayers. She has also lost the use of memorized addition and 
multiplication tables. Yet, with her inferior parietal cortex intact, she retains 
other nonrote arithmetic abilities. She can compare two numbers and find which 
number falls in between them. And although she does not remember what two 
times three is, she can calculate it by mentally counting three groups of two ob- 
jects. She has no trouble with subtraction. This suggests that rote mathematical 
abilities involve the subcortical basal ganglia and cortico-subcortical loops. 

Not only is rote calculation localized separately from basic arithmetic abilities 
but algebraic abilities arc localized separately from the capacity for basic arith- 
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metic. Dchaene (1997) cites a patient with a Ph.D. in chemistry who has acalcu- 
lia, the inability to do basic arithmetic. For example, he cannot solve 2 • 3, 7 - 3, 
9 -r 3, or 5 • 4. Yet he can do abstract algebraic calculations. He can simplify (a • b) 
/ (b • a) into 1 and a ■ a • a into a 3 , and could recognize that [dje] + a is not gener- 
ally equal to [d + a) / (c + a). Dehacne concludes that algebraic calculation and 
arithmetic calculation arc processed in different brain regions. 


From Brains to Minds and from 
Basic Arithmetic to Mathematics 

Very basic arithmetic uses at least the following capacities: subitizing, percep- 
tion of simple arithmetic relationships, the ability to estimate numcrosity with 
close approximation (for bigger arrays), and the ability to use symbols, calculate, 
and memorize short tables. At present, we have some idea of what areas of the 
brain are active when wc use such capacities, and we have some idea of which 
of these capacities are innate (for a general discussion, see Buttcrworth, 1999). 

But that is not very much. First, it is not much of mathematics. In fact, when 
compared to the huge edifice of mathematics it is almost nothing. Second, 
knowing where is far from knowing how. To know what parts of the brain 
"light up" when certain tasks are performed is far from knowing the neural 
mechanism by which those tasks arc performed. Identifying the parts of the 
brain involved is only a small, albeit crucial, part of the story. 

For us, the hard question is how wc go from such simple capacities to so- 
phisticated forms of mathematics and how wc employ ordinary cognitive mech- 
anisms to do so. In the next chapter, wc will introduce the reader to the basic 
cognitive mechanisms that are needed to begin answering these questions and 
that wc will refer to throughout the book. 
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The Cognitive Unconscious 

Perhaps the most fundamental, and initially the most startling, result in cogni- 
tive science is that most of our thought is unconscious — that is, fundamentally 
inaccessible to our direct, conscious introspection. Most everyday thinking oc- 
curs too fast and at too low a level in the mind to be thus accessible. Most cog- 
nition happens backstage. That includes mathematical cognition. 

We all have systems of concepts that we use in thinking, but we cannot con- 
sciously inspect our conceptual inventory. We all draw conclusions instantly in 
conversation, but we cannot consciously look at each inference and our own in- 
ference-drawing mechanisms while we are in the act of inferring on a massive 
scale second by second. We all speak in a language that has a grammar, but we 
do not consciously put sentences together word by word, cheeking consciously 
that we arc following the grammatical rules of our language. To us, it seems 
easy: We just talk, and listen, and draw inferences without effort. But what goes 
on in our minds behind the scenes is enormously complex and largely unavail- 
able to us. 

Perhaps the most startling realization of all is that we have unconscious 
memory. The very idea of an unconscious memory seems like a contradiction 
in terms, since we usually think of remembering as a conscious process. Yet 
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hundreds of experimental studies have confirmed that we remember without 
being aware that we arc remembering — that experiences we don't recall do in 
fact have a detectable and sometimes measurable effect on our behavior. (For an 
excellent overview, sec Schaeter, 1996.) 

What has not been done so far is to extend the study of the cognitive uncon- 
scious to mathematical cognition — that is, the way we implicitly understand 
mathematics as we do it or talk about it. A large part of unconscious thought 
involves automatic, immediate, implicit rather than explicit understanding — 
making sense of things without having conscious access to the cognitive mecha- 
nisms by which you make sense of things. Ordinary everyday mathematical sense- 
making is not in the form of conscious proofs from axioms, nor is it always the 
result of explicit, conscious, goal-oriented instruction. Most of our everyday math- 
ematical understanding takes place without our being able to explain exactly what 
wc understood and how we understood it. Indeed, when we use the term "under- 
standing" throughout this book, this automatic unconscious understanding is the 
kind of understanding we will be referring to, unless we say otherwise. 

Therefore, this book is not about those areas of cognitive science concerned 
with conscious, goal-oriented mathematical cognition, like conscious ap- 
proaches to problem solving or to constructing proofs. Though this book may 
have implications for those important fields, wc will not discuss them here. 

Our enterprise here is to study everyday mathematical understanding of this 
automatic unconscious sort and to ask a crucial question: How much of math- 
ematical understanding makes use of the same kinds of conceptual mechanisms 
that arc used in the understanding of ordinary, nonmathematical domains? Arc 
the same cognitive mechanisms that we use to characterize ordinary ideas also 
used to characterize mathematical ideas? 

We will argue that a great many cognitive mechanisms that are not specifi- 
cally mathematical are used to characterize mathematical ideas. These include 
such ordinary cognitive mechanisms as those used for the following ordinary 
ideas: basic spatial relations, groupings, small quantities, motion, distributions 
of things in space, changes, bodily orientations, basic manipulations of objects 
(e.g., rotating and stretching), iterated actions, and so on. 

To be more specific, we will suggest that: 

• Conceptualizing the technical mathematical concept of a class makes 
use of the everyday concept of a collection of objects in a bounded re- 
gion of space. 

Conceptualizing the technical mathematical concept of recursion 
makes use of the everyday concept of a repeated action. 
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• Conceptualizing the technical mathematical concept of complex arith- 
metic makes use of the everyday concept of rotation. 

• Conceptualizing derivatives in calculus requires making use of such 
everyday concepts as motion, approaching a boundary, and so on. 

From a nontechnical perspective, this should be obvious. But from the tech- 
nical perspective of cognitive science, one must ask: 

Exactly what everyday concepts and cognitive mechanisms are used in ex- 
actly what ways in the unconscious conceptualization of technical ideas in 
mathematics 1 

Mathematical idea analysis, as we will be developing it, depends crucially on 
the answers to this question. Mathematical ideas, as we shall see, are often 
grounded in everyday experience. Many mathematical ideas are ways of math- 
cmaticizing ordinary ideas, as when the idea of a derivative mathcmaticizes the 
ordinary idea of instantaneous change. 

Since the cognitive science of mathematics is a new discipline, not much is 
known for sure right now about just how mathematical cognition works. Our 
job in this book is to explore how the general cognitive mechanisms used in 
everyday nonmathematical thought can create mathematical understanding 
and structure mathematical ideas. 

Ordinary Cognition and Mathematical Cognition 

As we saw in the previous chapter, it appears that all human beings are born 
with a capacity for subitizing very small numbers of objects and events and 
doing the simplest arithmetic — the arithmetic of very small numbers. More- 
over, if Dehaene (1997) is right, the inferior parietal cortex, especially the angu- 
lar gyrus, "plays a crucial role in the mental representation of numbers as 
quantities" (p. 189). In other words, there appears to be a part of the brain in- 
nately specialized for a sense of quantity — what Dehaene, following Tobias 
Dantzig, refers to as "the number sense." 

But there is a lot more to mathematics than the arithmetic of very small 
numbers. Trigonometry and calculus arc very far from "three minus one equals 
two." Even realizing that zero is a number and that negative numbers are num- 
bers took centuries of sophisticated development. Extending numbers to the ra- 
tionals, the reals, the imaginaries, and the hyperreals requires an enormous 
cognitive apparatus and goes well beyond what babies and animals, and even a 
normal adult without instruction, can do. The remainder of this book will be 
concerned with the embodied cognitive capacities that allow one to go from in- 
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nate basic numerical abilities to a deep and rich understanding of, say, college- 
level mathematics. 

From the work wc have done to date, it appears that such advanced mathe- 
matical abilities arc not independent of the cognitive apparatus used outside 
mathematics. Rather, it appears that the cognitive structure of advanced math- 
ematics makes use of the kind of conceptual apparatus that is the stuff of ordi- 
nary everyday thought. This chapter presents prominent examples of the kinds 
of everyday conceptual mechanisms that are central to mathematics — espe- 
cially advanced mathematics — as it is embodied in human beings. The mecha- 
nisms wc will be discussing arc (a) image schemas, (b) aspectual schemas, (c) 
conceptual metaphor, and (d) conceptual blends. 


Spatial Relations Concepts and Image Schemas 

Every language has a system of spatial relations, though they differ radically 
from language to language. In English we have prepositions like in, on, through, 
above, and so on. Other languages have substantially different systems. How- 
ever, research in cognitive linguistics has shown that spatial relations in a given 
language decompose into conceptual primitives called image schemas, and 
these conceptual primitives appear to be universal. 

For example, the English word on, in the sense used in "The book is on the 
desk," is a composite of three primitive image schemas: 

• The Above schema (the book is above the desk) 

• The Contact schema (the book is in contact with the desk) 

• The Support schema (the book is supported by the desk) 

The Above schema is orientational; it specifies an orientation in space relative 
to the gravitational pull one feels on one's body. The Contact schema is one of a 
number of topological schemas; it indicates the absence of a gap. The Support 
schema is force-dynamic in nature; it indicates the direction and nature of a force. 
In general, static image schemas fall into one of these categories: orientational, 
topological, and force-dynamic. In other languages, the primitives combine in dif- 
ferent ways. Not all languages have a single concept like the English on. Even in 
a language as close as German, the on in on the table is rendered as auf, while the 
on in on the wall (which does not contain the Above schema) is translated as an. 

A common image schema of great importance in mathematics is the Con- 
tainer schema, which occurs as the central part of the meaning of words like in 
and out. The Container schema has three parts: an Interior, a Boundary, and an 
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Exterior. This structure forms a gestalt, in the sense that the parts make no 
sense without the whole. There is no Interior without a Boundary and an Exte- 
rior, no Exterior without a Boundary and an Interior, and no Boundary without 
sides, in this case an Inside and an Outside. This structure is topological in the 
sense that the boundary can be made larger, smaller, or distorted and still re- 
main the boundary of a Container schema. 

To get schemas for the concepts In and Out, more must be added to the Con- 
tainer schema. The concept In requires that the Interior of the Container schema 
be "profiled" — that is, highlighted or activated in some way over the Exterior and 
Boundary. In addition, a figurc/ground distinction must be added. For example, in 
a sentence like "The car is in the garage," the garage is the ground; that is, it is 
the landmark relative to which the car (the figure) is located. In cognitive lin- 
guistics, the ground in an image schema is called the Landmark, and the figure is 
called the Ttajector. Thus, tire In schema has the structure: 

• Container schema, with Interior, Boundary, and Exterior 

• Profiled: the Interior 

• Landmark: the Interior 

Image schemas have a special cognitive function: They are both perceptual 
and conceptual in nature. As such, they provide a bridge between language and 
reasoning on the one hand and vision on the other. Image schemas can fit visual 
perception, as when we see the milk as being in the glass. They can also be im- 
posed on visual scenes, as when we see the bees swarming in the garden, where 
there is no physical container that the bees arc in. Because spatial-relations 
terms in a given language name complex image schemas, image schemas are the 
link between language and spatial perception. 

In addition, complex image schemas like In have built-in spatial "logics" by 
virtue of their image-schematic structures. Figure 2.1 illustrates the spatial 
logic built into the Container schema. In connection with this figure, consider 
the following two statements: 

1 . Given two Container schemas A and B and an object X, if A is in B and 
X is in A, then X is in B. 

2. Given two Container schemas A and B and an object Y, if A is in B and 
Y is outside of B, then Y is outside of A. 

We don't have to perform deductive operations to draw these conclusions. 
They are self-evident simply from the images in Figure 2.1. Because image 
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FIGURE 2.1 The logic of cognitive Container schemas. In (a), one cognitive Container 
schema, A, occurs inside another, tt. By inspection, one can sec that if X is in A, then X is in 
B. Similarly, if Y is outside B, then Y is outside A. We conceptualize physical containers in 
terms of cognitive containers, as shown in (b), which has the same logic as (a). However, con- 
ceptual containers, being part of the mind, can do what physical containers usually cannot — 
namely, form intersections, as in (c). In that case, an imagined entity X can be in two 
Container schemas A and B at once. Cognitive Container schemas are used not only in per- 
ception and imagination but also in conceptualization, as when we conceptualize bees as 
swarming in the garden. Container schemas arc the cognitive structures that allow us to 
make sense of familiar Venn diagrams (see Figure 2.4). 
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schemas have spatial logics built into their imagistic structure, they can function 
as spatial concepts and be used directly in spatial reasoning. Reasoning about 
space seems to be done directly in spatial terms, using image schemas rather than 
symbols, as in mathematical proofs and deductions in symbolic logic. 

Ideas do not float abstractly in the world. Ideas can be created only by, and in- 
stantiated only in, brains. Particular ideas have to be generated by neural structures 
in brains, and in order for that to happen, exactly the right kind of neural processes 
must take place in the brain's neural circuitry. Given that image schemas are con- 
ceptual in nature — that is, they constitute ideas with a structure of a very special 
kind — they must arise through neural circuitry of a very special kind. 

Terry Rcgicr (1996) lias used the techniques of structured connectionism to 
build a computational neural model of a number of image schemas, as part of a 
neural simulation of the learning of spatial-relations terms in various languages. 
The research involved in Regier's simulation makes certain things clear. First, 
topographic maps of the visual field are needed in order to link cognition to vi- 
sion. Second, a visual "filling-in" mechanism (Ramachandran & Gregory, 1991), 
in which activation spreads from outside to inside in a map of the visual field, 
will, in combination with other neural structures required, yield the topological 
properties of the Container schema. Third, orientation-sensitive cell assemblies 
found in the visual cortex are employed by orientational schemas. Fourth, map 
comparisons, requiring neural connections across maps, arc needed. Such map- 
comparison structures arc the locus of the relationship between the Trajector and 
the Landmark. Whatever changes are made in future models of spatial-relations 
concepts, it appears that at least these features will be needed. 

Here is the importance of this for embodied mathematics: The concept of 
containment is central to much of mathematics. Closed sets of points are con- 
ceptualized as containers, as are bounded intervals, geometric figures, and so on. 
The concept of orientation is equally central. It is used in notions like angles, 
direction of change (tangents to a curve), rotations, and so on. The concepts of 
containment and orientation are not special to mathematics but arc used in 
thought and language generally. Like any other concepts, these arise only via 
neural mechanisms in the right kind of neural circuitry. It is of special interest 
that the neural circuitry we have evolved for other purposes is an inherent part 
of mathematics, which suggests that embodied mathematics does not exist in- 
dependently of other embodied concepts used in everyday life. Instead, mathe- 
matics makes use of our adaptive capacities — our ability to adapt other 
cognitive mechanisms for mathematical purposes. 

Incidentally, the visual system of the brain, where such neural mechanisms 
as orientational cell assemblies reside, is not restricted to vision. It is also the 
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locus of mental imagery. Mental imagery experiments, using fMRI techniques, 
have shown that much of the visual system, down to the primary visual cortex, 
is active when we create mental imagery without visual input. The brain's vi- 
sual system is also active when we dream (Hobson, 1988, 1994). Moreover, con- 
genitally blind people, most of whom have the visual system of the brain intact, 
can perform visual imagery experiments perfectly well, with basically the same 
results as sighted subjects, though a hit slower (Marmor & Zaback, 1976; Car- 
penter & Eisenberg, 1978; Zimler & Keenan, 1983; Kerr, 1983). In short, one 
should not think of the visual system as operating purely on visual input. Thus, 
it makes neurological sense that structures in the visual system can be used for 
conceptual purposes, even by the congenitally blind. 

Moreover, the visual system is linked to the motor system, via the prefrontal 
cortex (Rizzolatti, Fadiga, Gallcse, & Fogassi, 1996; Gallesc, Fadiga, Fogassi, & 
Rizzolatti, 1996). Via this connection, motor schemas can be used to trace out 
image schemas with the hands and other parts of the body. For example, you can 
use your hands to trace out a seen or imagined container, and correspondingly 
you can visualize the structure of something whose shape you trace out with 
your hands in the dark. Thus, congenitally blind people can get "visual" image- 
schematic information from touch. Image schemas are kinesthetic, going be- 
yond mere seeing alone, even though they use neural structures in the visual 
system. They can serve general conceptual purposes and arc especially well 
suited for a role in mathematical thought. 

There are many image schemas that characterize concepts important for math- 
ematics: centrality, contact, closeness, balance, straightness, and many, many 
more. Image schemas and their logics are essential to mathematical reasoning. 


Motor Control and Mathematical Ideas 

One might think that nothing could be further from mathematical ideas than 
motor control, the neural system that governs how we move our bodies. But 
certain recent discoveries about the relation between motor control and the 
human conceptual system suggest that our neural motor-control systems may 
be centrally involved in mathematical thought. Those discoveries have been 
made in the field of structured connectionist neural modeling. 

Building on work by David Bailey ( 1997), Srini Narayanan (1997) has observed 
that neural motor-control programs all have the same superstructure: 

• Readiness: Before you can perform a bodily action, certain conditions of 
readiness have to be met (e.g., you may have to re orient your body, stop 
doing something else, rest for a moment, and so on). 
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• Starting up: You have to do whatever is involved in beginning the 
process (c.g., to lift a cup, you first have to reach for it and grasp it). 

• The main process: Then you begin the main process. 

• Possible interruption and resumption: While you engage in the main 
process, you have an option to stop, and if you do stop, you may or may 
not resume. 

• Iteration or continuing: When you have done the main process, you can 
repeat or continue it. 

• Purpose: If the action was done to achieve some purpose, you check to 
see if you have succeeded. 

• Completion: You then do what is needed to complete the action. 

• Pinal state: At this point, you are in the final state, where there are re- 
sults and eonsequenees of the action. 

This might look superficially like a flow diagram used in classical computer 
science. But Narayanan's model of motor-control systems differs in many sig- 
nificant respects: It operates in real time, is highly resource- and context- 
dependent, has no central controller or clock, and can operate concurrently with 
other processes, accepting information from them and providing information to 
them. According to the model, these are all necessary properties for the smooth 
function of a neural motor-control system. 

One might think the motor-control system would have nothing whatever to 
do with concepts, especially abstract concepts of the sort expressed in the gram- 
mars of languages around the world. But Narayanan has observed that this gen- 
eral motor-control schema has the same structure as what linguists have called 
aspect — the general structuring of events. Everything that we perceive or think 
of as an action or event is conceptualized as having that structure. We reason 
about events and actions in general using such a structure. And languages 
throughout the world all have means of encoding such a structure in their gram- 
mars. What Narayanan's work tells us is that the same neural structure used in 
the control of complex motor schemas can also be used to reason about events 
and actions (Narayanan, 1997). 

We will call such a structure an Aspect schema. 

One of the most remarkable of Narayanan's results is that exactly the same 
general neural control system modeled in his work can carry out a complex bod- 
ily movement when providing input to muscles, or carry out a rational infer- 
ence when input to the muscles is inhibited. What this means is that neural 
control systems for bodily motions have the same characteristics needed for ra- 
tional inference in the domain of aspect — that is, the structure of events. 
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Among the logical entailmcnts of the aspectual system are two inferential 
patterns important for mathematics: 

• The stage characterizing the completion of a process is further along 
relative to the process than any stage within the process itself. 

• There is no point in a process further along than the completion stage 
of that process. 

These fairly obvious inferences, as wc shall see in Chapter 8 on infinity, take 
on considerable importance for mathematics. 

Verbs in the languages of the world have inherent aspectual structure, which 
can be modified by various syntactic and morphological means. What is called 
imperfective aspect focuses on the internal structure of the main process. Perfec- 
tive aspect conceptualizes the event as a whole, not looking at the internal struc- 
ture of the process, and typically focusing on the completion of the action. Some 
verbs arc inherently impcrfective, like breathe or live. The iterative activity of 
breathing and the continuous activity of living— as wc conceptualize them — do 
not have completions that are part of the concept. Just as the neural motor-control 
mechanism governing breathing does not have a completion (stopping, as in hold- 
ing one's breath, is quite different from completion), so the concept is without a 
notion of completion. Death follows living but is not the completion of living, at 
least in our culture. Death is conceptualized, rather, as the cutting-off of life, as 
when a child is killed in an auto accident: Death follows life, but life is not com- 
pleted. And you can say, "I have lived" without meaning that your life has been 
completed. Thus, an inherently impcrfective concept is one that is conceptual- 
ized as being open-ended — as not having a completion. 

There arc two ways in which processes that have completions can be concep- 
tualized: The completion may be either (1) internal to the process or (2) external 
to the process. This is not a matter of how the natural world really works but of 
how we conceptualize it and structure it through language. Take an example of 
case 1: If you jump, there arc stages of jumping — namely, taking off, moving 
through the air, and landing. Landing completes the process of jumping. The com- 
pletion, landing, is conceptualized as part of the jumping, as internal to what 
"jump" means. There is a minimally contrasting case that exemplifies case 2: fly- 
ing. In the everyday concept of flying, as with birds and planes, landing is part of 
the conceptual frame. Landing follows flying and is a completion of flying. But 
landing is not conceptualized as part of flying. Landing is a completion of flying 
but it is external to flying. The distinction between an internal completion, as in 
jump, and an external completion, as in fly, is crucial in aspect. 
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Aspectual ideas occur throughout mathematics. A rotation through a certain 
number of degrees, for example, is conceptualized as a process with a starting 
point and an ending point. The original notion of continuity for a function was 
conceptualized in terms of a continuous process of motion — one without inter- 
mediate ending points. The very idea of an algorithmic process of calculation 
involves a starting point, a process that may or may not be iterative, and a well- 
defined completion. As we shall see in Chapters 8 through 1 1, all notions of in- 
finity and infinitesimals use aspectual concepts. 


The Source- Path- Goal Schema 

Every language includes ways of expressing spatial sources (e.g., "from") and goals 
(c.g., "to," "toward") and paths intermediate between them (e.g., "along," 
"through," "across"). These notions do not occur isolated from one another but, 
rather, are part of a larger whole, the Source-Path-Goal schema. It is the principal 
image schema concerned with motion, and it has the following elements (or roles): 

• A trajector that moves 

• A source location (the starting point) 

• A goal — that is, an intended destination of the trajector 

• A route from the source to the goal 

• The actual trajectory of motion 

• The position of the trajector at a given time 

• The direction of the trajector at that time 

• The actual final location of the trajector, which may or may not be the 
intended destination. 

Extensions of this schema are possible: the speed of motion, the trail left by 
the thing moving, obstacles to motion, forces that move one along a trajectory, 
additional trajectors, and so on. 

This schema is topological in the sense that a path can be expanded or shrunk 
or deformed and still remain a path. As in the case of the Container schema, we 
can form spatial relations from this schema by the addition of profiling and a 
Trajcctor-Landmark relation. The concept expressed by to profiles the goal and 
identifies it as the landmark relative to which the motion takes place. The con- 
cept expressed by from profiles the source, taking the source as the landmark 
relative to which the motion takes place. 

The Source-Path-Goal schema also has an internal spatial logic and built-in 
inferences (see Figure 2.2): 
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FIGURE 2.2 The Sourcc-Path-Goal schema. Wc conceptualize linear motion using a con- 
ceptual schema in which there is a moving entity (called a trajector), a source of motion, a 
trajectory of motion (called a path), and a goal with an unrealized trajectory approaching that 
goal. There is a logic inherent in the structure of the schema. For example, if you arc at a 
given location on a path, you have been at all previous locations on that path. 

• If you have traversed a route to a current location, you have been at all 
previous locations on that route. 

• If you travel from A to B and from B to C, then you have traveled from 
A to C. 

• If there is a direct route from A to B and you are moving along that route 
toward B, then you will keep getting closer to B. 

• If X and Y are traveling along a direct route from AtoB and X passes Y, 
then X is further from A and closer to B than Y is. 

The Source-Path-Goal schema is ubiquitous in mathematical thought. The 
very notion of a directed graph (see Chapter 7), for example, is an instance of the 
Source-Path-Goal schema. Functions in the Cartesian plane are often conceptu- 
alized in terms of motion along a path — as when a function is described as 
"going up," "reaching" a maximum, and "going down" again. 

One of the most important manifestations of the Source-Path-Goal schema 
in natural language is what Len Talmy (1996, 2000) has called fictiva motion. In 
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one form of Active motion, a line is thought of in terms of motion tracing that 
line, as in sentences like "The road runs through the woods" or "The fence goes 
up the hill." In mathematics, this occurs when wc think of two lines "meeting 
at a point" or the graph of a function as "reaching a minimum at zero." 


Conceptual Composition 

Since image schemas arc conceptual in nature, they can form complex compos- 
ites. For example, the word "into" has a meaning — the Into schema — that is the 
composite of an In schema and a To schema. The meaning of "out of" is the 
composite of an Out schema and a From schema. These are illustrated in Fig- 
ure 2.3. Formally, they can be represented in terms of correspondences between 
elements of the schemas that arc part of the composite. 

The following notations indicate composite structures. 

The Into schema 

• The In schema: A Container schema, with the Interior profiled and 
taken as Landmark 

• The To schema: A Sourcc-Path-Goal schema, with the Goal profiled 
and taken as Landmark 

• Correspondences: (Interior; Goal) and (Exterior; Source) 

The Out-of schema 

• The Out schema: A Container schema, with the Exterior profiled and 
taken as Landmark 

• The From schema: A Source-Path-Goal schema, with the Source pro- 
filed and taken as Landmark 

• Correspondences: (Interior; Source) and (Exterior; Goal) 


Conceptual Metaphor 

Metaphor, long thought to be just a figure of speech, has recently been shown 
to be a central process in everyday thought. Metaphor is not a mere embellish- 
ment; it is the basic means by which abstract thought is made possible. One of 
the principal results in cognitive science is that abstract concepts are typically 
understood, via metaphor, in terms of more concrete concepts. This phenome- 
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FIGURE 2.3 Conceptual composition of schemas. The English expressions "into" and "out 
of" have composite meanings. "In" profiles the interior of a Container schema, while "out" 
profiles the exterior. "To" profiles the goal of the Sourcc-Path-Goal schema, while "from" 
profiles the source. With "into" (aj, the interior is the goal and the exterior is the source. With 
"out of" (bj, the interior is the source and the exterior is the goal. 
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non has been studied scientifically for more than two decades and is in general 
as well established as any result in cognitive science (though particular details 
of analyses arc open to further investigation). One of the major results is that 
metaphorical mappings are systematic and not arbitrary. 

Affection, for example, is understood in terms of physical warmth, as in sen- 
tences like "She warmed up to me," "You've been cold to me all day," "He gave 
me an icy stare," "They haven't yet broken the ice." As can be seen by this ex- 
ample, the metaphor is not a matter of words, but of conceptual structure. The 
words are all different (warm, cold, icy, ice), but the conceptual relationship is 
the same in all cases: Affection is conceptualized in terms of warmth and dis- 
affection in terms of cold. 

This is hardly an isolated example: 

• Importance is conceptualized in terms of size, as in "This is a big 
issue," "He's a giant in the meatpacking business," and "It's a small 
matter; we can ignore it." 

• Similarity is conceptualized in terms of physical closeness, as in "These 
colors arc very close," "Our opinions on politics are light-years apart," 
"We may not agree, but our views are in the same ballpark," and "Over 
the years, our tastes have diverged." 

• Difficulties are conceptualized as burdens, as in "I'm weighed down by 
responsibilities," "I've got a light load this semester," and "He's over- 
burdened." 

• Organizational structure is conceptualized as physical structure, as in 
"The theory is full of holes," "The fabric of this society is unraveling," 
"His proposed plan is really tight; everything fits together very well." 

Hundreds of such conceptual metaphors have been studied in detail. They are 
extremely common in everyday thought and language (see Lakoff & Johnson, 
1980, 1999; Grady, 1998; Nunez, 1999). On the whole, they arc used uncon- 
sciously, effortlessly, and automatically in everyday discourse; that is, they arc 
part of the cognitive unconscious. Many arise naturally from correlations in our 
commonplace experience, especially our experience as children. Affection cor- 
relates with warmth in the experience of most children. The things that are im- 
portant in their lives tend to be big, like their parents, their homes, and so on. 
Things that are similar tend to occur close together: trees, flowers, dishes, 
clouds. Carrying something heavy makes it difficult to move and to perform 
other activities. When we examine a complex physical object with an internal 
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structure, we can perceive an organization in it. Not all conceptual metaphors 
arise in this way, but most of the basic ones do. 

Such correlations in experience are special cases of the phenomenon of con- 
flation (sec C. Johnson, 1997). Conflation is part of embodied cognition. It is the 
simultaneous activation of two distinct areas of our brains, each concerned 
with distinct aspects of our experience, like the physical experience of warmth 
and the emotional experience of affection. In a conflation, the two kinds of ex- 
perience occur inseparably. The coactivation of two or more parts of the brain 
generates a single complex experience — an experience of affeetion-with- 
warmth, say, or an experience of difflculty-with-a-physieal-burdcn. It is via such 
conflations that neural links across domains arc developed — links that often re- 
sult in conceptual metaphor, in which one domain is conceptualized in terms 
of the other. 

Each such conceptual metaphor has the same structure. Each is a unidirec- 
tional mapping from entities in one conceptual domain to corresponding enti- 
ties in another conceptual domain. As such, conceptual metaphors arc part of 
our system of thought. Their primary function is to allow us to reason about 
relatively abstract domains using the inferential structure of relatively concrete 
domains. The structure of image schemas is preserved by conceptual metaphor- 
ical mappings. In metaphor, conceptual cross-domain mapping is primary; 
metaphorical language is secondary, deriving from the conceptual mapping. 
Many words for source-domain concepts also apply to corresponding target- 
domain concepts. When words for source-domain concepts do apply to corre- 
sponding target concepts, they do so systematically, not haphazardly. 

To see how the inferential structure of a concrete source domain gives struc- 
ture to an abstract target domain, consider the common conceptual metaphor 
that States Arc Locations, as in such expressions as "I'm in a depression," "He's 
close to hysteria; don't push him over the edge," and "I finally came out of my 
funk." The source domain concerns bounded regions in physical space. The tar- 
get domain is about the subjective experience of being in a state. 

States Are Locations 

Source Domain Target Domain 

Space States 

Bounded Regions in Space -* States 


Here is an example of how the patterns of inference of the source domain arc 
carried over to the target domain. 
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If you're in a bounded region, 
you're not out of that 
bounded region. 

If you're out of a hounded region, 
you're not in that bounded region. 

If you're deep in a bounded region, 
you are far from being out of 
that bounded region. 

If you are on the edge of a 
bounded region, you are close 
to being in that bounded region. 


If you're in a state, 
you're not out of that state. 

If you're out of a state, 
you're not in that state. 

If you're deep in a state, 
you are far from being out 
of that state. 

If you are on the edge of a state, 
you are close to being 
in that state. 


Throughout this book we will use the common convention that names of 
metaphorical mappings are given in the form "A Is B," as in "States Are 
Bounded Regions in Space." It is important to distinguish between such names 
for metaphorical mappings and the metaphorical mappings themselves, which 
are given in the form "B -* A," as in "Bounded Regions in Space -*• States." Here 
the source domain is to the left of the arrow and the target domain is to the 
right. 

An enormous amount of our everyday abstract reasoning arises through such 
metaphorical cross-domain mappings. Indeed, much of what is often called log- 
ical inference is in fact spatial inference mapped onto an abstract logical do- 
main. Consider the logic of the Container schema. There is a commonplace 
metaphor, Categories Arc Containers, through which we understand a category 
as being a bounded region in space and members of the category as being objects 
inside that bounded region. The metaphorical mapping is stated as follows: 


Categories Are Containers 


Source Domain Target Domain 

Containers Categories 


Bounded regions in space -* Categories 


Objects inside the 
bounded regions 

One bounded region 
inside another 


Category members 

A subcategory of 
a larger category 
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Suppose we apply this mapping to the two inference patterns mentioned above 
that characterize the spatial logic of the Container schema, as follows: 


Source Domain 

Container schema Inferences 

Excluded Middle 
Every object X is either in 
Container schema A or out 
of Container schema A. 

Modus Ponens 

Given two Container schemas 
A and B and an object X, if A is 
in B and X is in A, then X is in B. 

Hypothetical Syllogism 

Given three Container schemas 
A, B, and C, if A is in B and 
B is in C, then A is in C. 

Modus Tollens 

Given two Container schemas 
A and B and an object Y, if A is 
in B and Y is outside B, then 
Y is outside A. 


Target Domain 
Category Inferences 

Excluded Middle 

Every entity X is cither in 
category A or out of category A. 

Modus Ponens 

Given two categories A and B 
and an entity X, if A is in B 
and X is in A, then X is in B. 

Hypothetical Syllogism 

Given three categories A, B and 
C, if A is in B and B is in C, 
then A is in C. 

Modus Tollens 

Given two categories A and B 
and an entity Y, if A is 
in B and Y is outside B, 
then Y is outside A 


The point here is that the logic of Container schemas is an embodied spatial 
logic that arises from the neural characterization of Container schemas. The ex- 
cluded middle, modus ponens, hypothetical syllogism, and modus tollens of 
classical categories are metaphorical applications of that spatial logic, since the 
Categories Arc Containers metaphor, like conceptual metaphors in general, pre- 
serves the inferential structure of the source domain. 

Moreover, there are important entailments of the Categories Arc Containers 
metaphor: 


The overlap of the interiors 
of two bounded regions 


The conjunction of 
two categories 


The totality of the interiors of The disjunction 

two bounded regions -*• of two categories 
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FIGURE 2.4 Venn diagrams. Here is a common set of Venn diagrams of the sort one finds 
in texts on classes and sets, which arc typically conceptualized metaphorically as containers 
and derive their logics from the logic of conceptual Container schemas. When one "visual- 
izes" classes and sets in this way, one is using cognitive Container schemas in the visualiza- 
tion. The diagrams depict various mathematical ideas: (a) the relation H C A; (b) A U B t (c) A 
n B, (d) the difference A\B ; (c| the symmetric difference A A B; (f) the complement C £ A ; and 
|g) A n (B U C), which equals \A fl B) U {A 0 C). 


In short, given the spatial logic of Container schemas, the Categories Are Con- 
tainers metaphor yields an everyday version of what we might call folk Boolean 
logic, with intersections and unions. That is why the Venn diagrams of Boolean 
logic look so natural to us (see Figure 2.4}, although there are differences between 
folk Boolean logic and technical Boolean logic, which will be discussed in Chap- 
ter 6. Folk Boolean logic, which is conceptual, arises from a perceptual mecha- 
nism — the capacity for perceiving the world in terms of contained structures. 

From the perspective of the embodied mind, spatial logic is primary and the 
abstract logic of categories is secondarily derived from it via conceptual 
metaphor. This, of course, is the very opposite of what formal mathematical 
logic suggests. It should not be surprising, therefore, that embodied mathemat- 
ics will look very different from disembodied formal mathematics. 


Metaphors That introduce Elements 

Conceptual metaphors do not just map preexisting elements of the source do- 
main onto preexisting elements of the target domain. They can also introduce 
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new elements into the target domain. Consider, for example, the concept of 
love. There is a common metaphor in the contemporary Western world in 
which Love Is a Partnership. Here is the mapping. 

Love Is a Partnership 


Source Domain 
Business 

Partners 

Partnership 

Wealth 

Profits from the business 
Work for the business 

Sharing of work for the business 

Sharing of profits from 
the business 


Target Domain 
Love 

-» Lovers 

-» Love relationship 

-» Well-being 

"Profits" from the love 
relationship 

"Work" put into the 
relationship 

Sharing of "work" put into 
the relationship 
Sharing of "profits" from 
the relationship 


Love need not always be conceptualized via this metaphor as a partnership. 
Romeo and Juliet's love was not a partnership, nor was Tristan and Isolde's. 
Similarly, love in many cultures around the world is not conceptualized in 
terms of business — and it need not be so conceptualized for individual cases in 
the Western world. But this is a common metaphorical way of understanding 
love — so common that it is sometimes taken as literal. For example, sentences 
like "I'm putting all the work into this relationship and you're getting every- 
thing out of it," "It was hard work, but worth it," and "The relationship was so 
unrewarding that it wasn't worth the effort" are so commonplace in discussions 
of love relationships that they are rarely noticed as metaphorical at all. 

From the perspective of this book, there is an extremely important feature of 
this metaphor: It introduces elements into the target domain that are not inher- 
ent to the target domain. It is not inherent in love-in-itsclf that there be "work in 
the relationship," "profits (increases in well-being) from the relationship," and a 
"sharing of relationship work and profits." Romeo and Juliet would have been 
aghast at such ideas. These ideas arc elements introduced into the target domain 
by the Love Is a Partnership metaphor, and they don't exist there without it. 

The fact that metaphors can introduce elements into a target domain is ex- 
tremely important for mathematics, as we shall see later when we take up var- 
ious forms of actual infinity (Chapter 8). 
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Evidence 

Over the past two decades, an enormous range of empirical evidence has been 
collected that supports this view of conceptual metaphor. The evidence comes 
from various sources: 

• generalizations over polysemy (cases where the same word has multiple 
systematically related meanings) 

• generalizations over inference patterns (cases where source and target 
domains have corresponding inference patterns) 

• novel cases (new examples of conventional mappings, as in poetry, 
song, advertisements, and so on) (see Lakoff & Turner, 1989) 

• psychological experiments (see Gibbs, 1994) 

• historical semantic change (sec Sweetser, 1990) 

• spontaneous gesture (see McNeill, 1992) 

• American Sign Language (see Taub, 1997) 

• child language development (see C. Johnson, 1997) 

• discourse coherence (see Narayanan, 1997) 

• cross-linguistic studies. 

For a thorough discussion of such evidence, sec Lakoff and Johnson, 1999. 

Sophisticated Mathematical Ideas 

Sophisticated mathematics, as we have pointed out, is a lot more than just 
basic arithmetic. Mathematics extends the use of numbers to many other 
ideas, for example, the numerical study of angles (trigonometry), the numeri- 
cal study of change (calculus), the numerical study of geometrical forms (ana- 
lytic geometry), and so on. Wc will argue, in our discussion of all these topics 
and more, that conceptual metaphor is the central cognitive mechanism of ex- 
tension from basic arithmetic to such sophisticated applications of number. 
Moreover, wc will argue that a sophisticated understanding of arithmetic itself 
requires conceptual metaphors using nonnumerical mathematical source do- 
mains (e.g., geometry and set theory). We will argue further that conceptual 
metaphor is also the principal cognitive mechanism in the attempt to provide 
set-theoretical foundations for mathematics and in the understanding of set 
theory itself. 

Finally, it should become clear in the course of this discussion that much of 
the "abstraction" of higher mathematics is a consequence of the systematic lay- 
ering of metaphor upon metaphor, often over the course of centuries. 
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Each metaphorical layer, as we shall see, carries inferential structure sys- 
tematically from source domains to target domains — systematic structure that 
gets lost in the layers unless they arc revealed by detailed metaphorical analy- 
sis. A good part of this book is concerned with such metaphorical decomposi- 
tion of sophisticated mathematical concepts. Because this kind of study has 
never been done before, we will not be able to offer the extensive forms of evi- 
dence that have been found in decades of studies of conceptual metaphor in 
everyday language and thought. For this reason, we will limit our study to cases 
that are relatively straightforward — cases where the distinctness of the source 
and target domains is clear, where the correspondences across the domains have 
been well established, and where the inferential structures are obvious. 

Conceptual Blends 

A conceptual blend is the conceptual combination of two distinct cognitive struc- 
tures with fixed correspondences between them. In mathematics, a simple case is 
the unit circle, in which a circle is superimposed on the Cartesian plane with the 
following fixed correspondences: (a) The center of the circle is the origin (0,0), and 
(b) the radius of the circle is 1. This blend has entailments that follow from these 
correspondences, together with the inferential structure of both domains. For ex- 
ample, the unit circle crosses the x-axis at (1,0) and (-1,0), and it crosses the y-axis 
at (0,1) and (0,-1). The result is more than just a circle. It is a circle that has a fixed 
position in the plane and whose circumference is a length commensurate with 
the numbers on the x- and y-axes. A circle in the Euclidean plane, where there are 
no axes and no numbers, would not have these properties. 

When the fixed correspondences in a conceptual blend arc given by a 
metaphor, we call it a metaphorical blend. An example we will discuss exten- 
sively below is the Number-Line Blend, which uses the correspondences estab- 
lished by the metaphor Numbers Are Points on a Line. In the blend, new 
entities are created — namely, number-points, entities that are at once numbers 
and points on a line (see Fauconnier 1997; Turner & Fauconnicr, 1995; Faucon- 
nier & Turner, 1998). Blends, metaphorical and nonmctaphorical, occur 
throughout mathematics. 

Many of the most important ideas in mathematics are metaphorical conceptual 
blends. As will become clear in the case-study chapters, understanding mathe- 
matics requires the mastering of extensive networks of metaphorical blends. 


Symbolization 

As we have noted, there is a critical distinction to be made among mathemati- 
cal concepts, the written mathematical symbols for those concepts, and the 



The Cognitive Science of the Embodied Mind 


49 


words for the concepts. The words (e.g. ; "eighty-five" or "quatrc-vingt-cinq") 
arc part of some natural language, not mathematics proper. 

In embodied mathematics, mathematical symbols, like 27, ji, or e ni , are mean- 
ingful by virtue of the mathematical concepts that they attach to. Those math- 
ematical concepts are given in cognitive terms (c.g., image schemas,- imagined 
geometrical shapes; metaphorical structures, like the number line; and so on), 
and those cognitive structures will ultimately require a neural account of how 
the brain creates them on the basis of neural structure and bodily and social ex- 
perience. To understand a mathematical symbol is to associate it with a con- 
cept — something meaningful in human cognition that is ultimately grounded in 
experience and created via neural mechanisms. 

As Stanislas Dehaenc observed in the case of Mr. M — and as many of us ex- 
perienced in grade school — numerical calculation may be performed with or 
without genuine understanding. Mr. M could remember his multiplication ta- 
bles, but they were essentially meaningless to him. 

The meaning of mathematical symbols is not in the symbols alone and how 
they can be manipulated by rule. Nor is the meaning of symbols in the inter- 
pretation of the symbols in terms of set-theoretical models that are themselves 
uninterpreted. Ultimately, mathematical meaning is like everyday meaning. It 
is part of embodied cognition. 

This has important consequences for the teaching of mathematics. Rote learn- 
ing and drill is not enough. It leaves out understanding. Similarly, deriving theo- 
rems from formal axioms via purely formal rules of proof is not enough. It, too, 
can leave out understanding. The point is not to be able to prove that e ni = -1 but, 
rather, to be able to prove it knowing what e*‘ means, and knowing why & 1 ' = -1 
on the basis of what e ni means, not just on the basis of the formal proof. In short, 
what is required is an adequate mathematical idea analysis to show why = -1 
given our understanding of the ideas involved. 

Euler's equation, e a ' + 1 = 0, ties together many of the most central ideas in clas- 
sical mathematics. Yet on the surface it involves only numbers: e, n, i, 1, and 0. 
To show how this equation ties together ideas, we must have a theory of mathe- 
matical ideas and a theory of how they arc mathcmaticizcd in terms of numbers. 

Our interest, of course, goes beyond just e ,ci as such. Indeed, wc are also in- 
terested in the all-too-common conception that mathematics is about calcula- 
tion and about formal proofs from formal axioms and definitions and not about 
ideas and understanding. From the perspective of embodied mathematics, ideas 
and understanding are what mathematics is centrally about. 
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Embodied Arithmetic: 
The Grounding Metaphors 


A rithmetic is a lot more than subitizing and the elementary nu- 
merical capacities of monkeys and newborn babies. To understand what 
arithmetic is from a cognitive perspective, we need to know much more. Why 
does arithmetic have the properties it has? Where do the laws of arithmetic come 
from? What cognitive mechanisms arc needed to go from what we are born with 
to full-blown arithmetic? Arithmetic may seem easy once you've learned it, but 
there is an awful lot to it from the perspective of the embodied mind. 


What Is Special About Mathematics? 

As subsystems of the human conceptual system, arithmetic in particular and 
mathematics in general are special in several ways. They are: 

• precise, 

• consistent, 

• stable across time and communities, 

• understandable across cultures, 

• symbolizable, 

• calculable, 

• gencralizable, and 

• effective as general tools for description, explanation, and prediction in 
a vast number of everyday activities, from business to building to sports 
to science and technology. 


So 
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Any cognitive theory of mathematics must take these special properties into 
account, showing how they are possible given ordinary human cognitive capac- 
ities. That is the goal of this chapter. 


The Cognitive Capacities Needed for Arithmetic 

We are born with a minimal innate arithmetic, part of which we share with other 
animals. It is not much, but we do come equipped with it. Innate arithmetic in- 
cludes at least two capacities: (1) a capacity for subitizing — instantly recognizing 
small numbers of items — and (2) a capacity for the simplest forms of adding and 
subtracting small numbers. (By "number" here, wc mean a cardinal number, a 
number that specifies how many objects there are in a collection.) When wc 
subitizc, we have already limited ourselves to a grouping of objects in our visual 
field and wc are distinguishing how many objects there are in that grouping. 

In addition, wc and many animals (pigeons, parrots, raccoons, rats, chim- 
panzees) have an innate capacity for "numerosity" — the ability to make consis- 
tent rough estimates of the number of objects in a group. 

But arithmetic involves more than a capacity to subitize and estimate. Subitiz- 
ing is certain and precise within its range. But we have additional capacities that 
allow us to extend this certainty and precision. To do this, wc must count. Here 
are the cognitive capacities needed in order to count, say, on our fingers: 

• Grouping capacity: To distinguish what we are counting, we have to be 
able to group discrete elements visually, mentally, or by touch. 

• Ordering capacity: Fingers come in a natural order on our hands. But 
the objects to be counted typically do not come in any natural order in 
the world. They have to be ordered— that is, placed in a sequence, as if 
they corresponded to our fingers or were spread out along a path. 

• Pairing capacity: We need a cognitive mechanism that enables us to se- 
quentially pair individual fingers with individual objects, following the 
sequence of objects in order. 

• Memory capacity: Wc need to keep track of which fingers have been 
used in counting and which objects have been counted. 

• Exhaustion-detection capacity: Wc need to be able to tell when there 
are "no more" objects left to be counted. 

• Cardinal-number assignment: The last number in the count is an ordinal 
number, a number in a sequence. Wc need to be able to assign that ordi- 
nal number as the size — the cardinal number— of the group counted. That 
cardinal number, the size of the group, has no notion of sequence in it. 
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• Independent-order capacity: Wc need to realize that the cardinal num- 
ber assigned to the counted group is independent of the order in which 
the elements have been counted. This capacity allows us to see that the 
result is always the same. 

When these capacities are used within the subitizing range between 1 and 4, 
we get stable results because cardinal-number assignment is done by subitizing, 
say, subitizing the fingers used for counting. 

To count beyond four — the range of the subitizing capacity — we need not only 
the cognitive mechanisms listed above but the following additional capacities: 

• Combinatorial-grouping capacity: You need a cognitive mechanism 
that allows you to put together perceived or imagined groups to form 
larger groups. 

• Symbolizing capacity: You need to be able to associate physical sym- 
bols (or words) with numbers (which are conceptual entities). 

But subitizing and counting are the bare beginnings of arithmetic. To go be- 
yond them, to characterize arithmetic operations and their properties, you need 
much richer cognitive capacities: 

• Metaphorizing capacity: You need to be able to conceptualize cardinal 
numbers and arithmetic operations in terms of your experiences of var- 
ious kinds — experiences with groups of objects, with the part-whole 
structure of objects, with distances, with movement and locations, and 
so on. 

• Conceptual-blending capacity. You need to be able to form correspon- 
dences across conceptual domains (c.g., combining subitizing with 
counting ) and put together different conceptual metaphors to form 
complex metaphors. 

Conceptual metaphor and conceptual blending arc among the most basic cog- 
nitive mechanisms that take us beyond minimal innate arithmetic and simple 
counting to the elementary arithmetic of natural numbers. What we have found 
is that there are two types of conceptual metaphor used in projecting from 
subitizing, counting, and the simplest arithmetic of newborns to an arithmetic 
of natural numbers. 

The first are what we call grounding metaphors — metaphors that allow you to 
project from everyday experiences (like putting things into piles) onto abstract 
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concepts (like addition). The second arc what we call linking metaphors, which 
link arithmetic to other branches of mathematics — for example, metaphors that 
allow you to conceptualize arithmetic in spatial terms, linking, say, geometry to 
arithmetic, as when you conceive of numbers as points on a line. 

TWo Kinds of Metaphorical Mathematical Ideas 

Since conceptual metaphors play a major role in characterizing mathematical 
ideas, grounding and linking metaphors provide for two types of metaphorical 
mathematical ideas: 

1. Grounding metaphors yield basic, directly grounded ideas. Examples: 
addition as adding objects to a collection, subtraction as taking objects 
away from a collection, sets as containers, members of a set as objects 
in a container. These usually require little instruction. 

2. Linking metaphors yield sophisticated ideas, sometimes called ab- 
stract ideas. Examples: numbers as points on a line, geometrical figures 
as algebraic equations, operations on classes as algebraic operations. 
These require a significant amount of explicit instruction. 

This chapter is devoted to grounding metaphors. The rest of the book is de- 
voted primarily to linking metaphors. 

Incidentally, there is another type of metaphor that this book is not about at 
all: what we will call extraneous metaphors, or metaphors that have nothing 
whatever to do with either the grounding of mathematics or the structure of 
mathematics itself. Unfortunately, the term "metaphor," when applied to 
mathematics, has mostly referred to such extraneous metaphors. A good exam- 
ple of an extraneous metaphor is the idea of a "step function," which can be 
drawn to look like a staircase. The staircase image, though helpful for visuali- 
zation, has nothing whatever to do with either the inherent content or the 
grounding of the mathematics. Extraneous metaphors can be eliminated with- 
out any substantive change in the conceptual structure of mathematics, 
whereas eliminating grounding or linking metaphors would make much of the 
conceptual content of mathematics disappear. 


Preserving Inferences About Everyday Activities 

Since conceptual metaphors preserve inference structure, such metaphors allow 
us to ground our understanding of arithmetic in our prior understanding of ex- 



54 


Where Mathematics Comes From 


trcmcly commonplace physical activities. Our understanding of elementary 
arithmetic is based on a correlation between (1) the most basic literal aspects of 
arithmetic, such as subitizing and counting, and (2J everyday activities, such as 
collecting objects into groups or piles, taking objects apart and putting them to- 
gether, taking steps, and so on. Such correlations allow us to form metaphors by 
which we greatly extend our subitizing and counting capacities. 

One of the major ways in which metaphor preserves inference is via the 
preservation of image-schema structure. For example, the formation of a col- 
lection or pile of objects requires conceptualizing that collection as a con- 
tainer — that is, a bounded region of space with an interior, an exterior, and a 
boundary — either physical or imagined. When wc conceptualize numbers as 
collections, we project the logic of collections onto numbers. In this way, expe- 
riences like grouping that correlate with simple numbers give further logical 
structure to an expanded notion of number. 

The Metaphorizing Capacity 

The metaphorizing capacity is central to the extension of arithmetic beyond 
mere subitizing, counting, and the simplest adding and subtracting. Because of 
its centrality, we will look at it in considerable detail, starting with the Arith- 
metic Is Object Collection metaphor. This is a grounding metaphor, in that it 
grounds our conception of arithmetic directly in an everyday activity. 

No metaphor is more basic to the extension of our concept of number from 
the innate cardinal numbers to the natural numbers (the positive integers). The 
reason is that the correlation of grouping with subitizing and counting the ele- 
ments in a group is pervasive in our experience from earliest childhood. 

Let us now begin an extensive guided tour of everything involved in this ap- 
parently simple metaphor. As we shall sec, even the simplest and most intuitive 
of mathematical metaphors is incredibly rich, and so the tour will be extensive. 


Arithmetic As Object Collection 

If a child is given a group of three blocks, she will naturally subitize them auto- 
matically and unconsciously as being three in number. If one is taken away, she 
will subitize the resulting group as two in number. Such everyday experiences of 
subitizing, addition, and subtraction with small collections of objects involve cor- 
relations between addition and adding objects to a collection and between sub- 
traction and taking objects away from a collection. Such regular correlations, we 
hypothesize, result in neural connections between sensory-motor physical opera- 
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tions like taking away objects from a collection and arithmetic operations like the 
subtraction of one number from another. Such neural connections, we believe, 
constitute a conceptual metaphor at the neural level — in this case, the metaphor 
that Arithmetic Is Object Collection. This metaphor, we hypothesize, is learned 
at an early age, prior to any formal arithmetic training. Indeed, arithmetic train- 
ing assumes this unconscious conceptual (not linguistic!) metaphor: In teaching 
arithmetic, we all take it for granted that the adding and subtracting of numbers 
can be understood in terms of adding and taking away objects from collections. 
Of course, at this stage all of these are mental operations with no symbols! Cal- 
culating with symbols requires additional capacities. 

The Arithmetic Is Object Collection metaphor is a precise mapping from the 
domain of physical objects to the domain of numbers. The metaphorical map- 
ping consists of 


1. the source domain of object collection (based on our commonest expe- 
riences with grouping objects); 

2. the target domain of arithmetic (structured nonmctaphorically by 
subitizing and counting); and 

3. a mapping across the domains (based on our experience subitizing and 
counting objects in groups). The metaphor can be stated as follows: 

Arithmetic Is Object Collection 

Source Domain Target Domain 

Object Collection Arithmetic 


Collections of objects 
of the same size 

The size of the collection 

Bigger 

Smaller 

The smallest collection 
Putting collections together 

Taking a smaller collection 
from a larger collection 


Numbers 

The size of the number 

Greater 

Less 

The unit (One) 
Addition 

Subtraction 


Linguistic Examples of the Metaphor 

We can see evidence of this conceptual metaphor in our everyday language. The 
word add has the physical meaning of physically placing a substance or a num- 
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her of objects into a container (or group of objects), as in " Add sugar to my cof- 
fee," "Add some logs to the fire," and "Add onions and carrots to the soup." 
Similarly, take . . . from, take . . . out of, and take . . . away have the physical 
meaning of removing a substance, an object, or a number of objects from some 
container or collection. Examples include " Take some books out of the box," 
"Take some water from this pot," "Take away some of these logs." By virtue of 
the Arithmetic Is Object Collection metaphor, these expressions are used for 
the corresponding arithmetic operations of addition and subtraction. 

If you add 4 apples to 5 apples, how many do you have? If you take 2 ap- 
ples from 5 apples, how many apples are left ? Add 2 to 3 and you have 
5. Take 2 from 5 and you have 3 left. 

It follows from the metaphor that adding yields something bigger (more) and 
subtracting yields something smaller (less). Accordingly, words like big and small , 
which indicate size for objects and collections of objects, are also used for numbers, 
as in "Which is bigger, 5 or 7?" and "Two is smaller than four." This metaphor is 
so deeply ingrained in our unconscious minds that wc have to think twice to real- 
ize that numbers are not physical objects and so do not literally have a size. 

Entailments of the Metaphor 

The Arithmetic Is Object Collection metaphor has many entailments. Each 
arises in the following way: Take the basic truths about collections of physical 
objects. Map them onto statements about numbers, using the metaphorical 
mapping. The result is a set of "truths" about the natural numbers under the 
operations of addition and subtraction. 

For example, suppose wc have two collections, A and B, of physical objects, 
with A bigger than B. Now suppose we add the same collection C to each. Then 
A plus C will be a bigger collection of physical objects than B plus C. This is a 
fact about collections of physical objects of the same size. Using the mapping 
Numbers Are Collections of Objects, this physical truth that we experience in 
grouping objects becomes a mathematical truth about numbers: If A is greater 
than B, then A + C is greater than B + C. All of the following truths about num- 
bers arise in this way, via the metaphor Arithmetic Is Object Collection. 


The Laws of Arithmetic Are Metaphorical Entailments 

In each of the following cases, the metaphor Arithmetic Is Object Collection 
maps a property of the source domain of object collections (stated on the left) 
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to a unique corresponding property of the target domain of numbers (stated on 
the right). This metaphor extends properties of the innate subitized numbers 1 
through 4 to an indefinitely large collection of natural numbers. In the cases 
below, you can see clearly how properties of object collections are mapped by 
the metaphor onto properties of natural numbers in general. 


Magnitude 


Object collections have a 
magnitude 

Numbers have a magnitude 

Stability of Results for Addition 

Whenever you add a fixed 
object collection to a second 
fixed object collection, 
you get the same result. 

Whenever you add a fixed 
number to another fixed 
number, you get the 
same result. 

Stability of Results por Subtraction 

Whenever you subtract a fixed 
object collection from a 
second fixed object collection, 
you get the same result. 

Whenever you subtract a fixed 
number from another 
fixed number, you 
get the same result. 

Inverse Operations 

For collections: Whenever 
you subtract what you added, 
or add what you subtracted, 
you get the original collection. 

For numbers: Whenever 
you subtract what you added, 
or add what you subtracted, 
you get the original number. 

Uniform Ontology 


Object collections play 
three roles in addition. 

• what you add to something; 

• what you add something to; 

• the result of adding. 

Despite their differing roles, 
they all have the same nature 
with respect to the operation 
of the addition of object collections. 


Numbers play three 
roles in addition. 

• what you add to something; 

• what you add something to; 

• the result of adding. 

Despite their differing roles, 
they all have the same nature 
with respect to the operation 
of the addition of numbers. 
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Closure for Addition 


The process of adding an object 
collection to another object 
collection yields a third 
object collection. 

The process of adding 
a number to a number 
yields a third number. 

Unlimited Iteration for Addition 

You can add object 
collections indefinitely. 

You can add numbers 
indefinitely. 

Limited Iteration for Subtraction 

You can subtract object 
collections from other 
object collections until 
nothing is left. 

You can subtract numbers 
from other numbers 
until nothing is left. 

Sequential Operations 

You can do combinations 

of adding and subtracting -* 

object collections. 

You can do combinations 
of adding and subtracting 
numbers. 

Equational Properties 

Equality of Result 

You can obtain the same 
resulting object collection -* 

via different operations. 

You can obtain the same 
resulting number via 
different operations. 

Preservation of 

Equality 

For object collections, 

adding equals to equals -* 

yields equals. 

For object collections, 
subtracting equals from -* 

equals yields equals. 

For numbers, adding equals 
to equals yields equals. 

For numbers, subtracting 
equals from equals 
yields equals. 

Commutativity 

For object collections, 

adding A to B gives the -* 

same result as adding B to A. 

For numbers, adding A to B 
gives the same result as 
adding B to A. 
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Associativity 


For object collections, adding 
B to C and then adding A to 
the result is equivalent to adding 
A to B and adding C to that result. 

For numbers, adding B to C and 
then adding A to the result is 
equivalent to adding A to B 
and adding C to that result. 

Relationship Properties 

Linear Consistency 

For object collections, if 
A is bigger than B, then -» 

B is smaller than A. 

For numbers, if 
A is greater than B, 
then B is less than A. 

Linearity 

If A and B arc two object 
collections, then cither A 
is bigger than B, or B is -» 

bigger than A, or A and B 
arc the same size. 

If A and B are two numbers, 
then either A is greater than B, 
or B is greater than A, or A and J 
arc the same magnitude. 

Symmetry 

If collection A is the same 

size as collection B, then -» 

B is the same size as A. 

If number A is the same 
magnitude as number B, then 
B is the same magnitude as A. 

Transitivity 

For object collections, if 
A is bigger than B and B is 
bigger than C, then A is 
bigger than C. 

For numbers, if 
A is greater than B 
and B is greater than C, 
then A is greater than C. 


In order for there to be a metaphorical mapping from object collections to 
numbers, the cntailments of such a mapping must be consistent with the prop- 
erties of innate arithmetic and its basic extensions. This rudimentary form of 
arithmetic has some of these properties — for example, uniform ontology, linear 
consistency, linearity, symmetry, commutativity, and preservation of equality. 
The Arithmetic Is Object Collection metaphor will map the object-collection 
version of these properties onto the version of these properties in innate arith- 
metic (e.g., 2 + 1 = 1 + 2). 
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However, this metaphor will also extend innate arithmetic, adding properties 
that the innate arithmetic of numbers 1 through 4 does not have, because of its 
limited range — namely, closure (e.g,, under addition) and what follows from clo- 
sure: unlimited iteration for addition, sequential operations, equality of result, 
and preservation of equality. The metaphor will map these properties from the 
domain of object collections to the expanded domain of number. The result is 
the elementary arithmetic of addition and subtraction for natural numbers, 
which goes beyond innate arithmetic. 

Thus, the fact that there is an innate basis for arithmetic does not mean that 
all arithmetic is innate. Part of arithmetic arises from our experience in the 
world with object collections. The Arithmetic Is Object Collection metaphor 
arises naturally in our brains as a result of regularly using innate neural arith- 
metic while interacting with small collections of objects. 


Extending Elementary Arithmetic 

The version of the Arithmetic Is Object Collection metaphor just stated is limited 
to conceptualizing addition and subtraction of numbers in terms of addition and 
subtraction of collections. Operations in one domain (using only collections) arc 
mapped onto operations in the other domain (using only numbers). There is no 
single operation characterized in terms of elements from both domains — that is, 
no single operation that uses both numbers and collections simultaneously. 

But with multiplication, wc do need to refer to numbers and collections 
simultaneously, since understanding multiplication in terms of collections 
requires performing operations on collections a certain number of times. 
This cannot be done in a domain with collections alone or numbers alone. In 
this respect, multiplication is cognitively more complex than addition or 
subtraction. 

The cognitive mechanism that allows us to extend this metaphor from addi- 
tion and subtraction to multiplication and division is metaphoric blending. 
This is not a new mechanism but simply a consequence of having metaphoric 
mappings. 

Recall that each metaphoric mapping is characterized neurally by a fixed set 
of connections across conceptual domains. The results of inferences in the 
source domain are mapped to the target domain. If both domains, together with 
the mapping, are activated at once (as when one is doing arithmetic on object 
collections), the result is a metaphoric blend: the simultaneous activation of 
two domains with connections across the domains. 
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Two Versions of Multiplication and Division 
Consider 3 times 5 in terms of collections of objects: 

• Suppose we have 3 small collections of 5 objects each. Suppose we pool 
these collections. We get a single collcetion of 15 objects. 

• Now suppose we have a big pile of objects. If we put 5 objects in a box 
3 times, we get 15 objects in the box. This is repeated addition: We 
added 5 objects to the box repeatedly — 3 times. 

In the first case, we are doing multiplication by pooling, and in the second by 
repeated addition. 

Division can also be characterized in two corresponding ways, splitting up 
and repeated subtraction: 

• Suppose we have a single eollcction of 15 objects, then we can split it 
up into 3 collections of 5 objects each. That is, 15 divided by 3 is 5. 

• Suppose again that we have a collection of 15 objects and that we re- 
peatedly subtract 5 objects from it. Then, after 3 repeated subtractions, 
there will be no objects left. Again, 15 divided by 3 is 5. 

In each of these cases wc have used numbers with only addition and subtrac- 
tion defined in order to characterize multiplication and division metaphorically 
in terms of object collection. From a cognitive perspective, we have used a 
metaphoric blend of object collections together with numbers to extend the 
Arithmetic Is Object Collection metaphor to multiplication and division. 

We can state the pooling and iteration extensions of this metaphor precisely 
as follows: 


The Pooling/Splitting Extension of 
the Arithmetic Is Object Collection Metaphor 


Source Domain 
The Object-Collection/ 
Arithmetic Blend 


Target Domain 
Arithmetic 


The pooling of A subcollections 

of size B to form an overall -*■ Multiplication [A • B - C) 
collection of size C. 

The splitting up of a collection 
of size C into A subcollections -* 
of size B. 


Division {C + B = A) 
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The Iteration Extension of the Arithmetic 
Is Object Collection Metaphor 

Source Domain Target Domain 

The Object-Collection/ 

. _ Arithmetic 

Arithmetic Blend 


The repeated addition 
[A times) of a collection of 
size B to yield a collection 
of size C. 

The repeated subtraction 
of collections of size B from 
an initial collection of size C 
until the initial collection 
is exhausted. A is the number 
of times the subtraction occurs. 


Multiplication [A • B = C) 


-* Division (C -r B = A) 


Note that in each case, the result of the operation is given in terms of the size 
of the collection as it is understood in the source domain of collections. Since 
the result of a multiplication or division is always a collection of a given size, 
multiplication and division (in this metaphor) can be combined with the 
addition and subtraction of collections to give further results in terms of 
collections. 

What is interesting about these two equivalent metaphorical conceptions of 
multiplication and division is that they are both defined relative to the number- 
collection blend, but they involve different ways of thinking about operating on 
collections. 

These metaphors for multiplication and division map the properties of the 
source domain onto the target domain, giving rise to the most basic properties 
of multiplication and division. Let us consider the commutative, associative, 
and distributive properties. 

Commutativity for Multiplication 


Pooling A collections of 
size B gives a collection of 
the same resulting size as 
pooling B collections of size A. 


Multiplying A times B gives 
the same resulting number as 
multiplying B times A. 
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Associativity for Multiplication 

Pooling A collections of 
size B and pooling that 
number of collections of size 
C gives a collection of 
the same resulting size as 
pooling the number of A 
collections of the size of the 
collection formed by pooling 
B collections of size C. 

Distributive of Multiplication over Addition 

First, pool A collections of the 
size of the collection formed by 
adding a collection of size B to 
a collection of size C. This gives 
a collection of the same size as 
adding a collection formed by 
pooling A collections of size B 
to A collections of size C. 

Multiplicative Identity 

Pooling one collection of 
size A results in a collection -> 
of size A. 

Pooling A collections of size 
one yields a collection of size A. 

Inverse of Multiplication 

Splitting a collection of 

size A into A subcollections -> Dividing A by A yields one. 
yields subcollections of size one. 

In each case, a true statement about collections is projected by the metaphor in 
the pooling/splitting extension onto the domain of numbers, yielding a true 
statement about arithmetic. The same will work for iterative extension (i.e., re- 
peated addition and repeated subtraction). 

Thus, the Arithmetic Is Object Collection metaphor extends our understand- 
ing of number from the subitized numbers of innate arithmetic and from sim- 


Multiplying one times A yields A 
Multiplying A times one yields A. 


First, multiply A times 
the sum of B plus C. 

This gives the same number 
as adding the product of 
A times B to the 
product of A times C. 


Multiplying A times B 
and multiplying the 
result times C gives the 
-» same number as 

multiplying A times the 
result of multiplying 
B times C. 
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pic counting to the arithmetic of the natural numbers, grounding the extension 
of arithmetic in our everyday experience with groups of physical objects. 

Zero 

The Arithmetic Is Object Collection metaphor does, however, leave a problem. 
What happens when we subtract, say, seven from seven? The result cannot be un- 
derstood in terms of a collection. In our everyday experience, the result of taking 
a collection of seven objects from a collection of seven objects is an absence of any 
objects at all — not a collection of objects. If wc want the result to be a number, 
then in order to accommodate the Arithmetic Is Object Collection metaphor we 
must conceptualize the absence of a collection as a collection. A new conceptual 
metaphor is necessary. What is needed is a metaphor that creates something out 
of nothing: From the absence of a collection, the metaphorical mapping creates a 
unique collection of a particular kind — a collection with no objects in it. 

The Zero Collection Metaphor 

The lack of objects to form ... 

... -+ The empty collection 

a collection 1 

Given this additional metaphor as input, the Arithmetic Is Object Collection 
metaphor will then map the empty collection onto a number — which we call 
"zero." 

This new metaphor is of a type common in mathematics, which we will call 
an entity-creating metaphor. In the previous case, the conceptual metaphor cre- 
ates zero as an actual number. Although zero is an extension of the object- 
collection metaphor, it is not a natural extension. It docs not arise from a 
correlation between the experience of collecting and the experience of subitiz- 
ing and doing innate arithmetic. It is therefore an artificial metaphor, concocted 
ad hoc for the purpose of extension. 

Once the metaphor Arithmetic Is Object Collection is extended in this way, 
more properties of numbers follow as cntailmcnts of the metaphor. 

Auditive Identity 
Adding the empty collection 

to a collection of size A yields -*■ Adding zero to A yields A. 
a collection of size A. 

Adding a collection of size A 

to the empty collection yields -*■ Adding A to zero yields A. 
a collection of size A. 
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Inverse op Addition 


Taking a collection of size A 
away from a collection of size A -*■ 
yields the empty collection. 


Subtracting A from A 
yields zero. 


These metaphors ground our most basic extension of arithmetic — from the 
innate cardinal numbers to the natural numbers plus zero. As is well known, 
this understanding of number still leaves gaps: It does not give a meaningful 
characterization of 2 minus 5 or 2 divided by 3. To fill those gaps we need fur- 
ther entity-creating metaphors, e.g., metaphors for the negative numbers. We 
will discuss such metaphors shortly. 

At this point, we have explored only one of the basic grounding metaphors 
for arithmetic. There are three more to go. It would be unnecessarily repetitive 
to go into each in the full detail given above. Instead, we will sketch only the 
essential features of these metaphors. 


Arithmetic As Object Construction 

Consider such commonplaces of arithmetic as these: "Five is made up of two plus 
three." "You can factor 28 into 7 times 4." "If you put 2 and 2 together, you get 4»" 
How is it possible to understand a number, which is an abstraction, as being 
"made up," or "composed of," other numbers, which are "put together" using 
arithmetic operations? What we are doing here is conceptualizing numbers as 
wholes made up of parts. The parts are other numbers. And the operations of 
arithmetic provide the patterns by which the parts fit together to form wholes. 
Here is the metaphorical mapping used to conceptualize numbers in this way. 

Arithmetic Is Object Construction 

Source Domain Target Domain 

Object Construction Arithmetic 

Objects (consisting of ultimate 
parts of unit size} 

The smallest whole object 
The size of the object 
Bigger 
Smaller 

Acts of object construction 
A constructed object 


Numbers 

The unit (one) 

The size of the number 

Greater 

Less 

Arithmetic operations 
The result of an arithmetic 
operation 
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A whole object -* A whole number 

Putting objects together 

with other objects to form -* Addition 
larger objects 

Taking smaller objects 

from larger objects to form -» Subtraction 
other objects 


As in the case of Arithmetic Is Object Collection, this metaphor can be ex- 
tended in two ways via metaphorical blending: fitting together/splitting up and 
iterated addition and subtraction. 

The Fitting Together/Si>litting Ui» Extension 


The fitting together of A parts 
of size B to form a whole 
object of size C 

The splitting up of a whole 
object of size C into A parts 
of size B, a number that 
corresponds in the blend to 
an object of size A , which 
is the result 


Multiplication [A • B = C) 


Division (C * B « A) 


The Iteration Extension 


The repeated addition 
[A times) of A parts of 
size B to yield a whole 
object of size C 

The repeated subtraction 
of parts of size B from an 
initial object of size C until 
the initial object is exhausted. 

The result, A, is the number of 
times the subtraction occurs. 

Fractions are understood metaphorically in terms of the characterizations of di- 
vision (as splitting) and multiplication (as fitting together). 


Multiplication [A • B = C) 


Division (C -s- B = A) 
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Fractions 


A part of a unit object (made 
by splitting a unit object into -* 
n parts) 

An object made by fitting 
together m parts of size l/n 

These additional metaphorical mappings 
number based on a truth about objects. 


A simple fraction (l/n) 

A complex fraction (m/n) 
yield an important entailment about 


If you split a unit object 
into n parts and then you fit 
the n parts together again, 
you get the unit objeet back. 


If you divide 1 by n and multiply 
the result by n, you get 1. 

That is, l/n • n = 1. 


In other words, l/n is the multiplicative inverse of n. 

As in the case of the object-collection metaphor, a special additional 
metaphor is needed to conceptualize zero. Since the lack of an object is not an 
object, it should not, strictly speaking, correspond to a number. The zero object 
metaphor is thus an artificial metaphor. 

The Zero Object Metaphor 
The Lack of a Whole Object -* Zero 


The object-construction metaphor is intimately related to the object-collec- 
tion metaphor. The reason is that constructing an object necessarily requires 
collecting the parts of the object together. Every whole made up of parts is a col- 
lection of the parts, with the added condition that the parts are assembled ac- 
cording to a certain pattern. Since object construction is a more specific version 
of object collection, the metaphor of Arithmetic As Object Construction is a 
more specific version of the metaphor of Arithmetic As Object Collection. Ac- 
cordingly, the object-construction metaphor has all the inferences of the object- 
collection metaphor — the inferences wc stated in the previous section. It differs 
in that it is extended to characterize fractions and so has additional inferences — 
for example, (l/n) • n = 1. 

It also has metaphorical cntailments that characterize the decomposition of 
numbers into parts. 
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Whole objects arc composites Whole numbers are composites 

of their parts, put together -» of their parts, put together by 
by certain operations. certain operations. 

It is this metaphorical entailmcnt that gives rise to the field of number theory, 
the study of which numbers can be decomposed into other numbers and opera- 
tions on them. 


The Measuring Stick Metaphor 

The oldest (and still often used) method for designing buildings or physically 
laying out dimensions on the ground is to use a measuring stick or string — a 
stick or string taken as a unit. These arc physical versions of what in geometry 
arc called line segments. We will refer to them as "physical segments." A dis- 
tance can be measured by placing physical segments of unit length end-to-end 
and counting them. In the simplest case, the physical segments are body parts: 
fingers, hands, forearms, arms, feet, and so on. When we put physical segments 
end-to-end, the result is another physical segment, which may be a real or en- 
visioned tracing of a line in space. 

In a wide range of languages throughout the world, this concept is repre- 
sented by a classifier morpheme. In Japanese, for example, the word hon (liter- 
ally, "a long, thin thing") is used for counting such long, thin objects as sticks, 
canes, pencils, candles, trees, ropes, baseball bats, and so on — including, of 
course, rulers and measuring tapes. Even though English docs not have a single 
word for the idea, it is a natural human concept. 

The Measuring Stick Metaphor 

Source Domain Target Domain 

The Use of a Measuring Stick Arithmetic 

Physical segments (consisting 
of ultimate parts of unit length) 

The basic physical segment -* 

The length of the physical segment -* 

Longer -* 

Shorter -* 

Acts of physical segment placement -» 

A physical segment -*• 


Numbers 

One 

The size of the number 

Greater 

Less 

Arithmetic operations 
The result of an 
arithmetic operation 
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Putting physical segments together 
end-to-end with other physical 
segments to form longer 
physical segments 

Taking shorter physical segments 
from larger physical segments to 
form other physical segments 

As in the previous two metaphors, there are two ways of characterizing multi- 
plication and division: fitting togethcr/dividing up and iterated addition and 
subtraction. 

The Fitting Together/Dividing Up Extension 
The fitting together of A physical 

segments of length B to form a -* Multiplication [A • B = C) 
line segment of length C 

The splitting up of a physical 
segment C into A parts of length B. 

A is a number that corresponds -*• Division (C -f B » A) 
in the blend to a physical segment 
of length A, which is the result. 

The Iteration Extension 

The repeated addition (A times) 
of A physical segments of 
length B to form a physical 
segment of length C. 

The repeated subtraction of 
physical segments of length B 
from an initial physical segment 
of length C until nothing is left 
of the initial physical segment. 

The result, A, is the number of 
times the subtraction occurs. 

As in the case of the object-construction metaphor, the physical segment 
metaphor can be extended to define fractions. 


-*■ Multiplication (A • B = C) 


Division (C -r B = A) 


-* Addition 


Subtraction 
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Fractions 

A part of a physical segment (made 

by splitting a single physical -* A simple fraction (1/n) 

segment into n equal parts) 

A physical segment made by 

fitting together (end-to-end) -* A complex fraction (m/n) 

m parts of size 1/n 

Just as in the object-construction metaphor, this metaphor needs to be ex- 
tended in order to get a conceptualization of zero. 

The lack of any physical segment -* Zero 

Up to this point, the measuring stick metaphor looks very much like the object- 
construction metaphor: A physical segment can be seen as a physical object, 
even if it is an imagined line in space. But physical segments are very special 
"constructed objects." They are unidimcnsional and they arc continuous. In 
their abstract version they correspond to the line segments of Euclidean geom- 
etry. As a result, the blend of the source and target domains of this metaphor 
has a very special status. It is a blend of line (physical) segments with numbers 
specifying their length, which we will call the Number/Physical Segment 
blend. 

Moreover, once you form the blend, a fateful entailment arises. Recall that 
the metaphor states that Numbers Are Physical Segments, and that given this 
metaphor you can characterize natural numbers, zero, and positive complex 
fractions (the rational numbers) in terms of physical segments. That is, for every 
positive rational number, this metaphor (given a unit length) provides a unique 
physical segment. The metaphorical mapping is unidirectional. It docs not say 
that for any line segment at all, there is a corresponding number. 

But the blend of source and target domains goes beyond the metaphor itself 
and has new entailmcnts. When you form a blend of physical segments and 
numbers, constrained by the measuring stick metaphor, then within the blend 
there is a one-to-one correspondence between physical segments and numbers. 
The fateful entailment is this: Given a fixed unit length, it follows that for every 
physical segment there is a number. 

Now consider the Pythagorean theorem: In A 2 + B 2 = C 2 , let C be the 
hypotenuse of a right triangle and A and B be the lengths of the other sides. Let 
A = 1 and B = 1. Then C 2 = 2. The Pythagoreans had already proved that C could 
not be expressed as a fraction — that is, that it could not be a rational number— 
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FIGURE 3.1 The measuring stick metaphor al- 
lows one to form physical segments of particular 
numerical lengths. In the diagram, taken from 
Theodorus of Cyrenc (fourth century B.C.), 'll is 
constructed from the unit length 1 and a right tri- 
angle. V3 is then constructed from the unit length 
1, the previously constructed length 'll, and a right 
triangle. And so on. Without the metaphor, the 
lengths are just lengths, not numbers. 


a ratio of physical lengths corresponding to integers. They assumed that only 
natural numbers and their ratios (the rational numbers) existed and that the 
length C was not a number at all; they called it an incommensurable — without 
ratio, that is, without a common measure. 

But Eudoxus (c. 370 b.c.) observed, implicitly using the Number/Physical 
Segment blend, that corresponding to the hypotenuse in this triangle there must 
be a number: C = V2! This conclusion could not have been reached using num- 
bers by themselves, taken literally. If you assume that only rational numbers 
exist and you prove that 'll cannot be a rational number, then it could just as 
well follow (as it did initially for the Pythagoreans) that V2 does not exist — that 
is, that 2 does not have any square root. But if, according to the Numbcr/Phys- 
ical Segment blend, there must exist a number corresponding to the length of 
every physical segment, then and only then must 'll exist as a number! 

It was the measuring stick metaphor and the Numbcr/Physical Segment 
blend that gave birth to the irrational numbers. 


Arithmetic As Motion Along a Path 

When we move in a straight line from one place to another, the path of our mo- 
tion forms a physical segment — an imagined line tracing our trajectory. There 
is a simple relationship between a path of motion and a physical segment. The 
origin of the motion corresponds to one end of a physical segment? the endpoint 
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of the motion corresponds to the other end of the physical segment; and the 
path of motion corresponds to the rest of the physical segment. 

Given this correspondence between motions and physical segments, there is 
a natural metaphorical correlate to the measuring stick metaphor for arith- 
metic, namely, the metaphor that Arithmetic Is Motion Along a Path. Here is 
how that metaphor is stated. 


Arithmetic Is Motion Along a Path 


Source Domain 
Motion Along a Path 


Target Domain 
Arithmetic 

Acts of moving along the path 

— » 

Arithmetic operations 

A point-location on the path 

-» 

The result of an 
arithmetic operation 

The origin, the beginning 
of the path 

— » 

Zero 

Point-locations on a path 

— > 

Numbers 

The unit location, a point-location 
distinct from the origin 

-» 

One 

Further from the origin than 

— » 

Greater than 

Closer to the origin than 

— » 

Less than 

Moving from a point-location A 
away from the origin, a distance 
that is the same as the distance 
from the origin to a point-location 

-» 

B 

Addition of B to A 

Moving toward the origin from A, 
a distance that is the same as the 
distance from the origin to B 

-* 

Subtraction of B from A 


This metaphor can be extended to multiplication and division by means of it- 
eration over addition and subtraction. 

The Iteration Extension 

Starting at the origin, move A 
times in the direction away from 

the origin a distance that is -» Multiplication [A • ti = C) 

the same as the distance from 
the origin to B. 
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Sorting at C, move toward the 

origin distances of length B -> Division (C * B = A) 

repeatedly A times. 


Fractions 


Starting at 1, find a distance d 
such that by moving distance d 

toward the origin repeatedly _ A simple fraction (l/n| 

n times, you will reach the ongin. 
l/n is the point-location at 
distance d from the origin. 

Point-location reached moving 

from the origin a distance l/n -* A complex fraction (m/n) 
repeatedly m times. 

As we mentioned, the Arithmetic Is Motion metaphor corresponds in many ways 
to the measuring stick metaphor. But there is one major difference. In all the other 
metaphors that we have looked at so far, including the measuring stick metaphor, 
there had to be some entity-creating metaphor added to get zero. However, when 
numbers are point-locations on a line, the origin is by its very nature a point- 
location. When we designate zero as the origin, it is already a point-location. 

Moreover, this metaphor provides a natural extension to negative numbers — 
let the origin be somewhere on a pathway extending indefinitely in both direc- 
tions. The negative numbers will be the point- locations on the other side of zero 
from the positive numbers along the same path. This extension was explicitly 
made by Rafael Bombelli in the second half of the sixteenth century. In 
Bombclli's extension of the point-location metaphor for numbers, positive num- 
bers, zero, and negative numbers are all point-locations on a line. This made it 
commonplace for European mathematicians to think and speak of the concept 
of a number lying between two other numbers — as in zero lies between minus 
one and one. Conceptualizing all (real) numbers metaphorically as point-loca- 
tions on the same line was crucial to providing a uniform understanding of 
number. These days, it is hard to imagine that there was ever a time when such 
a metaphor was not commonly accepted by mathematicians! 

The understanding of numbers as point-locations has come into our language 
in the following expressions: 

How close arc these two numbers? 

37 is far away from 189,712. 
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4.9 is near 5. 

The result is around 40. 

Count up to 20, without skipping any numbers. 

Count backward from 20. 

Count to 100, starting at 20. 

Name all the numbers from 2 to 10. 

The linguistic examples are important here in a number of respects. First, 
they illustrate how the language of motion can be recruited in a systematic way 
to talk about arithmetic. The conceptual mappings characterize what is sys- 
tematic about this use of language. Second, these usages of language provide ev- 
idence for the existence of the conceptual mapping — evidence that comes not 
only from the words but also from what the words mean. The metaphors can be 
seen as stating generalizations not only over the use of the words but also over 
the inference patterns that these words supply from the source domain of mo- 
tion, which are then used in reasoning about arithmetic. 

We have now completed our initial description of the four basic grounding 
metaphors for arithmetic. Let us now turn to the relation between arithmetic 
and elementary algebra. 

The Fundamental Metonymy of Algebra 

Consider how wc understand the sentence "When the pizza delivery boy comes, 
give him a good tip." The conceptual frame is Ordering a Pizza for Delivery. 
Within this frame, there is a role for the Pizza Delivery Boy, who delivers the 
pizza to the customer. In the situation, we do not know which individual will 
be delivering the pizza. But we need to conceptualize, make inferences about, 
and talk about that individual, whoever he is. Via the Role-for-Individual 
metonymy, the role "pizza delivery boy" comes to stand metonymically for the 
particular individual who fills the role — that is, who happens to deliver the 
pizza today. "Give him a good tip" is an instruction that applies to the individ- 
ual, whoever he is. 

This everyday conceptual metonymy, which exists outside mathematics, plays 
a major role in mathematical thinking: It allows us to go from concrete (case by 
case) arithmetic to general algebraic thinking. When we write "x + 2 = 7," xis our 
notation for a role, Number, standing for an individual number, "x + 2 = 7" says 
that whatever number x happens to be, adding 2 to it will yield 7. 

This everyday cognitive mechanism allows us to state general laws like 
"x + y = y + x," which says that adding a number y to another number x yields 
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the same result as adding x to y. It is this metonymic mechanism that makes 
the discipline of algebra possibly by allowing us to reason about numbers or 
other entities without knowing which particular entities we are talking about. 

Clear examples of how wc unconsciously use and master the Fundamental 
Metonymy of Algebra are provided by many passages in this very chapter. In fact, 
every time wc have written (and every time you have read and understood) an ex- 
pression such as "If collection A is the same size as collection B," or "adding zero 
to A yields A," we have been implicitly making use of the Fundamental 
Metonymy of Algebra. It is this cognitive mechanism that permits general proofs 
in mathematics — for example, proofs about any number, whatever it is. 


The Metaphorical Meanings of One and Zero 

The four grounding metaphors mentioned so far — Object Collection, Object 
Construction, the Measuring Stick, and Motion Along a Line — contain 
metaphorical characterizations of zero and one. Jointly, these metaphors char- 
acterize the symbolic meanings of zero and one. In the collection metaphor, 
zero is the empty collection. Thus, zero can connote emptiness. In the object- 
construction metaphor, zero is either the lack of an object, the absence of an ob- 
ject or, as a result of an operation, the destruction of an object. Thus, zero can 
mean lack, absence, or destruction. In the measuring stick metaphor, zero 
stands for the ultimate in smallness, the lack of any physical segment at all. In 
the motion metaphor, zero is the origin of motion; hence, zero can designate an 
origin. Hence, zero, in everyday language, can symbolically denote emptiness, 
nothingness, lack, absence, destruction, ultimate smallness, and origin. 

In the collection metaphor, one is the collection with a lone member and, 
hence, symbolizes individuality and separateness from others. In the object- 
construction metaphor, one is a whole number and, by virtue of this, signifies 
wholeness, unity, and integrity. In the measuring stick metaphor, one is the 
length specifying the unit of measure. In this case, one signifies a standard. And 
in the motion metaphor, one indicates the first step in a movement. Hence, it 
symbolizes a beginning. Taken together, these metaphors give one the symbolic 
values of individuality, separateness, wholeness, unity, integrity, a standard, 
and a beginning. Here are some examples. 

• Beginning: One small step for a man,- one great step for mankind. 

• Unity: E pluribus unum ("From many, one"). 

• Integrity: Fred and Ginger danced as one. 

• Origin: Let's start again from zero. 
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• Emptiness: There's zero in the refrigerator. 

• Nothingness: I started with zero and made it to the top. 

• Destruction: This nullifies all that we have done. 

• Lack (of ability): That new quarterback is a big zero. 

These grounding metaphors therefore explain why zero and one, which are 
literally numbers, have the symbolic values that they have. But that is not the 
real importance of these metaphors for mathematics. The real importance is 
that they explain how innate arithmetic gets extended systematically to give 
arithmetic distinctive properties that innate arithmetic does not have. Because 
of their importance we will give the four grounding metaphors for arithmetic a 
name: the 4Gs. We now turn to their implications. 
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of Arithmetic Come From? 


The Significance of the 4Gs 

Innate arithmetic, as we saw, is extremely limited: It includes only subitizing, 
addition, and subtraction up to the number 4 at most. The 4Gs each arise via a 
conflation in everyday experience. Take object collection. Young children form 
small collections, subitize them, and add and take away objects from them, au- 
tomatically forming additions and subtractions within the subitizable range. 
The same is true when they make objects, take steps, and later use sticks, fin- 
gers, and arms to estimate size. These correlations in everyday experience be- 
tween innate arithmetic and the source domains of the 4Gs give rise to the 4Gs. 
The metaphors — at least in an automatic, unconscious form — arise naturally 
from such conflations in experience. 

The significance of the 4Gs is that they allow human beings, who have an in- 
nate capacity to form metaphors, to extend arithmetic beyond the small 
amount that we arc bom with, while preserving the basic properties of innate 
arithmetic. The mechanism is as follows: In each conflation of innate arith- 
metic with a source domain, the inferences of innate arithmetic fit those of the 
source domain (say, object collection). Just as 3 - 1 = 2 abstractly, if you take one 
object from a collection of three objects, you get a collection of two objects. In 
other words, the inferences of abstract innate arithmetic hold when it is con- 
ceptually blended with object collection. 
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This may seem so obvious as to hardly be worth mentioning, but it is the 
basis for the extension of innate arithmetic way beyond its inherent limits. Be- 
cause innate arithmetic "fits" object collection and construction, motion, and 
manipulation of physical segments, those four domains of concrete experience 
are suitable for metaphorical extensions of innate arithmetic that preserve its 
properties. Taking one step after taking two steps gets you to the same place as 
taking three steps, just as adding one object to a collection of two objects yields 
a collection of three objects. 

Thus, the properties of innate arithmetic can be seen as "picking out" these 
four domains for the metaphorical extension of basic arithmetic capacities be- 
yond the number 4. Indeed, the reason that these four domains all fit innate 
arithmetic is that there are structural relationships across the domains. Thus, 
object construction always involves object collection; you can't build an* object 
without gathering the parts together. The two experiences are conflated and 
thereby neurally linked. Putting physical segments end-to-end is similar to ob- 
ject construction (think of legos here). When you use a measuring stick to mark 
off a distance, you are mentally constructing a line segment out of parts— a 
"path" from the beginning of the measurement to the end. A path of motion 
from point to point corresponds to such an imagined line segment. In short, 
there are structural correspondences between 

• object collection and object construction 

• the construction of a linear object and the use of a measuring stick to 
mark off a line segment of certain length 

• using a measuring stick to mark off a line segment, or "path," and mov- 
ing from location to location along a path. 

As a result of these structural correspondences, there are isomorphisms 
across the 4G metaphors — namely, the correlations just described between the 
source domains of those metaphors. 

That isomorphism defines a one-to-one correlation between metaphoric def- 
initions of arithmetic operations — addition and multiplication — in the four 
metaphors. For there to be such an isomorphism, the following three conditions 
must hold: 

• There is a one-to-one mapping, M, between elements in one source do- 
main and elements in the other source domain — that is, the "images" 
under the "mapping." 
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FIGURE 4.1 There are structural correspondences (isomorphisms) across the source do- 
mains of the four grounding metaphors for arithmetic (4Gs). The diagram depicts the iso- 
morphism between the source domains of Object Collection and Motion Along a Path. There 
is a one-to-one mapping between the elements of the two source domains. Moreover, the im- 
ages of sums correspond to the sums of images, and the images of products correspond to the 
products of images. For example, for a collection of sizes 3 and 4 there are unique movements 
of 3 and 4 units, respectively (solid lines). Besides, the result of "adding collections of size 3 
and 4" (segmented lines) has a unique image, that is, the image of sums: "a movement of 7 
units" (wavy line). This is equivalent to the sum of images: Adding the image of "a collec- 
tion of size 3" (i.e., "a movement of 3 units") and the image of "a collection of size 4" (i.e., 
"a movement of 4 units") yields "a movement of 7 units" (dotted lines). 


• M preserves sums: M(x + y) - M[x) + M(y) ; that is, the images of sums 
correspond to the sums of images. 

• M preserves products: M(x • y) - M(x) • M(y); that is, the images of prod- 
ucts correspond to the products of images. 

Consider, for example, the source domains of object collection and motion, 
which appear quite dissimilar. There is such an isomorphism between those 
two source domains. First, there is a one-to-one correspondence, M, between 
sizes of collections and distances moved. For example, a collection of size three 
is uniquely mapped to a movement of three units of length, and conversely. It 
should be obvious from Figure 4.1 that the last two conditions are also met. 

This is something very special about the conceptual system of mathematics: 
The source domains of all four basic grounding metaphors for the arithmetic of 
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natural numbers are isomorphic in this way! Note that there are no numbers in 
these source domains; there are only object collections, motions, and so on. But 
given how they are mapped onto the natural numbers, the relevant inferential 
structures of all these domains are isomorphic. 

Aside from the way they are mapped onto the natural numbers, these four 
source domains are not isomorphic: Object construction characterizes fractions 
but not zero or negative numbers, whereas motion along a path characterizes 
zero and negative numbers. In other words, if you look at the complete domains 
in isolation, you will not see an isomorphism across the source domains. What 
creates the isomorphism is the collection of mappings from these source do- 
mains of the 4Gs onto natural numbers. And what grounds the mappings onto 
natural numbers are the experiences we have, across the four domains, with in- 
nate arithmetic — with subitizing and counting in such early experiences as form- 
ing collections, putting things together, moving from place to place, and so on. 

Numbers Are Things 

In each of the 4Gs, numbers are things that exist in the world: collections of ob- 
jects, complex objects with parts, physical segments, and locations. These four 
metaphors thus induce a more general metaphor, that Numbers Are Things in 
the World. Though they can function as quantifiers in everyday language (e.g., 
"five apples"), numbers in arithmetic statements function like things; the 
names of numbers (e.g., "five") are proper nouns and go in noun positions, as in 
"T\vo is less than four," "Divide 125 by 5," and so on. 

The metaphor Numbers Are Things in the World has deep consequences. The 
first is the widespread view of mathematical Platonism. If objects are real enti- 
ties out there in the universe, then understanding Numbers metaphorically as 
Things in the World leads to the metaphorical conclusion that numbers have an 
objective existence as real entities out there as part of the universe. This is a 
metaphorical inference from one of our most basic unconscious metaphors. As 
such, it seems natural. We barely notice it. Given this metaphorical inference, 
other equally metaphorical inferences follow, shaping the intuitive core of the 
philosophy of mathematical Platonism: 

• Since real objects in the world have unique properties that distinguish 
them from all other entities, so there should be a uniquely true mathe- 
matics. Every mathematical statement about numbers should be ab- 
solutely true or false. There should be no equally valid alternative 
forms of mathematics. 
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• Numbers should not be products of minds, any more than trees or rocks 
or stars are products of minds. 

• Mathematical truths are discovered, not created. 

What is particularly ironic about this is that it follows from the empirical 
study of numbers as a product of mind that it is natural for people to believe 
that numbers are not a product of mindl 


Gosure 

The metaphor that Numbers Are Things in the World has a second important 
consequence for both the structure and practice of mathematics. In most of our 
everyday experience, when we operate on actual physical entities, the result is 
another physical entity. If we put two objects together, we get another object. If 
we combine two collections, we get another collection. If we start moving at 
one location, we wind up at another location. Over much of our experience, a 
general principle holds: 

• An operation on physical things yields a physical thing of the same 
kind. 

The metaphor that Numbers Are Things yields a corresponding principle: 

• An operation on numbers yields a number of the same kind. 

The name for this metaphorical principle in mathematics is closure. Closure 
is not a property of innate arithmetic. "Subitizable 3" plus "subitizable 4" does 
not produce a subitizable number; we don't normally subitize 7. But closure 
does arise naturally from the grounding metaphors. 

Closure is a central idea in mathematics. It has led mathematicians to extend 
number systems further and further until closure is achieved — and to stop with 
closure. Thus, the natural numbers had to be extended in various ways to 
achieve closure relative to the basic arithmetic operations (addition, subtrac- 
tion, multiplication, division, raising to powers, and taking roots): 

• Because, say, 5 - 5 is not a natural number, zero had to be added. 

• Because, say, 3 - 5 is not a natural number, negative numbers had to be 
added. 
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• Because, say, 3 ? 5 is not a natural number, rational numbers (fractions) 
had to be added. 

• Because, say, V2 is not a rational number, irrational numbers had to be 
added to form the "real numbers." 

• Because, say, V- 1 is not a real number, the "imaginary numbers" had to 
be added to form the "complex numbers." 

Extending the natural numbers to the complex numbers finally achieved clo- 
sure relative to the basic operations of arithmetic. As the fundamental theorem 
of algebra implies, any arithmetic operation on any complex numbers yields a 
complex number (except for division by zero). 

The notion of closure is central to all branches of mathematics and is an en- 
gine for creating new mathematics. Given any set of mathematical elements 
and a set of operations on them, we can ask whether that set is "closed" under 
those operations — that is, whether those operations always yield members of 
that set. If not, we can ask what other elements need to be added to that set in 
order to achieve closure, and whether closure is even achievable. A very large 
and significant part of mathematics arises from issues surrounding closure. 


Numbers and Numerals 
Numbers 

Via the Arithmetic Is Object Construction metaphor, we conceptualize num- 
bers as wholes put together out of parts. The operations of arithmetic provide 
the patterns by which the parts are arranged within the wholes. For example, 
every natural number can be conceptualized uniquely as a product of prime 
numbers. Thus, 70 equals 2 times 5 times 7, and so can be conceptualized as the 
unique sequence of primes (2, 5, 7), which uniquely picks out the number 70. 

Similarly, every natural number can be conceptualized as a polynomial — that 
is, a sum of integers represented by simple numerals times powers of some in- 
teger B. B is called the base of the given number system. In the binary system, 
B is two. In the octal system, B is eight. In the system most of the world now 
uses, B is ten. Thus, 8,307 is eight times ten to the third power plus three times 
ten to the second power, plus zero times ten to the first power, plus seven times 
ten to the zero th power. 

8,307 = (8 • 103) + (3 . io 2 ) + (o . 10 1 ] + (7 • 10°) 

When the natural numbers are extended to the reals, this metaphorical repre- 
sentation of numbers is extended to include infinite decimals — sums of the 
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same sort, where the powers of ten can be negative numbers and products of all 
negative powers of ten are included. Thus, n is understood as an infinite sum: 

n = (3 • 10°) + (i . io-i) + (4 • 10-2) + (1 • 10-3) + . . . = 3 . 141 . . . 


Numerals 

There is a big difference between numbers, which are concepts, and numerals, 
which are written symbols for numbers. In innate arithmetic, there are numbers 
but no numerals, since newborn children have not learned to symbolize num- 
bers using numerals. The difference can be seen in Roman numerals versus Ara- 
bic numerals, where the same number is represented by different numerals ; for 
example, the number fourteen is represented by XIV in Roman numerals and by 
14 in Arabic numerals with base ten. The Arabic numeral system, now used 
throughout the world, is based on the metaphorical conceptualization of num- 
bers as sums of products of small numbers times powers of ten. 

Suppose we replaced Arabic numerals with Roman numerals, where, for ex- 
ample, 3 - m, S - V, 4 - IV, 6 - VI, 50 - L, 78 - LXXVffl, and 1998 - MCMXCVm. 
With Roman numerals instead of Arabic numerals, nothing would be changed 
about numbers. Only the symbols for numbers would be changed. Every property 
of numbers would remain the same. 

The Roman notation is also based on the Arithmetic Is Object Construction 
metaphor, and the Roman notation uses not only addition (e.g., VI + I = VII) but 
subtraction (e.g., X - 1 - IX) for certain cases. Is arithmetic the same with both 
notations, even when the properties of numbers are all the same? 

Yes and no. Conceptually it would remain the same. But doing arithmetic by 
calculating with numerals would be very different. The notation for numbers is 
part of the mathematics of calculation. To see this, consider systems of nota- 
tions with different bases. The binary number system uses a different version of 
the metaphor that numbers are sums of products of other numbers. In the bi- 
nary version, the base is two and every number is a sum of products of powers 
of two. Thus, fourteen in the binary system is one times two to the third power 
plus one times two to the second power, plus one times two to the first power 
plus zero times two to the zero 11 * power. In binary numerals, that sum would be 
represented as 1 1 10. 

The decimal, binary, octal, and other base-defined notations are all built on 
various versions of the metaphor that numbers are sums of products of small 
numbers times powers of some base. Thus, cognitively, it is important to make 
a three-way distinction: 
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• The number (e.g., thirteen) 

• The conceptual representation of the number: the sum of products of 
powers adding up to that number (e.g., one times ten to the first power 
plus three times ten to the zero* power) 

• The numeral that symbolizes the number by, in turn, symbolizing the 
sum of products of powers (e.g., 13). 

From a cognitive perspective, bidirectional conceptual mappings are used to 
link conceptual representations to numerals. Here are the mappings for decimal 
and binary systems (where n is an integer): 

The Decimal Numeral-Number Mapping 

Numeral Sequences Sums of Products of Powers of Numbers 

x f (i - '0',. . . ,'9'J ~ . . . (x fl • 10») + (x^ • 10-»). . . 

The Binary Numeral-Number Mapping 

Numeral Sequences Sums of Products of Powers of Numbers 

x,. (i - 'O', 'I*) - ... |x„ • 2«) + (x n ., • 2-*). • • 

Any facts about arithmetic can be expressed in any base, because all conceptual 
representations of numbers in terms of sums of products of powers and all sym- 
bolic representations of numbers in terms of sequences of digits refer to the 
same system of numbers. Thirteen is a prime number whether you conceptual- 
ize and write it 1101 in binary, 111 in ternary, 15 in octal, 13 in decimal, 10 in 
base thirteen, or even XIH in Roman numerals. 

Though the numbers are the same, the numerical representations of them are 
different. The tables for numbers are the same, but the numerical representa- 
tions of the tables are different. For example, here are the addition tables for 
numbers between zero and five in binary and decimal notations: 

Addition Table in Binary Notation 


+ 

0 

1 

10 

n 

100 

101 

0 

0 

1 


n 

100 

101 

1 

1 

10 

li 

100 

101 

no 

10 

10 

11 

100 

101 

no 

in 

11 

11 

100 

101 

no 

in 

1000 

100 

100 

101 

no 

in 

1000 

1001 

101 

101 

no 

in 

1000 

1001 

1010 
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Addition Table in Decimal Notation 
0 1 2 3 4 


0 

1 

2 

3 

4 

5 


0 

1 

2 

3 

4 

5 


1 

2 

3 

4 

5 

6 


2 

3 

4 

5 

6 
7 


3 

4 

5 

6 

7 

8 


4 

5 

6 

7 

8 
9 


_5 

5 

6 

7 

8 
9 

10 


The numbers represented in these tables are the same. 1010 in the lower right- 
hand cell of the binary table represents the number ten, just as 10 does in the 
decimal table. The numerals are different. And the way of conceptualizing the 
numbers using the numerals are different. Thus, in the binary table, numbers 
are conceptualized as well as numerically represented in terms of sums of prod- 
ucts of powers of two. 


Calculation 

A system of calculation based on the Roman numerals would be very different 
from any system we presently have. From a cognitive perspective, it would be 
prohibitively difficult. Parsing a long Roman numeral is simply harder than 
parsing an equivalently long decimal notation, since the notation is not strictly 
positional-, that is, it is not the case that one symbol stands for one multiple of 
ten to some power. For example, in XI (eleven), you are adding I to X (one to ten). 
But in XIX (nineteen), the I is not being added to the first X; rather, it is being 
subtracted from the second (one taken from ten), with the result added to the 
first (ten plus nine). This demands more cognitive activity for human beings 
than using decimal notation. For beings like us, positional notation requires less 
cognitive effort, not just in recognition but especially in calculation. Procedures 
for adding, subtracting, multiplying, and dividing require less cognitive effort in 
positional notations than in nonpositional notations like Roman numerals. 
Imagine doing long division with Roman numerals! 

Not that it isn't doable. One could program a computer to do arithmetic using 
Roman numerals, and given the speed of contemporary computers, we probably 
wouldn't notice the difference in computation time, for any normal computation. 
But we don't use Roman numerals, and we will never go back to them because of 
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the cognitive load they place on us. Moreover, we don't use binary notation, even 
though computers do, because our ten fingers make it easier for us to use base 10. 

Our mathematics of calculation and the notation we do it in is chosen for 
bodily reasons — for ease of cognitive processing and because we have ten fingers 
and learn to count on them. But our bodies enter into the very idea of a linearly 
ordered symbolic notation for mathematics. Our writing systems are linear 
partly because of the linear sweep of our arms and partly because of the linear 
sweep of our gaze. The very idea of a linear symbol system arises from the pe- 
culiar properties of our bodies. And linear symbol systems are at the heart of 
mathematics. Our linear, positional, polynomial-based notational system is an 
optimal solution to the constraints placed on us by our bodies (our arms and our 
gaze), our cognitive limitations (visual perception and attention, memory, pars- 
ing ability), and possibilities given by conceptual metaphor. 


Calculation Without Understanding 

As we have seen, the mathematics of calculation, including the tables and al- 
gorithms for arithmetic operations, is all defined in terms of numerals, not 
numbers. Using the algorithms, we can manipulate the numerals correctly 
without having contact with numbers and without necessarily knowing much 
about numbers as opposed to numerals. The algorithms have been explicitly 
created for such efficient calculation, not for understanding. And we can know 
how to use the algorithms without much understanding of what they mean. 

When we learn procedures for adding, subtracting, multiplying, and dividing, 
we are learning algorithms for manipulating symbols — numerals, not numbers. 
What is taught in grade school as arithmetic is, for the most part, not ideas 
about numbers but automatic procedures for performing operations on numer- 
als — procedures that give consistent and stable results. Being able to carry out 
such operations does not mean that you have learned meaningful content about 
the nature of numbers, even if you always get the right answers! 

There is a lot that is important about this. Such algorithms minimize cogni- 
tive activity while allowing you to get the right answers. Moreover, these algo- 
rithms work generally — for all numbers, regardless of their size. And one of the 
best things about mathematical calculation — extended from simple arithmetic 
to higher forms of mathematics — is that the algorithm, being freed from mean- 
ing and understanding, can be implemented in a physical machine called a com- 
puter, a machine that can calculate everything perfectly without understanding 
anything at all. 
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Equivalent Result Frames and the Laws of Arithmetic 

Part of our knowledge about voting is that there are two equivalent ways to vote, 
you can write away for an absentee ballot, fill it in at home, and send it in before 
the election. Or you can go to your polling place, show your identification, get a 
ballot, fill it in, and leave it at the polling place on the day of the election. That 
is, given an election, an election day, a ballot, and the procedure of filling in a bal- 
lot, there are two ways to achieve the result of voting. Similarly, we have knowl- 
edge about lots of other equivalent ways to achieve desired results. You can buy 
a product by shopping at a store, using a mail-order catalogue and telephoning 
your order, or placing your order over the Internet. Familiarity with the various 
processes that achieve an identical result is an important part of our overall 
knowledge. From a cognitive perspective, such knowledge is represented in a con- 
ceptual frame within Charles Fillmore's theory of frame semantics (Fillmore, 
1982, 1985). An Equivalent Result Frame (hereafter, ERF) includes 

• a desired result, 

• essential actions and entities, and 

• a list of alternative ways of performing those actions with those enti- 
ties to achieve the result. 

For example, an important property of collections of objects can be stated in 
terms of the following ERF: 

The Associative ERF for Collections 

Desired result: A collection N 

Entities: Collections A, B, and C 

Operation: "add to" 

Equivalent alternatives: 

• A added to (the collection resulting from adding B to C] yields N 

• [the collection resulting from adding A to B ] added to C yields N 

The metaphor Arithmetic Is Object Collection maps this ERF onto a corre- 
sponding ERF for arithmetic: 

The Associative ERF for Arithmetic 

Desired result: A number N 

Entities: Numbers A, B, and C 

Operation: "+" 

Equivalent alternatives: 

• A + (fl + C) = N 

• (A + fl) + C - N 
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This ERF expresses what we understand the associative law for arithmetic to 
mean. From a cognitive perspective, this ERF is the cognitive content of the as- 
sociative law for arithmetic: A + (B + C) = (A + B) + C. Here we can see a clear 
example of how the grounding metaphors for arithmetic yield the basic laws of 
arithmetic, when applied to the ERFs for the source domains of collections, con- 
struction, motion, and so on. 

Note, incidentally, that the associative law does not hold for innate arith- 
metic, where all numbers must be subitizable — that is, less than 4. The reason, 
of course, is that closure does not hold for innate arithmetic. Thus, if we let 
A = 1, B = 2, and C -3, then A + B - 3, fl + C-5, and A + B + C - 6. Since 6 is 
beyond the usual range of what is subitizable, this assignment of these subitiz- 
able results to A, B, and C yields a result outside of innate arithmetic. This 
means that the associative law cannot arise in innate arithmetic and must arise 
elsewhere. As we have just seen, it arises in the source domains of the four 
grounding metaphors. 

Why Calculation with Numerals Works 

Why does calculation using symbolic numerals work? There is nothing magical 
about it. Suppose you have to add eighty-three to the sum of seventeen and 
thirty-nine. The numeral-number mapping, which underlies our understanding 
of the numeral-number relationship, maps this problem into the symbolization: 

83 + (17 + 39) = ? 

By the associative law, this is equivalent to 

(83 + 17) + 39 = ? 

Since we know that 83 + 17 = 100, it is clear that the right answer is 139. But 
why does this work? Is the associative law god-given? Not at all. It works for 
the following reason: 

• The 4Gs ground our understanding of arithmetic and extend it from in- 
nate arithmetic. 

• The source domains of the 4Gs are object collection, object construc- 
tion, physical segmentation, and motion. Each of these is part of our un- 
derstanding of the real world. 

• The associative equivalent result frame is true of each physical source 
domain. 
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• The 4Gs map those equivalent result frames onto the conceptual con- 
tent of the associative law. 

• The numeral-number mapping maps associative ERF for arithmetic 
onto the symbolized form of the associative law: A + (B + C) - (A + B) + 

C. This is used in calculation to replace an occurrence of "A + |B + C )" 
by "(A + B) + C" in the calculation. 

• Because the symbolized equation corresponds to the cognitive content 
of the equivalent result frame, the symbolic substitution yields an 
equivalent conceptual result. 

Note what a cognitive account such as this does not say: It does not say that 
the reason the calculation works is that the associative law is an axiom. Rather, 
it says that there is a reason following from our embodied understanding of 
what arithmetic is. It is our embodied understanding that allows blind calcula- 
tion with numerals to work in arithmetic. 

Up to this point we have looked at the 4Gs and how they extend innate arith- 
metic and enrich it with properties like closure and the basic laws of arithmetic. 
We have also considered the cognitive mechanism for the symbolization of 
numbers, which makes arithmetic calculable. We now need to flesh out the 
grounding metaphors discussed so far. 

Stretching the 4Gs 

The 4Gs, as we have stated them so far, are grounding metaphors that arise nat- 
urally from experience that conflates innate arithmetic with one of the do- 
mains. These natural metaphors extend innate arithmetic considerably. They 
also allow for extensions from natural numbers to other numbers. For example, 
the Arithmetic Is Motion Along a Path metaphor allows the path to be extended 
indefinitely from both sides of the origin, permitting zero and negative numbers 
to be conceptualized as point-locations on the path and therefore to be seen as 
numbers just like any other numbers. Fractions can then be conceptualized as 
point-locations between the integers, at distances determined by division. 

Given that such numbers have natural interpretations in this metaphor, one 
might think that this metaphor as it stands would be sufficient to ground arith- 
metic for zero, negative numbers, and fractions. It is not. No single natural 
metaphor permits closure in arithmetic. To achieve closure, the metaphors 
must be extended, or "stretched." 

Let us begin with addition and multiplication for negative numbers. Let neg- 
ative numbers be point-locations on the path on the side opposite the origin 
from positive numbers. The result in the source domain of the path is symme- 
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FIGURE 4.2 Mental rotation is a natural cognitive operation. Given that numbers are 
metaphorically conceptualized as point-locations on a line, rotation gives us a natural way of 
relating positive and negative numbers: A 180° rotation around zero maps the positive num- 
bers to the corresponding negative numbers, and vice versa. This cognitive operation pro- 
vides grounding for a metaphor for multiplication by negative numbers: Rotation by 180° Is 
Multiplication by -1. 


try: For every point-location at a given distance on one side of the origin, there 
is a unique point-location at the same distance on the other side; let us call it 
the "symmetrical point." Thus, -5 is the symmetrical point of +5, and + 5 is the 
symmetrical point of -5. 

Mapping point-locations to numbers in the target domain, we get a symme- 
try in the number system: For every positive number, there is a unique negative 
number, and conversely. Since positive and negative numbers are symmetric, 
we need to distinguish them by picking an orientation: The usual choice is that 
positive numbers are on the right of the origin and negative numbers are on the 
left (see Figure 4.2). 

The metaphorical mapping for addition must now be changed slightly. Addi- 
tion of positive numbers will now be conceptualized as moving toward the 
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fight, whereas addition of negative numbers will be moving toward the left. 
Thus, 3 + (-3) will straightforwardly be -2. The metaphor for subtraction must 
be changed accordingly. Subtraction of positive numbers will be moving toward 
the left, while subtraction of negative numbers will be moving toward the right. 
Thus, (-4) - Ml will be +2, straightforwardly. It follows from these metaphors 
that the result of adding a negative number is the same as the result of sub- 
tracting a positive number: 


A + (-5) - A- B. 


The converse is also entailed: 


A - (-B) = A + B. 


Multiplication, however, is not quite so straightforward. Multiplication by 
positive numbers requires performing an action — moving — a certain number of 
times. Multiplication of a negative number -B by a positive number A is no 
problem: You perform repeated addition of -B A times; that is, starting horn the 
Origin, you move B units to the left A times. 

But multiplying by a negative number is not a simple conceptual extension 
of multiplying by a positive number. In the source domain of motion, doing 
something a negative number of times makes no sense. A different metaphor is 
needed for multiplication by negative numbers. That metaphor must fit the 
laws of arithmetic — the most basic entailments of the four most basic ground- 
ing metaphors. Otherwise, the extension will not be consistent. For example, 
5 • (-2) does have a metaphorical meaning, as we just saw, and it gives the result 
that S • (-2) = -10. The commutative law therefore constrains any metaphor for 
multiplication by negative numbers to the following result: (-2) • 5 - -10. 

The symmetry between positive and negative numbers motivates a straight- 
forward metaphor for multiplication by -n: First, do multiplication by the posi- 
tive number a and then move (or "rotate" via a mental rotation) to the 
symmetrical point — the point on the other side of the line at the same distance 
horn the origin. This meets all the requirements imposed by all the laws. Thus, 
(-2) • 5 = -10, because 2 • 5 =* 10 and the symmetrical point of 10 is -10. Similarly, 
(-2) • (-5) - 10, because 2 • (-5) - -10 and the symmetrical point of -10 is 10. More- 
over, (-1) • (-1) = 1, because 1 • (-1) = -1 and the symmetrical point of-1 is 1. 

The process we have just described is, from a cognitive perspective, another 
metaphorical blend. Given the metaphor for multiplication by positive num- 
bers, and given the metaphors for negative numbers and for addition, we form a 
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blend in which we have both positive and negative numbers, addition for both, 
and multiplication for only positive numbers. To this conceptual blend we add 
the new metaphor for multiplication by negative numbers, which is formulated 
in terms of the blend! That is, to state the new metaphor, we must use 

• negative numbers as point-locations to the left of the origin, 

• addition for positive and negative numbers in terms of movement, and 

• multiplication by positive numbers in terms of repeated addition a pos- 
itive number of times, which results in a point-location. 

Only then can we formulate the new metaphor for multiplication by negative 
numbers using the concept of moving (or rotating) to the symmetrical point- 
location. 


Multiplication by -1 Is Rotation 

Source Domain Target Domain 

Space Arithmetic 

Rotation to the 

, -* -1 • n 

symmetry point of n 

Given this metaphor, -n • a = (-1 • n) • a = -1 • (n • a), which is conceptualized as 
a mental rotation to the symmetrical point of (n • a). 

What Is Stretched 

The metaphor Arithmetic Is Motion Along a Path has a source domain of natu- 
ral motions: movement in one direction or the other, and iterated movements. 
Mental rotations around a center are also cognitively natural. Thus the 
metaphor for multiplication of negative numbers uses a natural cognitive mech- 
anism. However, it does not arise from subitizing and counting as part of some 
natural activity. Instead, it is added to fit the needs of closure, which are given 
higher priority than consistency with subitizing or counting. 

What is important to understand is the difference between the four basic 
grounding metaphors and extensions like this one. The 4Gs do arise naturally 
for natural activities correlated with subitizing and counting. They are what 
make the arithmetic of natural numbers natural! The laws of arithmetic for 
natural numbers are entailments of those metaphors. None of this is true of the 
extensions of those metaphors. 
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Further Stretching 

We can characterize division by negative numbers by stretching the 4Gs even 
further. Here's how. 

Consider three cases. Case 1 involves dividing a negative by a negative. This 
is just like division of a positive by a positive, but done on the negative side of 
the line. It is simply repeated subtraction, moving in the opposite direction. 
And the result, which is a number of times, is a positive number. Thus, division 
of a negative by a negative gives the same result as the corresponding division 
of a positive by a positive. 

Now consider case 2: (-A) * B, where A and B are positive. What answer do 
we need to get? From the entailments of the four basic metaphors, we know 
that division is the inverse of multiplication: Whereas multiplication is re- 
peated addition, division is repeated subtraction. Therefore, what we need to get 
is a C such that C B * -A. From the metaphors for multiplication by negatives, 
we know that C must be negative. We can now stretch the motion metaphor 
further and metaphorically define (-A) * B: Perform the simple division of pos- 
itive by positive for A * B. Then route to the symmetrical point. This will give 
us a consistent result, which is a negative number. 

Finally consider case 3: A * (-£). For the same reason, the answer has to be a 
C which is a negative number. The stretched meuphor for division will there- 
fore be the same in this case as in the last: Perform the simple division of posi- 
tive by positive for A ~ B. Then rotate to the symmetrical point. This will give 
us a consistent result, which is a negative number. 

It is interesting that such meUphorical stretching yields consistent results. 
Compare this with the situation of division by zero. There is no possible con- 
sistent stretching of either the motion meUphor or any of the other grounding 
meuphors to allow division by zero. The requirements of closure say that the 
operations of arithmetic should give determinate results for any operation on 
numbers. But there is no way to meuphorically conceptualize division by zero 
to get a determinate answer. 

Let's look at this in, say, the object-collection meuphor. Here is the 
meuphor for division (see Chapter 3): 

• Division (C * B - A) Is the Splitting Up of a Collection of Size C into A 
Subcollections of Size B. 

Take a collection of a particular size C. To divide C by zero, you would have 
to split up the collection into subcollections of size zero — that is, into a unique. 
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determinate number of empty subcollections exhausting the collection of size 
C. But there is no such unique, determinate number. Moreover, there is no con- 
sistent way to extend this metaphor to get such a unique, determinate number. 
The same situation holds in all the other grounding metaphors. 

This is an interesting result. The lack of divisibility by zero is a consequence 
of the lack of any extensions of the four basic grounding metaphors consistent 
with the laws of arithmetic and that would meet the requirement of closure 
that the result be a unique, determinate number. 

In short, the four basic grounding metaphors are natural and are constitutive 
of our fundamental understanding of arithmetic. Stretched versions of the 4Gs 
get more and more contrived as one stretches more and more. But sometimes it 
is impossible to stretch in a sensible way to fit the requirements of closure and 
consistency reflected in the notational system. 


Metaphoric Blends and the Effectiveness 
of Arithmetic in the World 

We have now identified the four grounding metaphors that allow us to extend 
innate arithmetic. We have seen how they lead to the requirements of closure, 
and we have seen how much of that closure (not including the reals and the 
imaginaries) is realized via the stretching of those grounding metaphors. Given 
this conceptual structure, metaphoric blends in which source and target domain 
are both activated arise naturally. These are blends of arithmetic with object 
collections, object construction, measuring, and motion. We use such blends 
when we employ arithmetic in each of those activities. It should not be sur- 
prising, therefore, that arithmetic "works" for each of those activities. 

What makes the arithmetic of natural numbers effective in the world are the 
four basic grounding metaphors used to extend innate arithmetic and the 
metaphoric blends that arise naturally from those metaphors. 

Summary 

Let us review how arithmetic is "put together" cognitively. We can get an over- 
all picture in terms of answers to a series of questions of the form "Where does 
X come from cognitively?" where X includes all the following: 

• The natural numbers 

• The concept of closure— the idea that the operations of arithmetic al- 
ways work on numbers to produce other numbers 
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• The laws of arithmetic 

• Fractions, zero, and negative numbers 

• The notation of arithmetic 

• Generalizations: Laws of arithmetic work for numbers in general, not just 
in specific cases. For example, a + b = b + a, no matter what a and b are. 

• Symbolization and calculation 

• The special properties of arithmetic: precision, consistency, and stabil- 
ity across time and communities 

• The fact that arithmetic "works" in so much of our experience. 

In showing where each of these properties comes from, we answer the big 
question — namely, Where does arithmetic as a whole come from? Here is a brief 
summary of the answers we have given. 


Where Do the Natural Numbers and 
the Laws of Arithmetic Come From! 

The natural numbers and the laws governing them arise from the following 
sources: 

1. Subitizing Plus. We have innate capacities, instantiated neurally in our 
brains, for subitizing and innate arithmetic — limited versions of addi- 
tion and subtraction (up to three). We have basic capacities — grouping, 
ordering, focusing attention, pairing, and so on — that can be combined 
to do primitive counting. 

2. Primary Experiences. We have primary experiences with object collection, 
object construction, physical segmentation, and moving along a path. In 
functioning in the world, each of these primary experiences is correlated 
with subitizing, innate arithmetic, and simple counting, as when we au- 
tomatically and largely unconsciously subitize the number of objects in a 
collection or automatically count a small number of steps taken. 

3. The Conflation of Subitizing Plus with Primary Experiences. Such cor- 
relations form the experiential basis of the four basic grounding 
metaphors for arithmetic, in which the structure of each domain (e.g., 
object collection) is mapped onto the domain of number as structured 
by subitizing, innate arithmetic, and basic counting experiences. This is 
what makes the arithmetic of natural numbers natural. 

4. Conflation Among the Primary Experiences. Object construction (put- 
ting objects together) always involves object collection. Placing physical 
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segments end to end is a form of object construction and, hence, of object 
collection. Trajectories from one point to another are imagined physical 
segments. Each of these is a conflation of experiences. From a neural per- 
spective, they involve coactivations of those areas of the brain that char- 
acterize each of the experiences. And constant coactivation presumably 
results in neural links. As a consequence, an isomorphic structure 
emerges across the source domains of the 4Gs. That isomorphic structure 
is independent of numbers themselves and lends stability to arithmetic. 

5. Subitizing and Innate Arithmetic. Within their range, subitizing and 
innate arithmetic are precise, consistent, stable, and common to all nor- 
mal human beings. In those cultures where subitizing, innate arith- 
metic, and basic counting are correlated with object collection, object 
construction, and so on, to form the experiential basis of the basic 
grounding metaphors, those metaphors bring precision, stability, con- 
sistency, and universality to arithmetic. 

6. Laws from Entailments of Grounding Metaphors. The laws of arithmetic 
(commutativity, associativity, and distributivity) emerge, first, as proper- 
ties of the source domains of the 4Gs, then as properties of numbers via 
those metaphors, since the metaphors are inference-preserving concep- 
tual mappings. For example, associativity is a property of the physical ad- 
dition of the contents of one collection to another. The same collection 
results from either order. The Numbers Are Object Collections metaphor 
maps that knowledge onto the associative law for arithmetic. 

7. The Equivalent Result Frames. They give the commutative and asso- 
ciative laws. 


Why Does Arithmetic Fit the World i 

The metaphoric blends of the source and target domains of the 4Gs associate 
the arithmetic of natural numbers with a huge range of experiences in the 
world: experiences of collections, structurings of objects, the manipulation of 
physical segments, and motion. This is the basis of the link between arithmetic 
and the world as we experience it and function in it. It forms the basis of an ex- 
planation for why mathematics "works" in the world. 


Where Do Fractions, Zero, and Negative Numbers Come From i 

The nonisomorphic portions of the 4Gs provide groundings for other basic con- 
cepts in arithmetic: Fractions make sense as parts of wholes in the object- 
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construction metaphor. Zero and negative numbers make sense as point- 
locations in the motion metaphor. 

Why Do We Think of Numbers As Things in the World f 

The Numbers Are Things in the World metaphor arises as a generalization 
over the 4Gs, since in each one, numbers are things (collections; wholes made 
from parts; physical segments, like sticks; and locations). This metaphor has 
important entailments, many of which fit the so-called Platonic philosophy of 
mathematics: 

• Since things in the world have an existence independent of human 
minds, numbers have an existence independent of human minds. 
Hence, they are not creations of human beings and they and their prop- 
erties can be "discovered." 

• There is only one true arithmetic, since things in the world have deter- 
minate properties. 

• Arithmetic is consistent. It has to be, if its objects and their properties 
have an objective existence. 

• Regarding closure, the Numbers Are Things in the World metaphor 
maps (a) onto (b): (a) Operations on things in the world yield unique, de- 
terminate other things in the world of the same kind, (b) Operations on 
numbers yield unique, determinate other numbers. 

In other words, the system of numbers should be closed under arithmetic op- 
erations. If it appears not to be, then there must be numbers still to be discov- 
ered that would produce this result. Thus, given the natural numbers and their 
arithmetic, there should be fractions (e.g., 1 divided by 2), zero (e.g., 3 - 3), neg- 
ative numbers (e.g., 3 - 5), irrational numbers (e.g., V2), and imaginary numbers 
(e.g., V-l). 


Symbolization and Calculation 

Symbolization and calculation are central features of arithmetic. Embodied cog- 
nition and metaphor play important roles in both. 

• Linear notation is motivated by the sweep of our gaze and our arms. 

• Positional notation is motivated by memory constraints and cognitive 
ease of symbolic calculation, which reduces memory load. 
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• The numeral-number mappings build on linear and positional notation 
to provide a notation for the natural numbers by means of a one-to-one 
conceptual mapping that links Arabic notation with the conceptualiza- 
tion of numbers as polynomial sums. 

• The ERFs characterizing the laws of arithmetic, together with the nu- 
meral-number mapping, characterize equations that can be used in 
defining purely symbolic algorithms to mirror rational processes. 


Where Does Generalizability in Arithmetic Come From i 

Cognitive frames work at a general level within human conceptual systems. 
They specify general roles that can be filled by a member of a category. For ex- 
ample, in the travel frame, the role of traveler can be filled by any person phys- 
ically able to travel. In mathematics this is accomplished through the 
Fundamental Metonymy of Algebra (see Chapter 3). 

Conceptual metaphor, as it functions across the entire human conceptual 
system, also operates at a general level. For example, in the Love Is a Journey 
metaphor, where lovers are conceptualized as travelers, any lovers (not just par- 
ticular ones) can be conceptualized as travelers. Similarly, inferences about trav- 
elers in general apply to lovers in general. 

These facts about conceptual frames and metaphors have a profound conse- 
quence in arithmetic. The basic grounding metaphors for natural numbers apply 
to all natural numbers. The laws of arithmetic, which are entailments of those 
basic grounding metaphors, therefore apply to all natural numbers. It is this 
property of metaphor, together with the Fundamental Metonymy of Algebra, 
that makes arithmetic generalizable, since metaphor is used to ground arith- 
metic in everyday experience. 

The Centrality of Calculation 

Calculation is the backbone of mathematics. It has been carefully designed for 
overall consistency. The algorithmic structure of arithmetic has been carefully 
put together to mirror rational processes and to be usable when those processes 
are disengaged. The mechanisms required are 

• Equivalent Result Frames, true of the physical source domains 

• the 4Gs, which map ERFs from physical source domains onto arith- 
metic 
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• the numeral-number mapping, which maps ERFs in arithmetic onto 
equations in symbolic form, which can be used in calculations, where 
one side of the equation is replaced by the other, yielding an equivalent 
result. 


The Superstructure of Basic Arithmetic 

The elements required for the conceptual system of basic arithmetic are as 
follows: 

• The innate neural structures that allow us to subitize and do basic con- 
crete addition and subtraction up to about four items 

• Basic experiences that form the basis of metaphors, like subitizing 
while (a) forming collections, (b) putting objects together, (c) manipu- 
lating physical segments {fingers, arms, feet, sticks, strings), (d) moving 
in space, (e) stretching things 

• Grounding metaphors, like the 4Gs, and their inferences, such as the 
basic laws of arithmetic and closure 

• Extensions of metaphors to satisfy the requirements of closure 

• Basic arithmetic concepts, like number; the operations of addition, sub- 
traction, multiplication, and division,- identities and inverses under op- 
erations; decomposition of numbers into wholes and parts (factoring); 
Equivalent Result Frames (equations) characterizing which combina- 
tions of operations on the same elements yield the same results 

• Symbolization: The mapping of symbols to concepts. For example, 0 
maps to the additive identity, 1 maps to the multiplicative identity, -n 
maps to the additive inverse of n, 1 /n maps to the multiplicative inverse 
of n, + maps to addition, and so on. 

• Numerals: Particular symbols for particular numbers 

• Calculations: Algorithms using symbols and numerical ERF equations 
for performing calculations. 

So far we have discussed just basic arithmetic. When we start discussing 
more advanced forms of mathematics, additional cognitive mechanisms will 
enter the picture. The most prominent are: 

• Linking metaphors, which conceptualize one domain of mathematics 
in terms of another 
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• Arithmetization metaphors — a special case of linking metaphors, those 
that conceptualize ideas in other domains of mathematics in terms of 
arithmetic 

• Foundational metaphors, which choose one domain of mathematics 
(say, set theory or category theory) as fundamental and, via metaphor, 
"reduce" other branches of mathematics to that branch. 

The ideas discussed here will recur throughout the book. But before we move 
on, we need to bring up an important issue. 


How Do We Know? 

To those unfamiliar with the methodology of cognitive linguistics, it will not 
be obvious how we arrived at the metaphorical mappings given throughout the 
last chapter and this one, and how we know that they work. 

The various branches of cognitive science use a wide range of methodologies. 
In cognitive neuroscience and neuropsychology, there are PET scans and fMRIs, 
the study of the deficiencies of brain-damaged patients, animal experimenta- 
tion, and so on. In developmental psychology, there is, first of all, careful ob- 
servation, but also experiments where such things as sucking rates and staring 
are measured. In cognitive psychology, there is model building plus a relatively 
small number of experimental paradigms (e.g., priming studies) to gather data. 
In cognitive linguistics, the main technique is building models that generalize 
over the data. In the study of one's native language, the data may be clear and 
overwhelmingly extensive, although common techniques of data gathering 
(e.g., texts, recordings of discourse) may supplement the data. In the study of 
other languages, there are field techniques and techniques of text gathering and 
analysis. As in other sciences, one feels safe in one's conclusions when the 
methodologies give convergent results. 

In this study, we are building on results about innate mathematics from neuro- 
science, cognitive psychology, and developmental psychology. The analyses given 
in this book must also mesh with what is generally known about the human brain 
and mind. In particular, these results must mesh with findings about human con- 
ceptual systems in general. As we discussed in Chapter 2, the human conceptual 
system is known to be embodied in certain ways. The general mechanisms found 
in the study of human conceptual systems are radial categories, image schemas, 
frames, conceptual metaphors, conceptual blends and so on. 

Much of this book is concerned with conceptual metaphors. In Chapter 2, we 
cited ten sources of convergent evidence for the existence of conceptual metaphor 
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in everyday thought and language. These metaphor studies mesh with studies 
showing that the conceptual system is embodied — that is, shaped by the structure 
of our brains, our bodies, and everyday interactions in the world. In particular 
they show that abstract concepts are grounded, via metaphorical mappings, in the 
sensory-motor system and that abstract inferences, for the most part, are 
metaphorical projections of sensory-motor inferences. 

Our job in this chapter and throughout the book is to make the case that 
human mathematical reason works in roughly the same way as other forms of 
abstract reason — that is, via sensory-motor grounding and metaphorical projec- 
tion. This is not an easy job. We must propose plausible ultimate embodied 
groundings for mathematics together with plausible metaphorical mappings. 
The hypothesized groundings must have just the right inferential structure and 
the hypothesized metaphors must have just the right mapping structure to ac- 
count for all the relevant mathematical inferences and all the properties of the 
branch of mathematics studied. Those are the data to be accounted for. For ex- 
ample, in this chapter, the data to be accounted for include the basic properties 
of arithmetic (given by the laws) and all the computational inferences of arith- 
metic. That is a huge, complex, and extremely precise body of data. 

We made use of the model-building methodology to account for this data. 
The constraints on the models used were as follows: 

1. The grounding metaphors must be plausible; that is, they arise via con- 
flation in everyday experience (see Chapter 2). 

2. Given the sensory-motor source domain and the mappings, all the prop- 
erties and computational inferences about the mathematical target do- 
main must follow. 

3. In the case of arithmetic, the analysis must fit and extend what is 
known about innate arithmetic. 

4. The models must be maximally general. 

5. The models must accord with what is generally known about embodied 
cognition; that is, they must be able to fit with what is known about 
human brains and minds. 

These constraints are so demanding that, at first, we found it difficult to 
come up with any models at all that fit within them. 

Indeed, in studying arithmetic, for example, we depended on the prior re- 
search of Ming Ming Chiu (1996). Chiu's dissertation set out some first approx- 
imations that met a number of these constraints. Starting there, we made many 
successive revisions until the constraints were met. 
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To the novice in metaphor theory it may not be obvious that not just any 
metaphorical mapping will meet these constraints. Indeed, hardly any do. For 
example, arithmetic is not an apple. The structure of an apple — growing on 
trees; having a skin, flesh, and a core with seeds; being about the size to fit in 
your hand, having colors ranging from green to red; and so on— does not map via 
any plausible metaphor (or any at all) onto arithmetic. The inferences about ap- 
ples just do not map onto the inferences about numbers. Apples won't do as a 
source domain, nor will couches, churches, clouds, or most things we experi- 
ence in the everyday physical world. 

As we have seen, there are four plausible grounding domains — forming col- 
lections, putting objects together, using measuring sticks, and moving through 
space. Each of them forms just the right kind of conflation with innate arith- 
metic to give rise to just the right metaphorical mappings so that the inferences 
of the source domains will map correctly onto arithmetic — almost. Only two of 
them have an equivalent to zero. 

But that isn't good enough. The constraints on an analysis are so stringent that 
an additional metaphor is necessary to extend the system to negative numbers. 
That metaphor makes use of a known cognitive mechanism— mental rotation. 
Moreover, these metaphors must have just the right properties to account for the 
properties of arithmetic— its ability to fit experience, its stability over time, its 
universal accessibility, its combinatorial possibilities, and so on. 

In short, mathematics provides a formidable challenge to the model-building 
methodology of cognitive science, because the constraints on the possible mod- 
els are so severe. The biggest surprise in our research to date is that we have 
been able to get as far as we have. 

The metaphors given so far are called grounding metaphors because they di- 
rectly link a domain of sensory-motor experience to a mathematical domain. 
But as we shall see in the chapters to come, abstract mathematics goes beyond 
direct grounding. The most basic forms of mathematics are directly grounded. 
Mathematics then uses other conceptual metaphors and conceptual blends to 
link one branch of mathematics to another. By means of linking metaphors, 
branches of mathematics that have direct grounding are extended to branches 
that have only indirect grounding. The more indirect the grounding in experi- 
ence, the more "abstract" the mathematics is. Yet ultimately the entire edifice 
of mathematics does appear to have a bodily grounding, and the mechanisms 
linking abstract mathematics to that experiential grounding are conceptual 
metaphor and conceptual blending. 

In addition, a certain aspect of our linguistic capacities is used in mathemat- 
ics — namely, the capacity for symbolizing. By this we mean the capacity for as- 
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sociating written symbols (and their phonological representations) with mathe- 
matical ideas. This is just one aspect of our linguistic capacities, but it is any- 
thing but trivial. As in natural languages, mathematical symbols can be 
polysemous,- that is, they can have multiple, systematically associated mean- 
ings. For example, + is used not only for addition but for set union and other al- 
gebraic operations with the properties of addition. 1 and 0 are sometimes used 
to mean true and false — and as we shall see, it is no accident that 1 is used for 
true and 0 for false and not the reverse. Similarly, it is no accident that - 1 - rather 
than, say, V is used for set union. As we shall also see, these uses of symbols ac- 
cord with the metaphorical structure of our system of mathematical ideas. 

We are now in a position to move from basic arithmetic to more sophisti- 
cated mathematics. 
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Algebra, Logic, and Sets 
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Essence and Algebra 


H ave you ever wondered why axioms are so important in mathematics? 

Or why it is so important for mathematicians to find the smallest num- 
ber of independent axioms for a subject matter? Or why it was assumed for over 
two millennia (from Euclid until Godel] that a whole mathematical subject mat- 
ter should follow from a small number of postulates or axioms? 

Furthermore, why did these ideas begin with Greek mathematics? They were 
not present in Babylonian, Egyptian, or Mayan mathematics. What was it about 
ancient Greece that made such ideas seem natural? And what is it about European 
conceptual history that made these ideas flourish into the twentieth century? 

By putting together what we know both from cognitive science and from his- 
tory, we can approach an answer to these questions. The contribution from cog- 
nitive science is the notion of a folk theory — a cognitive structure characterizing 
a typically unconscious, informal "theory" about some subject matter. 

Essence and Axioms 

We can find the answer in pre-Socratic Greek philosophy, where the idea of 
"essence" was central. Indeed, the concept of essence is still with us, in the 
form of an unconscious folk theory about the world that most people in West- 
ern culture still take for granted. Here is that folk theory. 

The Folk Theory of Essences 

• Every specific thing is a kind of thing. For example, there are kinds of 
animals: lions, elephants, dogs, and so on. Each specific animal — say, 
your pet Fido — is a kind of animal, in this case a dog. 
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• Kinds are categories, which exist as entities in the world. In other 
words, the category dog is as much an entity as Fido is. 

• Everything has an essence — a collection of essential properties — that 
makes it the kind of thing it is. Each elephant, for example, has certain 
features that are essential to elephanthood: a trunk, large floppy ears, 
stumplike legs, and so on. Those features constitute the "essence" of 
each elephant. They are what make every animal with those features 
the same kind of thing — namely, an elephant. 

• Essences are causal; essences — and only essences — determine the nat- 
ural behavior of things. For example, elephants eat the way they do be- 
cause they have a trunk and because their legs cannot be used to pick 
up food. All natural behavior follows from the essences. Moreover, the 
essences cannot follow from one another — or they wouldn't be 
essences. 

• The essence of a thing is an inherent part of that thing. 

There are three basic metaphors for characterizing what an essence is. They are: 

• Essences Are Substances. 

• Essences Are Forms. 

• Essences Are Patterns of Change. 

The folk theory of essences is part of what constitutes our everyday "com- 
mon sense" about physical objects; that is, it is part of the unconscious con- 
ceptual system that governs our everyday reasoning. Take a particular tree, for 
example. We understand that tree to be an instance of the general kind. Tree. 
The general kind is seen as having an existence of its own. When we say that 
there are trees in the world, we don't just mean the particular trees that happen 
to exist now. What is it that makes a tree a tree? 

• Substance. To start with, it is made of wood. If it were made of plastic, 
it wouldn't be a real tree. Thus, substance counts as part of its essence. 

• Form. Next, it has a form: trunk, bark on the trunk, roots, branches, 
leaves (or needles) on the branches, the roots underground, the trunk 
oriented relatively perpendicular to the ground, the branches extending 
out from the trunk. Without such a form, it wouldn't be a tree. 

• Pattern of Change. Finally, it has a pattern of change: It grows out of a 
seed, matures, dies. 
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Consider, for example, the smell of the eucalyptus tree. The tree contains a 
substance, eucalyptus oil. That substance is part of what makes a eucalyptus a 
eu caly ptus; that is, it makes the tree the kind of thing it is. Eucalyptus oil is 
thus part of the essence of the eucalyptus tree. It is the causal source of the 
smell of the eucalyptus. It is part of the natural behavior of a eucalyptus tree to 
have that smell. Thus, the essence of the eucalyptus is the causal source of that 
natural behavior. 

We apply this everyday folk theory of essences, which works very well for 
thing s like trees, to abstract cases as well. We conceptualize people as having 
essences: Their personality is their emotional essence. Their character is their 
moral essence. Our personality and character are seen as part of what makes us 
the kinds of people we are. A person may be friendly or mean, have a heart of 
gold, or be rotten to the core. Depending on such judgments about their essence, 
we generate expectations about how people will behave. 

In its expert version, the theory of essences fits together with the classical 
theory of categories, which goes back to Aristotle. In the classical theory, a cat- 
egory is defined by a set of necessary and sufficient conditions: a list of inher- 
ent properties that each member has. That category-defining set of properties is 
an essence. All and only the members of the category have exactly that essence. 
It was Aristotle who defined "definition" in terms of essences: A definition is a 
list of properties that are both necessary and sufficient for something to be the 
kind of thing it is, and from which all its natural behavior flows. 

Aristotle's expert version of the folk theory of essences is at the heart of a 
great deal of scientific practice, though not all. Physics, for example, seeks the 
essential properties of matter and other physical phenomena — the properties 
that make a thing the kind of thing it is and allow us to predict its behavior. 
Though the folk theory of essences has informed expert scientific theories, it is 
not true that the theory of essences, in either its folk or expert version, fits the 
physical world. The notion of a species in biology is a case where it fails: A 
species cannot be defined by necessary and sufficient conditions (see Mayr, 
1984; Lakoff, 1987). Indeed, in biology, the folk theory of essences has interfered 
with the practice of science. 

Euclid brought the folk theory of essences into mathematics in a big way. He 
claimed that only five postulates characterized the essence of plane geometry as 
a subject matter. He believed that from this essence all other geometric truths 
could be derived by deduction — by reason alone! From this came the idea that 
every subject matter in mathematics could be characterized in terms of an 
essence — a short list of axioms, taken as truths, from which all other truths 
about the subject matter could be deduced. 
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Thus, the axiomatic method is the manifestation in Western mathematics of 
the folk theory of essences inherited from the Creeks. 

Essences Within Mathematics 

Mathematics as a discipline has followed Aristotle's definition of "definition" 
as an essence: a collection of necessary and sufficient conditions that make an 
entity the kind of thing it is, and from which all its natural properties follow. 

Numbers and other mathematical entities (e.g., triangles, groups, and topo- 
logical spaces) are conceptualized as objects and therefore are assumed to have 
essences. It is the essence of a triangle to be a polygon with three angles. It is 
the essence of real numbers to have the following properties (entailed by the 
four basic metaphors for arithmetic) — namely, commutativity (for addition and 
multiplication), associativity (for addition and multiplication), and distributiv- 
ity (of multiplication over addition). Axiom systems are taken as defining the 
essence of each mathematical subject matter. 

This is something special about the conceptual system of mathematics. In 
virtually all other domains of human conceptual systems (e.g., love, cooking, 
politics, social life, religion), categories are not usually characterized by neces- 
sary and sufficient conditions (see Lakoff, 1987). The folk theory of essences 
may be used — but not in its detailed, expert version, where there is a conscious, 
explicit, and passionate effort to distinguish what is part of an essence as op- 
posed to what follows from that essence. 

Essence and Algebra 

Algebra is about essence. It makes use of the same metaphor for essence that 
Plato did — namely, Essence Is Form. 

Algebra is the study of mathematical form or "structure." Since form (as the 
Greek philosophers assumed) is taken to be abstract, algebra is about abstract 
structure. Since it is about essence, it has a special place within mathematics. It 
is that branch of mathematics that is conceptualized as characterizing essences in 
other branches of mathematics. In other words, mathematics implicitly assumes 
a particular metaphor for the essences of mathematical systems: The Essence of 
a Mathematical System Is an Abstract Algebraic Structure. 

Historically, algebra began with basic arithmetic structures (e.g., the opera- 
tions of addition and multiplication over the integers, the rational numbers, the 
real numbers, the complex numbers). Via the Fundamental Metonymy of Alge- 
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bra (see Chapter 3), generalizations over particular numbers could be stated as 
precisely as sums of particular numbers. 

Algebra has also come to include substructures of arithmetic (e.g., the num- 
bers [0, 1, 2] with the operation of addition modulo 3). Algebra asks what the 
essence of each such structure is, where the essence of an arithmetic structure 
is taken to include 

• the elements in the structure, 

■ the number and type of operations used on those elements (e.g., two bi- 
nary operations, one unary operation, and so on), and 

• the essential properties of the operations (i.e., the axioms governing the 
operations). 

Notice that this list does not include numbers specifically; it mentions only 
"elements." Nor does it include arithmetic operations like addition and multi- 
plication; it mentions only "operations." In other words, algebra is "abstract"; 
it is about mathematical essences in general, across mathematical domains, not 
just about essences within particular mathematical domains. 

Since the domain of mathematics from which algebra originally came is 
arithmetic, algebraic operations are often written "+" and "•" and are called "ad- 
dition" and "multiplication" (again, by virtue of the Fundamental Metonymy of 
Algebra). This sometimes creates confusion, since algebra is its own separate 
mathematical domain. 

Let us consider a simple example: the numbers 1, 2, and 3 under the operation 
of addition modulo 3 — that is, addition with multiples of 3 subtracted out when 
the result is greater than or equal to 3. Thus, 2 + 1 would normally be 3, but with 
3 subtracted out, 2 + 1-0. Similarly, 2 + 2 would normally equal 4, but with 3 
subtracted out, 2 + 2-1. Here is the addition table for addition modulo 3: 

+ Table 


+ 

0 

1 

2 

0 

0 

1 

2 

1 

1 

2 

0 

2 

2 

0 

1 


In this table, 0 is the identity element, since X + 0 - X, for each element X. 
For each element X, there is an inverse element Y, such that X + Y - 0. Thus, 0 
is its own inverse, since 0 + 0-0, and 1 is the inverse of 2, since 2+1-0. The 
following laws hold with respect to this table: 
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• Closure: The sum of every two elements is an element. 

• Associativity: X + (Y + Z) = [X + Y) + Z. 

• Commutativity: X + Y • Y + X. 

• Identity: X + 0 » X. 

• Inverse: For each X, there is a Y such that X + Y = 0. 

This set of elements (1, 2, 3} with this addition table is in the subject matter 
of arithmetic with addition modulo 3. The essence of this arithmetic structure 
is the set of elements, the binary operation of addition modulo 3, and the stated 
arithmetic laws governing addition over these elements. 

Algebra is not about particular essences (like arithmetic essences or geomet- 
ric essences) but, rather, about general essences , considered as things in them- 
selves. These general essences are called "abstract" — abstract elements, 
abstract operations, abstract laws. Here is an example of a set of abstract ele- 
ments, an abstract operation, and a set of abstract laws. 

The elements: (I, A, B) 

The operation: *, defined over the elements by the following table: 

* Table 


* 

I 

A 

B 

I 

I 

A 

B 

A 

A 

B 

I 

B 

B 

I 

A 


The laws holding with respect to this "abstract" table: 

• Closure: The operation * on any two elements of the set is an element 
of the set. 

• Associativity: X * [Y * Z) - \X ' Y) * Z. 

• Commutativity: X * Y-Y * X. 

• Identity: There is an element I, such that X * I = X. 

• Inverse: For each X, there is a Y such that X * Y - I. 

The abstract elements, the abstract operation *, and the abstract laws are in- 
dependent of arithmetic. They are part of the subject matter of abstract algebra, 
and they form an abstract structure called the commutative group with three 
elements. 




Essence 


and Algebra 


”3 


The study of such structures is interesting in itself, but its appeal does not 
end there. What makes algebra a central discipline in mathematics is its rela- 
tionship to other branches of mathematics, in which algebraic structures are 
conceptualized as the essences of other mathematical structures in other math- 
ematical domains. This requires a collection of what we will call Algebraic 
Essence metaphors (AE metaphors for short) — conceptual mappings from alge- 
braic structures to structures in other mathematical domains. 

The most simpleminded example of an Algebraic Essence metaphor is the 
cupping from the commutative group of three elements to addition modulo 3. 
Here is the AE metaphor: 

Addition Modulo 3 As a Commutative 
Croup with Three Elements 


Source Domain 
Algebra: Groups 

The commutative group 
with 3 elements 

The set {I, A, B) of 
abstract elements 

The abstract binary operation * 
The algebraic-identity element I 
The abstract element A 
The abstract element B 
Abstract closure law 
Abstract associative law 
Abstract commutative law 

Abstract identity: There is an 
element I, such that X * I = X. 

Abstract inverse: For each X, 
there is a Y such that X * Y = I. 

* Table 


Target Domain 
Modular Arithmetic 

-» The essence of addition modulo 3 

-» The set |0, 1, 2} of numbers 

-> The addition operation + 

— » The arithmetic-identity element 0 
-» The number 1 
-> The number 2 
-> Arithmetic closure law 
-» Arithmetic associative law 
-> Arithmetic commutative law 

Arithmetic identity: There is an 
element 0, such that jf + 0 = X. 

Arithmetic inverse: For each X, 
there is a Y such that X + Y = 0. 

-» + Table 


This is an AE metaphor. That is, it is a conceptual mapping by means of which 
we can conceptualize addition modulo 3 in terms of an abstract algebraic struc- 
ture, the commutative group with three elements. 

This is a thorough explication of a largely unconscious metaphorical mapping 
used by mathematicians to assign an algebraic essence to an arithmetic struc- 
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Cure. Mathematicians tend to think of the algebraic structure as being "in" the 
arithmetic structure. Mathematicians speak of addition modulo 3 as being lit. 
erally a commutative group with three elements, or as "having the structure of 
a commutative group with three elements." But from a cognitive perspective, 
this is a metaphorical idea. Algebra and arithmetic are different domains, and 
numbers are different from abstract elements. 

We can see this even more clearly with an additional example. Consider an 
equilateral triangle, with vertices marked 1, 2, 3 as in Figure 5.1. Consider the 
following three things you can do to this triangle: 

• Rotate it around its center by 120 degrees (small rotation). 

• Rotate it around its center by 240 degrees (middle rotation). 

• Rotate it around its center by 360 degrees (full rotation). 

All we have here so far is a triangle and a bunch of rotations. A full rotation 

returns the triangle to its original orientation. The rotations can be combined 
in a sequence of two rotations. A small rotation followed by a middle rotation, 
or a middle rotation followed by a small rotation, also returns the triangle to its 
original orientation. A small rotation followed by a small rotation leaves it in 
the same state as a single middle rotation. And a middle rotation followed by 
another middle rotation leaves it in the same state as a single small rotation. 

Here is a table summarizing the effects of the various combinations of two 
successive rotations, with @ symbolizing two successive rotations: 


Rotation Table 


@ 

Full 

Small 

Middle 

Full 

Full 

Small 

Middle 

Small 

Small 

Middle 

Full 

Middle 

Middle 

Full 

Small 


Thus, for example, the cell at the lower right is marked "Small" because a mid- 
dle rotation (240*) followed by another middle rotation (240*) is equivalent to a 
small rotation (120*). 

According to this table, the following properties of the operation @ hold: 

• Closure: The operation @, which combines any two successive rota- 
tions, yields the equivalent of another rotation. 

• Associativity: X @ [Y @ Z) = {X ® Y) @ Z. 

• Commutativity: X @ Y = Y @ X. 
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FIGURE 5.1 Rotations of the triangle by 120°, 240°, and 360° form a group. 


• Identity: There is a rotation — namely, full rotation — such that X © full 
rotation = X. 

• Inverse: For each X, there is a Y such that X © Y - full rotation. 

The rotations of this triangle can be conceptualized as a commutative group 
via the following metaphor. 
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The Rotation Group Metaphor 


Source Domain 
Algebra: Groups 

The commutative group ^ 

with 3 elements 

The set (I, A, B} of __ 

abstract elements 

The abstract binary operation * -» 

The algebraic-identity element I -» 

The abstract element A -» 

The abstract element B — > 

Abstract closure law -» 

Abstract associative law -» 

Abstract commutative law -» 

Abstract identity: There is an 
element I, such that X * I - X. 

Abstract inverse: For each X, 
there is a Y such that X * Y = I. * 

* Table -» 


Target Domain 
Geometry: Rotations 

The essence of the system of 
rotations of an equilateral 
triangle through multiples of 120* 

The set {Full, Small, Middle) of 
rotations of the triangle 

The combination of two 
successive rotations @ 

The rotational-identity element 
full rotation 

The small rotation 

The middle rotation 

Rotational closure Law 

Rotational associative law 

Rotational commutative law 

Rotational identity: There is a 
rotation, Full, such that for any 
rotation X, X @ Full = X. 

Rotational inverse: For each 
rotation X, there is a rotation Y 
such that X ® Y - Full. 

Rotation table 


This metaphor maps the "* Table" onto the domain of triangle rotations, with 
the abstract elements I, A, and B mapped onto the rotations full, small, and mid- 
dle; and it maps the abstract * operator onto the rotation operator @. 

What makes this a conceptual metaphor? Rotations of a triangle in them- 
selves are just rotations of a triangle. In order to conceptualize what you are 
doing to that triangle as having a group structure, you need a very special and 
not particularly obvious way of conceptualizing rotations, sequences of rota- 
tions, and their results in terms of an abstract group structure. From the cogni- 
tive perspective — the perspective from which you are conceptualizing one kind 
of thing in terms of a very different kind of thing— what you need is exactly the 
peculiar metaphorical mapping just given. From a cognitive perspective, the ab- 
stract group structure is not inherently in the rotations you are performing on 
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the triangle. Conceptually, the group structure is imposed by the metaphorical 
mapping- It takes extraordinary ingenuity and imagination by mathematicians 
to construct such metaphors imposing algebraic structures of all kinds in do- 
m ains outside arithmetic. This use of Algebraic Essence metaphors is one of the 
great accomplishments of the mathematical imagination. 

The two metaphors we have just discussed are used by mathematicians to 
conceptualize addition modulo 3 and rotations of equilateral triangles as having 
the same mathematical structure, the same abstract essence: that of a commu- 
tative group with three elements. Mathematicians usually think of the alge- 
braic structure as inhering in both equilateral-triangle rotations and addition 
modulo 3. They form metaphorical blends for each metaphor — speaking, for ex- 
ample, of a "rotation group," in which the group structure is superimposed on 
the rotation structure to yield a very specific algebraic-geometric conceptual 
blend; the algebraic structure is conceptualized together with what it gives 
structure to. 

Such AE metaphors and their corresponding conceptual blends are an essen- 
tial tool for seeing identical structures in very different mathematical domains 
and for formulating them precisely. Since the AE metaphors, like all conceptual 
metaphors, preserve inferential structure, anything proved about the algebraic 
structure will also hold for the mathematical structure it is mapped onto. Thus, 
for example, both addition modulo 3 and rotations of equilateral triangles have 
all the entailed properties of commutative groups with three elements. 

Algebraic Essence Metaphors in General 

When a mathematician claims that a particular mathematical system "has" or 
"forms" a particular algebraic structure, that claim must be substantiated via a 
complex mapping from the algebraic structure to the mathematical system. 
From a cognitive perspective, such a mapping is an AE metaphor that charac- 
terizes the essence of the mathematical system in terms of a structure in the 
domain of algebra. All AE metaphors have the same form: 

The General Form of Algebraic Essence Metaphors 

Source Domain Target Domain 

Algebra A Mathematical Domain D 

Outside of Algebra 


An algebraic structure 


The essence of a mathematical 
system in Domain D 
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A set S A of abstract elements 

Abstract operations 
Algebraic identity element(s) 
Other abstract element(s) 
Abstract laws 

Tables for abstract operation(s) 
over the Set S A 
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A set S n of elements of 
— > U 

Domain D 

-> Operations in Domain D 
-» Identity element(s) in Domain D 
— » Other element(s) in Domain D 
-» Laws governing Domain D 

Tables for operation(s) in 
Domain D over the set S D 


Summary 

We can now answer the questions we began with. 

• Why are axioms so important in mathematics? 

• Why do mathematicians seek to find the smallest number of logically 
independent axioms for a subject matter? 

• Why was it assumed for over two millennia (from Euclid until Gddel) 
that a whole mathematical subject matter should follow from a small 
number of postulates or axioms? 

• Why did these ideas begin with Greek mathematics? 

• Why are algebraic structures seen as essences of other mathematical 
entities? 

Once we see the link between the axiomatic method and the folk theory of 
essences, the answers to these questions become clear. 

Historically, the axiomatic approach to mathematics was just one of many 
approaches (compare the Mayan, Babylonian, and Indian approaches). It 
became dominant in Europe beginning with Euclid and shaped the history 
of mathematics in the West. The axiomatic method arose in Greek mathe- 
matics and extended to European mathematics because the folk theory of 
essences was central to Greek philosophy, which formed the basis of European 
philosophy. 

Axiomatic mathematics is built on the folk theory of essences as applied to 
mathematical systems. It assumes that each mathematical system can be com- 
pletely characterized by an essence— that is, a relatively small number of essen- 
tial properties that are independent of one another. Axioms minimally 
characterize those properties, and a system of axioms represents the essence of a 
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mathematical system. Written symbolically, a collection of axioms symbolically 
represents, in compact form, the essence of an entire mathematical system. 

In the folk theory of essences, essences are causal; that is, they are the causal 
source of all natural behavior. In axiomatic mathematics, the causal relation- 
ship becomes a deductive one: The axioms become the deductive source of all 
the natural properties of the system (the theorems). 

The field of algebra begins with the Fundamental Metonymy of Algebra and 
builds on it, adding the metaphor Essences Are Forms — a metaphor inherited di- 
rectly from Greek philosophy, which saw form as abstract and independent of 
substance. This is the source of the idea that abstract algebraic structures char- 
acterize the essential forms of particular mathematical systems. 

From the perspective of cognitive science, the field of abstract algebra is a 
magnificent case study of the use of fundamental cognitive mechanisms in 
mathematical cognition. It begins with a metonymy and is based on a folk 
theory — the folk theory of essences — and a metaphor — The Essence of a Math- 
ematical System Is an Abstract Algebraic Structure. It is this metaphor that 
links algebra to other branches of mathematics. 

What we learn from this is not any new algebra but, rather, what algebra is, 
from a cognitive perspective. The analytic activity we have engaged in within 
this chapter is what we have been calling mathematical idea analysis. It tells 
us things that traditional descriptions of algebra do not: 


• The folk theory of essences lies behind the very idea of abstract algebra. 
It tells us how we normally think about algebra relative to other math- 
ematical systems. But the folk theory of essences is not an account of 
mathematical cognition. 

• The cognitive structure of an algebraic entity (e.g., a group) is not an 
essence that inheres in other cognitive structures of mathematical en- 
tities (e.g., a collection of rotations). Rotations are conceptualized inde- 
pendently of groups, and groups are conceptualized independently of 
rotations. 


Here is an example of how the folk theory of essences applies to algebra from 
a cognitive perspective. A group structure is ascribed to a collection of rotations 
when the collection of rotations can be metaphorically conceptualized as a 
group. This requires a metaphorical mapping from groups to rotations of the 
sort just described. 

The metaphor given above — namely, The Essence of a Mathematical System 
Is an Abstract Algebraic Structure — attributes essence to algebraic structures 
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(e.g., the group) that are mapped onto other mathematical structures (e.g., col. 
lections of rotations). 

The moral here is one that will be repeated throughout this book: 

• Mathematical symbolism is not an analysis of mathematical ideas. 

• Mathematical notation must be understood in terms of mathematical 
ideas. 

• A mathematical idea analysis is required to make precise the ideas im- 
plicit in mathematical notations. 
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Boole's Metaphor: 
Classes and Symbolic Logic 


S ymbolic logic and the logic of classes are branches of mathemat- 
ics. There is a widespread belief that these forms of mathematics charac- 
terize reason itself. Even cognitive psychology as recently as the early 1970s 
largely took this to be true. But recent cognitive science, concerned with the 
embodiment of mind, has found that these branches of mathematics are far 
from adequate for the characterization of human reason, which must include 
prototypes and image schemas, as well as conceptual frames, metaphors, and 
blends (see Chapter 2). From our perspective, symbolic logic and the logic of 
classes are just two mathematical subject matters whose conceptual structure 
can be studied precisely through mathematical idea analysis. The questions we 
ask are like the questions we asked in the previous chapters. How are these sub- 
ject matters conceptualized by human beings, how were they created, and how 
is our understanding of them grounded in our experience? 

A number of questions immediately arise for many people who come to the 
study of these subject matters. What really is the empty set, why is there only one 
such set, and why is it a subset of every set? And where did this idea come from, 
anyway? Why should symbolic logic have such strange implications as "P, there- 
fore either P or Q"? Where did the Q come from? And what about "P and not P, 
therefore Q"? Why should anything at all follow from a contradiction, much less 
everything? Generations of students have found these to be disturbing questions. 
Formal definitions, axioms, and proofs do not answer these questions. They just 
raise further questions, like "Why these axioms and not others?" 


iai 
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We believe that mathematical idea analysis can provide insight into these 
matters. 


Boole's Gasses 

When we draw illustrations of Container schemas, as we did in Chapter 2, we 
find that they look rather like Venn diagrams for Boolean classes. This is by no 
means an accident. The reason is that classes are normally conceptualized in 
terms of Container schemas. We think of elements as being in or out of a class. 
Venn diagrams are visual instantiations of Container schemas. The reason that 
Venn diagrams work as symbolizations of classes is that classes are usually 
metaphorically conceptualized as containers — that is, as bounded regions in 
space. 

As we saw in Chapter 2, Container schemas have a logic that is very much 
like Boolean logic — a logic that appears to arise from the structure of part of our 
visual and imaging system (Regier, 1996), adapted for more general use. It can 
be used both for structuring space and for more abstract reason, and is projected 
onto our everyday conceptual system by the Categories (or Classes) Are Con- 
tainers metaphor. This accounts for part (by no means all!) of our reasoning 
about conceptual categories. Boolean logic, as we shall see shortly, also arises 
from our capacity to perceive the world in terms of Container schemas and to 
form mental images using them. 

Since the time of Aristotle, the logic of propositions and predications has 
been directly linked with what have variously been called categories, classes, or 
sets. Aristotle conceptualized a predication like "Socrates is mortal" as a cate- 
gory statement of the form "Socrates is in the category (or class or set) of mor- 
tals." Boole's logic of thought was in this tradition, and his initial formulation 
of what developed into symbolic logic has been interpreted as being a logic of 
classes. The technical distinction in modern mathematics between "classes" 
and "sets" was introduced much later and will be discussed in the next chapter. 
For the time being, we will use the term "class" as a convenience, generally 
meaning a collection of any sort. 

The intuitive premathematical notion of classes is conceptualized in terms 
of Container schemas. In other words, a class of entities is conceptualized in 
terms of a bounded region of space, with all members of the class inside the 
bounded region and nonmembers outside the bounded region. From a cognitive 
perspective, intuitive classes are thus metaphorical conceptual containers, 
characterized cognitively by a metaphorical mapping: a grounding metaphor, 
the Classes Are Containers metaphor. 
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Classes Are Containers 




Source Domain 
Container schemas 


Target Domain 
Classes 


Interiors of Container schemas -» 
Objects in interiors -» 

Being an object in an interior -* 

An interior of one Container 
schema within a larger one 

The overlap of the interiors of 
two Container schemas 

The totality of the interiors of ^ 
two Container schemas 

The exterior of a ^ 

Container schema 


Classes 

Class members 

The membership relation 

A subclass in a larger class 
The intersection of two classes 
The union of two classes 
The complement of a class 


This is our natural, everyday unconscious conceptual metaphor for what a class 
is. It is a grounding metaphor. It grounds our concept of a class in our concept of a 
bounded region in space, via the conceptual apparatus of the image schema for con- 
tainment. This is the way we conceptualize classes in everyday life. 

Boole's Metaphor 

The English mathematician George Boole (1815-1864) noticed certain struc- 
tural similarities between arithmetic and classes, much like the relationships 
between numbers and collections of objects we noted in Chapters 3 and 4. At 
the time, reasoning was understood in terms of Aristotelian logic, which de- 
pended on a central metaphor that Aristotle had introduced more than two mil- 
lennia earlier (see Lakoff & Johnson, 1999, ch. 18). For Aristotle, a predication 
like "Socrates is mortal" is a class-membership statement: Socrates is a mem- 
ber of the class of mortals. 

Aristotle's Predication Metaphor 

% Source Domain Target Domain 

Classes Predication 


A class 

A member of a class 


— > A predicate 

-» An entity the predicate applies to 
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The membership relation The predication relation (between 

(between class and member) predicate and subject) 

For Boole, writing in the 1850s, Aristotle's predication metaphor meant that 
providing algebraic principles governing classes would be tantamount to lor. 
mulating the laws of thought. Moreover, providing a symbolic calculus of 
classes would be providing a symbolic calculus of thought. 

Boole saw a way to use the similarities he perceived between arithmetic and 
classes to formulate an algebra of classes so that algebraic laws and arithmetic- 
like notation could be used to construct a calculus of classes, which would 
provide a notation for "laws of thought." Boole achieved this (with some mod- 
ifications by his countryman Augustus De Morgan) by introducing a new con- 
ceptual metaphor, which we refer to as "Boole's metaphor." 

What Boole proposed, from a cognitive perspective, was a historic metaphor 
that allowed one to conceptualize classes as having an algebraic structure. He 
developed this metaphor in stages. The first stage was a partial metaphorical 
understanding of classes in terms of arithmetic. Boole observed that if you con- 
ceptualized classes as numbers, and operations on classes (union and intersec- 
tion] as operations on numbers (addition and multiplication), then the 
associative, commutative, and distributive laws of arithmetic would hold for 
classes. In cognitive terms, he constructed a linking metaphor between arith- 
metic and classes, mapping numbers to classes, arithmetic operations to class 
operations, and arithmetic laws to "laws of thought" — that is, the laws govern- 
ing operations on classes. 

To complete the first-stage metaphor, Boole needed to map the identity ele- 
ments for arithmetic — zero and one — onto classes. But in the intuitive notion 
of classes described here via the Classes Are Containers metaphor, there are no 
natural correlates of zero and one. Boole invented them to flesh out his arith- 
metic metaphor for classes. Corresponding to zero, Boole had to invent a class 
(he called it "nothing") that when "added" to another class did not change it, 
just as adding zero to a number does not change the number. Zero was to map 
onto this "empty" class. However, zero is a unique number. Therefore, the 
empty class that zero had to map onto had to be a unique entity. Moreover, an 
important arithmetic law for zero had to be maintained — namely, "X times 0 
yields 0, for all numbers X." This law would have to map onto a new corre- 
sponding "law" for classes: "A intersect the empty class yields the empty class, 
for all classes A," which implies that the empty class is a subclass of every class. 

In addition, there is no natural correlate to 1 in our ordinary understanding 
of classes. Boole invented such a correlate, which he called "universe" — the 
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universal class containing everything in our "universe of discourse." Thus, the 
jawr of arithmetic "X times 1 yields X, for all numbers X" would be mapped onto 
"A intersect the universal class yields A." 

Here is the resulting metaphor. 

Boole's First-Stage Metaphor 

Source Domain Target Domain 

Arithmetic Classes 


Numbers 

Addition 

Multiplication 

Commutative law for addition 

Commutative law for 
multiplication 

Associative law for addition 

Associative law for 
multiplication 

Distributive law for 
multiplication over addition 

0 

1 

Identity for addition: 0 
Identity for multiplication: 1 
A + O-A 
A • 1 * A 
A • 0 « 0 


Classes 

Union, symbolized by 'u' 
Intersection, symbolized by W 
Commutative law for union 

Commutative law for 
intersection 

Associative law for union 

Associative law for intersection 

Distributive law for intersection 
over union 

The empty class, symbolized by 0 

The universal class, 
symbolized by / 

Identity for union: 0 
Identity for intersection: / 

A u 0 = A 
A n / = A 
A n 0 *» 0 


This is a linking metaphor, not a grounding metaphor. It links one branch of 
mathematics (the logic of classes) to another branch of mathematics (arithmetic). 

Boole was entirely conscious of this mapping. It enabled him to pick out cer- 
tain "resemblances" between arithmetic and classes. Some resemblances are 
obvious: The laws have the same "shape." Boole saw this clearly through the 
use of symbols. If you let + stand for "union," • for "intersection," and A and B 
for classes, the commutative, associative, and distributive laws for arithmetic 
can be seen as holding for classes. 
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Commutative law for addition A + B = B + A 
Commutative law for multiplication A • B » B • A 
Associative law for addition A + (B + C) - {A + fl) + C 

Associative law for multiplication A • [B • C) - (A • B) • C 

Distributive law for multiplication , 
over addition 

There were further resemblances. For disjoint classes (those sharing no mem- 
bers), union is like addition, in that forming a union is intuitively like adding 
members of one class to the members of the other to form a larger class. 

Intersection can be seen, for certain cases, as corresponding to multiplica- 
tion by fractions between zero and one. Consider the class of cows and two 
subclasses, the brown cows and the free-range cows (those that range freely to 
feed). Assume that 1/2 of all cows are brown, and that 1/4 of all cows are free- 
range and equally distributed among the brown and nonbrown cows. Take the 
intersection of the two classes: the class of brown, free-range cows. What per- 
centage of all cows are both brown and free-range? 1/2 times 1/4 equals 1/8. 1/8 
of all cows are both brown and free-range. In such cases, intersection of classes 
corresponds to multiplication by fractions. This intuition lies behind Boole's 
idea of conceptualizing intersection as multiplication in his first-stage 
metaphor. 

However, Boole realized that his first-stage metaphor would not work as it 
stood. Consider the two arithmetic equations X + X - 2X and X • X - X 1 . Ac- 
cording to the first-stage metaphor, these should correspond to the union of a 
class with itself and the intersection of a class with itself. But the union of a 
class A with itself is A. No new members are added. And the intersection of 
class A with itself is A. Every member of A is in A. In symbolic terms, we 
should have what are called the idempotent laws: A + A = A and A • A = A. Boole 
observed that "A • A - A" would work for only two numbers, 1 and 0, and that 
"A + A - A" would work for only one number, 0. The only way that Boole could 
preserve his first-stage metaphor was by limiting his numbers to 1 and 0, and by 
inventing a new addition table for his "arithmetic" — a table in which 1 + 1 is 
not 2, but 1 ! 


Boole's New Addition Table 


+ 

0 

1 

0 

0 

1 

1 

1 

1 
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With this new table for "addition/' and with numbers limited to 1 and 0, 
Boole could make his first-stage metaphor work — kind of. It could be made to 
work for a universe with only two classes: the universal class and the empty 
class — the classes invented by Boole to make the metaphor itself work! It could 
Q ot work at all for a universe with ordinary classes. Yet, Boole bore in mind, the 
similarities between arithmetic and classes were unmistakable. Since Boole 
was an algebraist, he turned to algebra as a source domain for his metaphor. In 
algebra, he was not limited to exactly the arithmetic properties of numbers. In 
algebra he could find abstract symbols that could obey the laws he observed — 
those laws that were true of numbers and other laws that were not. 

For his new metaphor, Boole devised a new algebraic source domain — what 
has come to be called Boolean algebra. It is an abstract structure with the fol- 
lowing properties. 

The Properties of a Boolean Algebra 

• It has abstract elements, not numbers. 

• It is closed under two abstract binary operators, 0 and ®. These are not 
addition and multiplication of numbers but abstract operators operating 
on abstract elements. 

• It has algebraic analogs of the associative and commutative laws of 
arithmetic. 

• It has idempotent laws: A © A = A and A ® A = A. 

• It has identity elements for both binary operators, 0 and 1, which are 
not numbers but designated abstract elements. 

• It obeys two inverse laws: For each element A, there is an element A' 
such that A © A' » I and A ® A' = 0. 

• It obeys a distributive law like the distributive law of arithmetic: 

A ® |B © C) - [A ® B] © (A ® C). 

• It has a second distributive law, unlike anything in arithmetic: 

A © (B ® C) - [A © B) ® [A © C). 

An important special case of a Boolean algebra consists of only the two ele- 
ments 0 and 1, with these tables: 


© 

0 

1 

0 

0 

1 

1 

1 

1 
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A 

~A 

0 

1 

1 

0 


With these adjustments, taking algebra as his source domain, Boole was able 
to state his metaphor for conceptualizing classes in terms of an algebraic struc- 
ture of the sort required. Here is the final metaphor: 


Boole's Metaphor 

Source Domain Target Domain 

Algebra Classes 


Abstract elements — » 

An abstract operation 0 -» 

An abstract operation 9 -» 

Commutative law for © -» 

Commutative law for 0 -» 

Associative law for 0 -» 

Associative law for <8 — » 

Distributive laws for $ and 0 -* 

0 -> 

1 -> 

Identity for 0: 0 -» 

Identity for ®: 1 -» 

A0O-A -> 

A® 1 = A -> 

A ® 0 = 0 -» 

A unary abstract operator ~, 
such that A © -A « I and -» 

A ® -A - 0 

Closure for 0, ®, and - -> 


Classes 

Union, symbolized by u 
Intersection, symbolized by n 
Commutative law for union 
Commutative law for intersection 
Associative law for union 
Associative law for intersection 

Distributive laws for 
intersection and union 

The empty class, symbolized by 0 

The universal class, 
symbolized by / 

Identity for union: 0 
Identity for intersection: I 
A u 0 - A 
A n / = A 
A n 0 = 0 

Complement of A: A' such that 
A u A' = I and A n A' - 0 

Closure for u, n, and ' 
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This metaphor does everything Boole needs. It shows the inherent similari- 
ties between classes and arithmetic. It creates additional similarities by the 
metaphorical creation of an empty class and a universal class. And it introduces 
the algebraic laws (e.g., idempotent laws and an additional distributive law) 
needed to fit classes. 


The Symbolization of Operations on Classes 

Boole not only extended our ordinary, premathematical concept of a class to a 
mathematical one but also introduced a symbolization and a calculus for 
classes. From a cognitive perspective, any notation for classes requires a cogni- 
tive mapping between the conceptual domain of classes and the domain of sym- 
bols. The symbols that have become traditional and that are used here are those 
of De Morgan, not Boole. 


The Symbolization Mapping for Classes 


Conceptual Domain 
Classes 


Symbolic Domain 
Symbols 

Classes A, B , . . . 


Symbols A, B , . . . 

The empty class 

<-» 

0 

The universal class 


I 

Union 

H 


Intersection 


n 

Complement 

«-» 

/ 

The classes A and B have 
the same members. 

H 

A = B 


When we learn such a symbolization, what we are learning is how to match 
purely symbolic expressions with the content specified in the conceptual do- 
main. Mathematicians often introduce such symbolization mappings with ex- 
pressions like "Let 'u' be the binary operation of union." 

Boole saw himself as having accomplished two things: an understanding for 
classes in terms of algebra, and an algebraic notation and calculus for classes. 
Since he accepted Aristotle's predication metaphor, he assumed that he had 
achieved a "scientific formulation" of the "laws of thought," as well as a nota- 
tion for keeping track of reasoning. 
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Boole from a Cognitive Perspective 

Why is it important to know the cognitive structure of Boole's "laws of 
thought"? Why should one care about the metaphorical nature of his algebraic 
"analog" of classes, and the cognitive mapping required for his symbolic calcu- 
lus? In short, why does the cognitive science of Boolean classes matter besides 
simply characterizing the cognitive mechanisms involved? 

Perhaps the most important thing is to understand that Boole did not achieve 
what he thought he had achieved and what is still commonly taught as his 
achievement — a rigorous calculus for the laws of everyday human thought. 
There are two major differences between what he achieved and what he thought 
he had achieved. 

First, our everyday notion of classes does not include Boole's metaphorical in- 
ventions: the empty class and the universal class. Without these, his calculus 
does not work. Second, Boole had thought that classes of the kind he was de- 
scribing fit everyday language. They do not. The meanings of ordinary category 
terms are far more complex than that; they include prototype structures of 
many kinds (typical cases, ideal cases, social stereotypes, salient exemplars, and 
more), radial categories, frame structure, metaphoric structure, and so on. 

This does not lessen Boole's creative achievement, but it does cast it in a dif- 
ferent light. Boole created a concept of class that had enormous mathematical 
utility. It became the basis for the mathematical notion of a "set," which we 
will discuss in the next chapter. Moreover, Boole's notation and calculus were 
the precursors of the development of symbolic logic as a mathematical disci- 
pline, taken in the twentieth century by those in the Foundations movement as 
being foundational for all mathematics. 

In addition, Boole's ideas are central to twentieth-century logical philosophy, 
which includes metaphysical assumptions about the world that Boole himself did 
not endorse. In logical philosophy, the logic of classes is sometimes represented 
as providing the rational structure of the universe: Things in the world are as- 
sumed to come in natural classes that have a Boolean structure. In this philo- 
sophical interpretation of the theory of classes, the empty class is a feature of the 
universe, and it is a basic truth about the universe that the empty class is a sub- 
class of every class. It is important to understand that this is a peculiar philo- 
sophical interpretation of the theory of classes. The empty class is an extremely 
useful metaphorical invention for a branch of mathematics, but it is not a feature 
of the universe any more than it is a feature of ordinary everyday human thought. 

The universal class is another mathematically indispensable metaphorical 
creation of Boole's. Without the universal class, Boole's theory of classes does 
not work. It is introduced only to be the metaphorical equivalent of 1. There is 
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n o universal class in our everyday conceptual systems. And there is no reason 
to believe that the universal class has any objective existence at all. That is, 
there is no scientifically valid reason to believe that the physical entities in the 
universe form a subclass of an objectively existing universal class. When we 
conceptualize physical objects as members of the universal class, we are im- 
plicitly using Boole's metaphor, through which the universal class is created. 


Symbolic Logic 

Propositional logic is a mathematical system built on Boole's algebra of classes 
and its notation. The relationship between propositional logic and Boole's alge- 
bra of classes is given by a linking metaphor, which we will call the Proposi- 
tional Logic metaphor. 

The trick here is to conceptualize propositions in terms of classes, in just 
such a way that Boole's algebra of classes will map onto propositions, preserv- 
ing inferences. This is done in the semantics of propositional logic by concep- 
tualizing each proposition P as being (metaphorically of course) the class of 
world states in which that proposition P is true. For example, suppose the 
proposition P is It is raining in Paris. Then the class of world states A, where P 
is true, is the class of all the states of the world in which it is raining in Paris. 
Similarly, if Q is the proposition Harry’s dog is barking , then B is the class of 
states of the world in which Harry's dog is barking. The class A u B is the class 
of world states where either P or Q is true — that is, where it is raining in Paris 
or Harry's dog is barking, or both. 

The way this trick works from a cognitive perspective is by having the source 
domain of the metaphor be a conceptual blend of classes and propositions as de- 
fined above. Each proposition is conceptualized metaphorically in terms of that 
blend — that is, in terms of the class of world states in which the proposition it- 
self is true. 


The Propositional Logic Metaphor 

Source Domain Target Domain 

Classes of World States Propositions: P, Q, . . . 

A class of world states in _ . . _ 

-> Proposition? 

which proposition P is true 

Union, symbolized by u -» Disjunction "or" 

Intersection, symbolized by n -» Conjunction "and" 
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Complement of A: A' - the 

class of world states where -» The negation of P: not P 
P is not true 


B is a subclass of A (where B 
is the class of world states 
where P is true and A is the -* 
class of world states where 
Q is true) 

Class identity: "is the 
same class as" 

Commutative law for union — » 

Commutative law for 

— > 

intersection 

Associative law for union — » 

Associative law for intersection -> 

Distributive laws for 
intersection and union 

The empty class of world 
states (where contradictions -» 

are true), symbolized by 0 

The universal class of world 
states (where tautologies are -» 

true), symbolized by I 

Identity for union: 0 -» 

Identity for intersection: I -» 

A u 0 = A —> 

A n /« A -> 

A n 0 - 0 -» 


The material implication of Q 
by P: if P, then Q 

Logical equivalence: if and only if 

Commutative law for disjunction 

Commutative law for conjunction 

Associative law for disjunction 
Associative law for conjunction 

Distributive laws for conjunction 
and disjunction 

Contradictions: propositions 
whose truth value is always false 

Tautologies: propositions whose 
truth value is always true 

Q and not Q 
Q or not Q 

Pot IQ and not Q) if and only if P 
P and (Q or not Q) if and only if P 

P and (Q and not Q ) if and only if 
(Q and not Q) 


The target domain of this metaphor is a conceptual structure — namely, propo- 
sitional logic. To get a symbolic logic — in this case, propositional calculus — we 
need to map the conceptual structure onto symbols. Here is the cognitive 
mapping: 
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The Symbolic Logic Mapping 

Conceptual Domain Symbolic Domain 

Propositional Logic Propositional Calculus 


Propositions P, Q, . . . 
Disjunction "or" 
Conjunction "and" 

The negation of P: not P 

The material implication 
of Q by P: if P, then Q 

if and only if 
Commutative law for 
disjunction 

Commutative law for 
conjunction 


<-» Symbols 'P' , 'Q', . . . 

«-» v 

<-» A 

<-> -P 


<-» P d Q 


«-* <=> 

<-» PvQ«QvP 


<-» PaQ«QaP 


Associative law for disjunction «-» 
Associative law for conjunction <-» 

Distributive laws for 
conjunction and disjunction 

Q and not Q 

Q or not Q <-» 

P or (Q and not Q) 
i/ /md only if P 

P and (Q or not Q) 
i/ and only if P 

P and (Q and not Q) if and ^ 
only if (Q and not Q) 


Pv|QvJ?)o|PvQ)vJ? 

Pa|QaP)o(PaQ)aP 

Pa|QvP)<=>(PaQ)v(PaP) 

Pv|QaJ?)«|PvQ|a|PvU| 

Q a ->Q 
Qv-’Q 

P v (Q a ->Q) <=> P 
P a (Q v ->Q) <=> P 
Pa(Qa ->Q) <=> (Q a ->QJ 


At this point we can see the relationships among the following: 

• Container schemas (everyday cognitive mechanisms; grounding for 
classes) 

• Everyday classes (conceptualized via the Classes Are Containers 
metaphor) 

• Boolean algebra (adapted from the algebraic structure of arithmetic) 

" Boolean classes (constructed from everyday classes and Boole's 
metaphor) 
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• Propositional logic (constructed via the Propositional Logic metaphor, 
which builds on Aristotle's Predication metaphor) 

• Propositional calculus (a cognitive mapping between propositional logic 
and symbols). 

Here we can see that propositional calculus (the simplest form of symbolic 
logic) is ultimately grounded in Container schemas in the visual system. That 
is why, when we see Venn diagrams employed to illustrate propositional calcu- 
lus, we can immediately understand the symbols in terms of those diagrams, 
which are visual representations of Container schemas. The mappings used are: 

• The Classes Are Containers metaphor (maps Container schemas to 
everyday classes) 

• Boole's metaphor (maps Boolean algebra to Boolean classes) 

• The Propositional Logic metaphor (maps a blend of Boolean classes and 
propositions to propositions) 

• The symbolic-logic mapping (maps propositions to symbolic expres- 
sions). 

Why is this important? First, it allows us to see that symbolic logic, far from 
being purely abstract or part of the logic of the universe, is actually grounded in 
the body, partly via Container schemas in the visual system and partly via the 
grounding of arithmetic. Second, it allows us to see how the inferential laws of 
Boolean classes, propositional calculus, and symbolic logic are also grounded in 
the body. This is important for philosophy in general and the philosophy of 
mathematics in particular. Before we discuss what that importance is, let us 
first look in detail at how these inferential laws are grounded. 

The Mapping of Inferential Laws 

We are going to consider four fundamental inferential laws of logic and their 
source in conceptual image schemas, in particular, container schemas. As we 
saw in Chapter 2, Container schemas appear to be realized neurally using such 
brain mechanisms as topographic maps of the visual field, center-surround re- 
ceptive fields, gating circuitry, and so on (Regier, 1996). The structural con- 
straints on Container schemas give them an inferential structure, which we 
will call Laws of Container Schemas. These so-called laws are conceptual in na- 
ture and are reflections at the cognitive level of brain structures at the neural 
level. 
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The four inferential laws we will discuss are Container schema versions of 
classical logic laws: excluded middle, modus ponens, hypothetical syllogism, 
^d modus tollens. These laws, as we shall see, are cognitive entities and, as 
such/ are embodied in the neural structures that characterize Container 
schemas. They are part of the body. Since they do not transcend the body, they 
sre not laws of any transcendent reason. 

Inferential Laws of Embodied Container Schemas 

• Excluded Middle: Every object X is either in Container schema A or 
outside Container schema A. 

• Modus Ponens: Given two Container schemas A and B and an object X, 
if A is in B and X is in A, then XisinB. 

• Hypothetical Syllogism: Given three Container schemas A, B, and C, if 
A is in B and B is in C, then A is in C. 

• Modus Tollens: Given two Container schemas A and B and an object Y, 
if A is in B and Y is outside B, then Y is outside A. 

Metaphors allow the inferential structure of the source domain to be used to 
structure the target domain. The Classes Are Containers metaphor maps the 
inferential laws given above for embodied Container schemas onto conceptual 
classes. These include both everyday classes and Boolean classes, which are 
metaphorical extensions (via Boole's metaphor) of everyday classes. 


Inferential Laws for Classes Mapped from 
Embodied Container Schemas 

• Excluded Middle: Every element X is either a member of class A or not 
a member of class A. 

• Modus Ponens: Given two classes A and B and an element X, if A is a 
subclass of B and X is a member of A, then X is a member of B. 

• Hypothetical Syllogism: Given three classes A, B, and C, if A is a sub- 
class of B and B is a subclass of C, then A is a subclass of C. 

• Modus 7b liens: Given two classes A and B and an element Y, if A is a 
subclass of B and Y is not a member of B, then Y is not a member of A. 

Via the Propositional Logic metaphor, the inferential laws for classes are 
mapped onto the following inferential laws for propositions: 
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FIGURE 6.1 The implicit logic of Container schemas. The first drawing (a) depicts the im- 
plicit excluded middle, with an entity X either in the interior or the exterior of the Container 
schema A. Drawing (b) depicts both modus ponens and modus tollens. Implicit modus po- 
nens can be seen in the fact that A is in B, X is in A, and therefore X is in B. Implicit modus 
tollens can be seen in the fact that A is in B, Y is outside B, and therefore Y is outside A. Fi- 
nally, drawing (c) depicts the implicit hypothetical syllogism, where A is in B, B is in C, and 
therefore A is in C. 



Boole's Metaphor: Classes and Symbolic Logic 


i37 


Inferential Laws for Propositions Mapped from Classes 

• Excluded Middle: Every proposition P is either true or not true. 

• Modus Ponens : If P implies Q is true, and P is true, then Q is true. 

• Hypothetical Syllogism: If P implies Q is true, and Q implies R is true, 
then P implies R is true. 

■ Modus Pollens: If P implies Q is true, and Q is not true, then P is not 
true. 


Finally, the inferential laws for propositions are mapped onto inferential laws 
in symbolic form, "rules" usable in mindless algorithms that simply manipu- 
late symbols. These symbolic rules are understood via the cognitive mecha- 
nisms we have just given. The reason that such rules for manipulating symbols 
"preserve truth" is that they have been constructed using these mappings so 
that this will be the case. It is the inference-preserving capacity of conceptual 
metaphors that permits these rules of inference to "preserve truth." 

Inferential Laws in Symbolic Form Mapped from Propositions 

• Excluded Middle: P v ->P 

• Modus Ponens: |(P d Q) a P) o Q 

• Hypothetical Syllogism: ((P =) Q) a (Q => P)) z> (P => P) 

• Modus Tbllens: {(P dQ|a -<Q) 3 ->P 

Each of these is a tautology in symbolic form. As such, each can always be 
introduced into a line of a proof without affecting the validity of the proof. 
Moreover, modus ponens, hypothetical syllogism, and modus tollens can be put 
in the forms of rules of inference that allow one to move from line to line in a 
proof: 

• Modus Ponens: P o Q, P, Q 

• Hypothetical Syllogism: PdQ, QdP, P^P 

• Modus Tbllens: P 3 Q, -<Q, :.->P 

By virtue of such rules for getting one line of a proof from previous lines, 
propositional calculus can be mechanized, so that by the purely mechanical ma- 
nipulation of symbols we can be sure (given the mappings just discussed) that 
truth will be preserved. 
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Overview 

Our job as cognitive scientists is to ask how mathematics, including mathe- 
matical logic, is conceptualized and understood in terms of normal cognitive 
mechanisms — for example, image schemas, conceptual metaphors, conceptual 
blends, and cognitive mappings between concepts and symbols. It is also our job 
to ask how our understanding is grounded in the body — in the structure of the 
brain and in bodily and interpersonal experience. 

The argument in this chapter takes the following form: 

• There is evidence from cognitive linguistics, cognitive psychology, neu- 
roscience, and computational neural modeling that Container schemas 
are grounded in the sensory-motor system of the brain, and that they 
have inferential structures like those just discussed. These include 
Container schema versions of the four inferential laws of classical logic. 

• We know from extensive studies of conceptual metaphor in cognitive 
linguistics, cognitive psychology, and computational neural modeling 
that conceptual metaphors are cognitive cross-domain mappings that 
preserve inferential structure. 

• From evidence in cognitive linguistics, we know that there is a Classes 
Are Containers metaphor. This grounds our understanding of classes, 
by mapping the inferential structure of embodied Container schemas to 
classes as we understand them. 

• Boole's metaphor and the Propositional Logic metaphor have been care- 
fully crafted by mathematicians to mathematicize classes and map 
them onto propositional structures. 

• The symbolic-logic mapping was also crafted by mathematicians, so 
that propositional logic could be made into a symbolic calculus gov- 
erned by "blind" rules of symbol manipulation. 

• Thus, our understanding of symbolic logic traces back via metaphorical 
and symbolic mappings to the inferential structure of embodied Con- 
tainer schemas. 

We have discussed only propositional logic and Boole's logic of classes here. 
There are extremely restricted cases and artificially constructed cases in natu- 
ral language that do fit these logics. And over the years far more sophisticated 
logics have been developed. But real meanings of natural-language expressions 
are far more complex than any logicians have yet approached or are likely to in 
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foreseeable future. In fact, writers of logic textbooks usually have to search 
far and wide for examples that fit their formulas and proofs. 

Heal reasoning includes phenomena like graded categories, various kinds of 
prototypes (typical, ideal, nightmare, salient examples, social stereotypes), radial 
categories, frames, metaphors, and so on. Symbolic logic, no matter how sophis- 
ticated its present form, is nowhere near characterizing real everyday human rea- 
son. The developments in mathematical logic include a great many 
interesting— even spectacular— results, often with important implications for 
other fields like computer science and economics. But they are mathematical re- 
sults, not (for the most part) results about the nature of everyday human reason. 

Moreover, no matter how sophisticated formal logics get, they remain math- 
ematical tools conceptualized, created, and understood by human beings with 
human brains and bodies. It is the responsibility of the cognitive science of 
math em atics to understand the cognitive mechanisms by which new mathe- 
matical logics are constructed, conceptualized, and understood. 

What we have done in this chapter has been to construct a mathematical idea 
analysis of Boole's logic of classes and of propositional logic. In addition, we 
have explicitly indicated how the mathematical ideas are symbolized. Such idea 
analyses (and their symbolizations) make explicit what is implicit in normal 
mathematical notation. We have been able to add precision at the level of ideas 
and symbolization to mathematics, an enterprise that has maximal precision as 
one of its major goals. 

We are now ready to discuss sets. 
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Some Conceptual Issues in Set Theory 

We have been looking at mathematics from a cognitive perspective, seeking to 
understand the cognitive and ultimately the bodily basis of mathematics. Set 
theory is at the heart of modem mathematics. It is therefore incumbent upon 
us to understand the ideas implicit in set theory as well as we can. 

In our discussion of Boolean classes in Chapter 6, we saw that the concept of 
a class is experientially grounded via the metaphor that Classes Are Contain- 
ers — mental containers that we use in perceiving, conceptualizing, and reason- 
ing about our experience. As we saw there, notions like the empty class and the 
technical notion of subclass (in which a class is a subclass of itself) are intro- 
duced via Boole's metaphor. 

Modem set theory begins with these basic elements of our grounding 
metaphor for classes and with Boole's metaphor. That is, it starts with the no- 
tion of a class as a containerlike entity; the ideas of intersection, union, and 
complement; the associative, commutative, and distributive laws; the empty 
set; and the idea of closure. Sets are more sophisticated than Boolean classes. 

Take a simple case. In Boolean algebra, classes can be subclasses of other 
classes but not members of those classes. Contemporary set theory allows sets 
to be members, not just subclasses, of other sets. What is the grounding for the 
intuitive conceptual distinction between sets as subsets and sets as members? 
As subsets, intuitive sets are Container schemas, mental containers organizing 
objects into groups. For sets to be members in this conceptualization, they, too, 
must be conceptualized as objects on a par with other objects and not just men- 
tal Container schemas providing organizations for objects. To conceptualize 
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sets as objects, we need a conceptual metaphor providing such a conceptualiza- 
tion- We will call this metaphor Sets Are Objects. 

Via this metaphor, the empty set can be viewed not just as a subset but as a 
unique entity in its own right — an entity that may or may not be a member of 
a given set, even though it is a subset of every set. The Sets Are Objects 
metaphor allows us to conceptualize power sets, in which all the subsets of a 
given set A are made into the members of another set, P[A). For example, con- 
sider the set A = [a, b, cj. The following are the subsets of A: 0, (a), {b), (cj, {a, b\, 
\b, c), | a, c|, \a, b, c }. The power set, P(A) has these subsets of A as its members. 
P[A\ - |0, [a], { b\, {cj, \a, b\, [b, c\, [a, cj, j a, b, c\ }. Note that the set \a, b, c) is a 
member of its power set. 

Incidentally, as long as we conceptualize sets as Container schemas, it will 
be impossible to conceptualize sets as members of themselves. The reason is 
that a member is properly included in the interior of a Container schema, and 
no Container schema can be in its own interior. 


The Ordered Pair Metaphor 

Once we conceptualize sets as objects that can be members of another set, we can 
construct a metaphorical definition for ordered pairs. Intuitively, an ordered pair is 
conceptualized nonmetaphorically as a subitized pair of elements (by what we will 
call a Pair schema) structured by a Path schema, where the source of the path is 
seen as the first member of the pair and the goal of the path is seen as the second 
member. This is simply our intuitive notion of what an ordered pair is. 

With the addition of the Sets Are Objects metaphor, we can conceptualize or- 
dered pairs metaphorically, not in terms of Path and Pair schemas but in terms 
of sets: 


The Ordered Pair Metaphor 

Source Domain Target Domain 

Sets Ordered Pairs 

The Set ({a}, [a, b}} -> The Ordered Pair [a, b) 

Using this metaphorical concept of an ordered pair, one can go on to metaphor- 
ically define relations, functions, and so on in terms of sets. One of the most in- 
teresting things that one can do with this metaphorical ordered-pair definition 
is to metaphorically conceptualize the natural numbers in terms of sets that 
have other sets as members, as the great mathematician John von Neumann 
(1903-1957) did. 
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The Natural Numbers Are Sets Metaphor 
Source Domain Target Domain 

Sets Natural Numbers 


The empty set 0 -» 

The set containing the 
empty set (0} (i.e., {0}}. 

The set ( 0 , {0}} (that is, (0, 1)) -» 

The set (0, (0), (0, (0}}J (i.e., (0, 1, 2}) -> 

The set of its predecessors 
(built following the above rule) 


Zero 

One 

Two 

Three 

A natural number 


Here, the set with no members is mapped onto the number zero, the set con- 
taining the empty set as a member (i.e., it has one member) is mapped onto the 
number one, the set with two members is mapped onto the number two, and so 
on. By virtue of this metaphor, every set containing three members is in a one- 
to-one correspondence with the number three. Using this metaphor, you can 
metaphorically construct the natural numbers out of nothing but sets. 

From a cognitive perspective, this is a metaphor that allows us to conceptu- 
alize numbers, which are one kind of conceptual entity, in terms of sets, which 
are a very different kind of conceptual entity. This is a linking metaphor— a 
metaphor that allows one to conceptualize one branch of mathematics (arith- 
metic) in terms of another branch (set theory). Linking metaphors are different 
from grounding metaphors in that both the source and target domains of the 
mapping are within mathematics itself. Such linking metaphors, where the 
source domain is set theory, are what is needed conceptually to "reduce" other 
branches of mathematics to set theory in order to satisfy the Formal Founda- 
tions metaphor. (For a discussion of the Formal Foundations program and the 
metaphors needed to achieve it, see Chapter 16.) 


Cantor’s Metaphor 

Our ordinary everyday conceptual system includes the concepts Same Number 
As and More Than. They are based, of course, on our experience with finite, not 
infinite, collections. Among the criteria characterizing our ordinary everyday 
versions of these concepts are: 

• Same Number As: Group A has the same number of elements as group 
B if, for every member of A, you can take away a corresponding mem- 
ber of B and not have any members of B left over. 
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• More Than: Group B has more objects than group A if, for every member 
of A, you can take away a member of B and still have members left in B. 

It is important to contrast our everyday concept of Same Number As with the 
German mathematician Georg Cantor's concept of pairability— that is, capable 
of being put into a one-to-one correspondence. Finite collections with the same 
number of objects are pairable, since two finite sets with the same number of 
objects can be put in a one-to-one correspondence. This does not mean that 
Same Number As and pairability are the same idea; the ideas are different in a 
s ignifi cant way, but they happen to correlate precisely for finite sets. The same 
is not true for infinite sets. 

Compare the set of natural numbers and the set of even integers. As Cantor 
(1845-1918) observed, they are pairable; that is, they can be put into a one-to- 
one correspondence. Just multiply the natural numbers by two, and you will set 
up the one-to-one correspondence (see Figure 7.1). Of course, these two sets do 
not have the same number of elements according to our everyday criterion. If 
you take the even numbers away from the natural numbers, there are still all 
the odd numbers left over. According to our usual concept of "more than," there 
are more natural numbers than even numbers, so the concepts Same Number 
As and pairability are different concepts. 

Our everyday concepts of Same Number As and More Than are, of course, 
linked to other everyday quantitative concepts, like How Many or As Many As, 
and Size Of, as well as to the concept Number itself — the basic concept in arith- 
metic. In his investigations into the properties of infinite sets, Cantor used the 
concept of pairability in place of our everyday concept of Same Number As. In 
doing so, he established a conceptual metaphor, in which one concept (Same 
Number As) is conceptualized in terms of the other (pairability). 

Cantor's Metaphor 

Source Domain Target Domain 

Mappings Numeration 

Set A and set B can be put into Set A and set B have the same 
one-to-one correspondence number of elements 

That is, our ordinary concept of having the same number of elements is 
metaphorically conceptualized, especially for infinite sets, in terms of the very 
different concept of being able to be put in a one-to-one correspondence. 

This distinction has never before been stated explicitly using the idea of con- 
ceptual metaphor. Indeed, because the distinction has been blurred, generations 
of students have been confused. Consider the following statement made by 
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FIGURE 7.1 The one-to-one correspondence between the natural numbers and the positive 
even numbers. 

many mathematics teachers: "Cantoi proved that there are just as many posj. 
tive even integers as natural numbers ." 

Given our ordinary concept of "As Many As," Cantor proved no such thing. 
He proved only that the sets were pairable. In our ordinary conceptual system, 
there are more natural numbers than there are positive even integers. It is only 
by use of Cantor's metaphor that it is correct to say that he proved that there 
are, metaphorically, "just as many" even numbers as natural numbers. 

The same comment holds for other proofs of Cantor's. According to our ordi- 
nary concept of "More Than," there are more rational numbers than natural 
numbers, since if you take the natural numbers away from the rational num- 
bers, there will be lots left over. But Cantor did prove that the two sets are 
pairable, and hence they can be said (via Cantor's metaphor) to metaphorically 
have the "same number" of elements. (For details, see Chapter 10.) 

Cantor's invention of the concept of payability and his application of it to in- 
finite sets was a great conceptual achievement in mathematics. What he did in 
the process was create a new technical mathematical concept — payability — and 
with it, new mathematics. But Cantor also intended pairability to be a literal 
extension of our ordinary notion of Same Number As from finite to infinite sets. 
There Cantor was mistaken. From a cognitive perspective, it is a metaphorical 
rather than literal extension of our everyday concept. The failure to teach the 
difference between Cantor's technical metaphorical concept and our ordinary 
concept confuses generation after generation of introductory students. 


Axiomatic Set Theory and Hypersets 

Axiomatic Set Theory 

In Chapter 16, we will discuss the approach to mathematics via formal systems 
of axioms. We will see there that such an approach requires a linking metaphor 
for conceptualizing complex and sophisticated mathematical ideas in terms of 
much simpler mathematical ideas, those of set theory and the theory of formal 
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terns- for example, there must be a metaphor for characterizing what it 
gjeans for a mathematical structure to "fit" a collection of axioms that have no 
ijjherent meaning. Whereas Euclid understood his postulates for geometry to be 
meaningful to human beings, formal systems of axioms are taken as mind-free 
sequences of symbols. They are defined to be free of human conceptual systems 
snd human understanding. 

On the formalist view of the axiomatic method, a "set" is any mathematical 
structure that "satisfies" the axioms of set theory as written in symbols. The 
traditional axioms for set theory (the Zermelo-Fraenkel axioms) are often 
tai , ght as being about sets conceptualized as containers. Many writers speak of 
sets as "containing" their members, and most students think of sets that way. 
Even the choice of the word "member" suggests such a reading, as do the Venn 
jjs grfltns used to introduce the subject. But if you look carefully through those 
axioms, you will find nothing in them that characterizes a container. The terms 
"set" and "member of" are both taken as undefined primitives. In formal math- 
ematics, that means that they can be anything that fits the axioms. Here are the 
classic Zermelo-Fraenkel axioms, including the axiom of choice,- together they 
are commonly called the ZFC axioms. 


• The axiom of Extension: Two sets are equal if and only if they have the 
same members. In other words, a set is uniquely determined by its 
members. 

• The axiom of Specification: Given a set A and a one-place predicate P|x) 
that is either true or false of each member of A, there exists a subset of A 
whose members are exactly those members of A for which P{x) is true. 

• The axiom of Pairing: For any two sets, there exists a set that they are 
both members of. 

• The axiom of Union: For every collection of sets, there is a set whose 
members are exactly the members of the sets of that collection. 

• The axiom of Powers: For each set A, there is a set P[A) whose members 
are exactly the subsets of set A. 

• The axiom of Infinity: There exists a set A such that (1) the empty set 
is a member of A, and (2) if X is a member of A, then the successor of X 
is a member of A. 

• The axiom of Choice: Given a disjoint set S whose members are non- 
empty sets, there exists a set C which has as its members one and only 
one element from each member of 5. 


There is nothing in these axioms that explicitly requires sets to be contain- 
ers. What these axioms do, collectively, is to create entities called "sets," first 
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from elements and then from previously created classes and sets. The axioms 
do not say explicitly how sets are to be conceptualized. 

The point here is that, within formal mathematics, where all mathematical 
concepts are mapped onto set-theoretical structures, the "sets" used in these 
structures are not technically conceptualized as Container schemas. They do 
not have Container schema structure with an interior, boundary, and exterior. 
Indeed, within formal mathematics, there are no concepts at all, and hence sets 
are not conceptualized as anything in particular. They are undefined entities 
whose only constraints are that they must "fit" the axioms. For formal logi. 
cians and model theorists, sets are those entities that fit the axioms and are 
used in the modeling of other branches of mathematics. 

Of course, most of us do conceptualize sets in terms of Container schemas, 
and that is perfectly consistent with the axioms given above. However, when 
we conceptualize sets as Container schemas, a constraint follows automati- 
cally: Sets cannot be members of themselves, since containers cannot be inside 
themselves. Strictly speaking, this constraint does not follow from the axioms 
but from our metaphorical understanding of sets in terms of containers. The ax- 
ioms do not rule out sets that contain themselves. However, an extra axiom was 
proposed by von Neumann that does rule out this possibility. 

• The axiom of Foundation: There are no infinite descending sequences 
of sets under the membership relation; that is, . . . S U1 e S t . e . . . e S is 
ruled out. 

Since allowing sets to be members of themselves would result in such a se- 
quence, this axiom has the indirect effect of ruling out self-membership. 

Hypersets 

Technically, within formal mathematics, model theory has nothing to do with 
everyday understanding. Model theorists do not depend upon our ordinary con- 
tainer-based concept of a set. Indeed, certain model theorists have found that 
our ordinary grounding metaphor that Classes Are Container schemas gets in 
the way of modeling kinds of phenomena they want to model, especially recur- 
sive phenomena. For example, take expressions like 



1 +... 


x = 1 + 
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If we observe carefully, we can see that the denominator of the main fraction 
has in fact the value defined for x itself. In other words, the above expression is 
equivalent to 

Xm 1 + x 

Such recursive expressions are common in mathematics and computer science. 
The possibilities for modeling these expressions using "sets" are ruled out if the 
only kind of "sets" used in the modeling must be ones that cannot have them- 
selves as members. Set theorists have realized that a new noncontainer 
metaphor is needed for thinking about sets, and they have explicitly con- 
structed one: hyperset theory (Barwise & Moss, 1991). 

The idea is to use graphs, not containers, for characterizing sets. The kinds of 
graphs used are Accessible Pointed Graphs, or APGs. "Pointed" denotes an 
asymmetric relation between nodes in the graph, indicated visually by an arrow 
pointing from one node to another— or from one node back to that node itself. 
"Accessible" means that one node is linked to all other nodes in the graph and 
can therefore be "accessed" from any other node. 

From the axiomatic perspective, hyperset theorists have replaced the axiom 
of Foundation with an Anti-Foundation axiom. From a cognitive point of view, 
the implicit conceptual metaphor they have used is this: 


The Sets Are Graphs Metaphor 


Source Domain 
Accessible Pointed Graphs 


Target Domain 
Sets 

An APG 

-» 

The membership structure of a set 

An arrow 

-» 

The membership relation 

Nodes that are tails of arrows 

-» 

Sets 

Decorations on nodes that 


Members 

are heads of arrows 


APGs with no loops 

— > 

Classical sets with 
the Foundation axiom 

APGs with or without loops 

-> 

Hypersets with the 
Anti-Foundation axiom 

The effect of this metaphor is to eliminate the notion of containment from the 
concept of a "set." The graphs have no notion of containment built into them 
at all. And containment is not modeled by the graphs. 
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Graphs that have no loops satisfy the ZFC axioms and the axiom of Founds, 
tion. They thus work just like sets conceptualized as containers. But graphs that 
do have loops model sets that can have themselves as members; these graphs do 
not work like sets that are conceptualized as containers, and they do not satisfy 
the axiom of Foundation. 

A hypeiset is an APG that may or may not contain loops. Hypersets thus fit not 
the axiom of Foundation but, rather, another axiom with the opposite intent: 

• The Anti-Foundation axiom: Every APG pictures a unique set. 

The fact that hypersets satisfy the Zermelo-Fraenkel axioms confirms what 
we said above: The Zermelo-Fraenkel axioms for set theory — the ones generally 
accepted in mathematics — do not define our ordinary concept of a set as a con- 
tainer at all! That is, the axioms of "set theory" are not, and were never meant 
to be, about what we ordinarily call "sets," which we conceptualize in terms of 
containers. 


Numbers Are Sets, Which Are Graphs 

If we adjust the von Neumann metaphor for numbers in terms of sets to the 
new graph-theoretical models, zero (the empty set) becomes a node with no ar- 
rows leading from it. One becomes the graph with two nodes and one arrow 
leading from one node to the other. Two and three are represented by the 
graphs in Figures 7.2(a) and 7.2(b), respectively. And where an arrow bends 
back on itself, as in Figure 7.2(c), we get recursion — the equivalent of an infi- 
nitely long chain of nodes with arrows not bending back on themselves, as in 
Figure 7.2(d). 

Here we see the power of conceptual metaphor in mathematics. Sets, con- 
ceptualized in everyday terms as containers, do not have the right properties to 
model everything needed. So we can now metaphorically redefine "sets" to ex- 
clude containment by using certain kinds of graphs. The only confusing thing 
is that this special case of graph theory is still called "set theory" for historical 
reasons. 

It is sometimes said that the theory of hypersets is "a set theory in which sets 
can contain themselves." But this is misleading, because it is not a theory of 
"sets" as we ordinarily understand them in terms of containment. The reason 
that these graph-theoretical objects are called "sets" is a functional one: They 
play the role in modeling axioms that classical sets with the axiom of Founda- 
tion used to play. 
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FIGURE 7.2 Hypersets: sets conceptualized as graphs, with the empty set as the graph hav- 
ing no arrows leading from it. The set containing the empty set is a graph whose root has one 
arrow leading to the empty set. The metaphor Numbers Are Sets is taken for granted, with 
zero being the empty set and each natural number being the set of all its predecessors. Draw- 
ing (a) depicts the number 2, since it is a graph whose root (the top node) has two arrows 
(membership relations): one leading to the empty set, or zero (the lower right node), and the 
other leading to the set containing the empty set, or one (the subgraph whose root is the node 
at the lower left). Drawing (b) depicts the number 3, since its root has three arrows leading to 
root nodes for subgraphs for the numbers 2, 1, 0, as depicted in (a). Drawing (c) is a graph rep- 
resenting a set that is a "member" of itself, under the Sets Are Graphs Metaphor. And draw- 
ing (d) is an infinitely long chain of nodes in an infinite graph, which is equivalent to (c). 
(Adapted from Barwise & Moss, 1991.) 


What Are Sets, Really? 

As we have just seen, mathematics has two quite inconsistent metaphorical 
conceptions of sets — one in terms of Container schemas and one in terms of 
graphs. Is one of these conceptions right and the other wrong? There is a per- 
spective from which one might think so — a perspective that says there is only 
one correct notion of a "set." There is another perspective, the most common 
one, which recognizes that these two distinct notions of "set" define different 
and mutually inconsistent subject matters, conceptualized via radically differ- 
ent metaphors. This situation is much more common in mathematics than 
most people realize. 

The Roles Played by Conceptual Metaphors 

In this chapter, as in previous chapters, conceptual metaphors have played sev- 
eral roles. 
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• First, there are grounding metaphors — metaphors that ground our un- 
derstanding of mathematical ideas in terms of everyday experience. Ex- 
amples include the Classes Are Container schemas and the four 
grounding metaphors for arithmetic. 

• Second, there are redefinitional metaphors — metaphors that impose a 
technical understanding replacing ordinary concepts. Cantor's 
metaphor is a case in point. 

• Third, there are Unking metaphors — metaphors within mathematics it- 
self that allow us to conceptualize one mathematical domain in terms 
of another mathematical domain. Examples include Boole's metaphor, 
von Neumann's Natural Numbers Are Sets metaphor, and the Sets Are 
Graphs metaphor. 

The linking metaphors are in many ways the most interesting of these, since 
they are part of the fabric of mathematics itself. They occur whenever one 
branch of mathematics is used to model another, as happens frequently. More- 
over, linking metaphors are central to the creation not only of new mathemat- 
ical concepts but often of new branches of mathematics. As we shall see, such 
classical branches of mathematics as analytic geometry, trigonometry, and 
complex analysis owe their existence to linking metaphors. 

But before we go on, we should point out an important phenomenon arising 
from the fact that different linking metaphors can have the same source domain. 

Metaphorically Ambiguous Sets 

Recall for a moment two central metaphors that are vital to the set-theoretical 
foundations of mathematics: The Ordered Pair metaphor and the Natural Num- 
bers Are Sets metaphor. 

The Ordered Pair Metaphor 

Source Domain Target Domain 

Sets Ordered pairs 

The set {{a}, {a, b\) -» The ordered pair {a, b) 

The Natural Numbers Are Sets Metaphor 

Source Domain Target Domain 

Sets Natural numbers 


The empty set 0 


Zero 
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The set containing the empty 
set (0) (i.e., (0)). 

The set {0, {0}} (i.e., (0, 1}) 

The set (0, {0}, (0,(0))} 

(i.e., (0, 1, 2}) 

The set of its predecessors 
(built following the above rule) 


One 

Two 

Three 

A natural number 


Wi thin formal mathematics, these metaphors are called "definitions." The pur- 
pose of these definitions is to reduce arithmetic to set theory. An "elimina- 
tivist" is someone who takes this reduction literally — that is, who believes that 
these metaphorical definitions eliminate numbers and ordered pairs from the 
ontology of mathematics, replacing them by sets with these structures. The 
eliminativist claims that numbers and ordered pairs do not really exist as sepa- 
rate kinds of things from sets; rather, they are sets — sets of the form given in the 
two metaphors. In the eliminativist interpretation, there is no number zero sep- 
arate from the empty set. Rather, the number zero in reality is the empty set. 
And there is no number one separate from the set containing the empty set. 
Rather, the set containing the empty set is the number one. Similarly, no or- 
dered pairs exist as ordered pairs distinct from sets. Rather, on the eliminativist 
view, the ordered pair (a, b ) really is a set, the set {(a), (a, b\\. 

Let us consider the following two questions: 

1) Exactly what set is the ordered pair of numbers (0, 1)? 

2) Exactly what set is the set containing the numbers 1 and 2 as members? 

According to the two metaphorical definitions, the answers should be as 
follows: 

1) The ordered pair (0, 1) does not exist as such. It is the set: {(0), (0, (0))). 

2) The set containing the numbers 1 and 2 as members does not exist as 
such. It is the set: ((0), (0, (0})|. 

The answer is the same. 

The ordered pair (0, 1) is a conceptual entity different from the set (1, 2). One 
might expect that the reduction of ordered pairs and natural numbers to sets 
would preserve such conceptual distinctions. It is clear from this example that 
it does not. Is this a problem for eliminativists? It depends on whether they have 
such an expectation or not. 
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From a cognitive point of view, this is no problem. It is common for different 
concepts to have the same metaphorical source. For example, "You're warm" 
can have at least two metaphorical meanings — You are affectionate or You are 
getting close to the answer. In mathematics, the Ordered Pair metaphor and the 
Natural Numbers Are Sets metaphor serve the purposes of set theory. Since 
they preserve inference, inferences about sets will be mapped appropriately onto 
both numbers and ordered pairs. 

The moral is simple: Mathematics is not literally reducible to set theory in a 
way that preserves conceptual differences. However, ingenious metaphors link- 
ing ordered pairs to sets and numbers to sets have been explicitly constructed 
and give rise to interesting mathematics. It is important to distinguish a literal 
definition from a metaphorical one. Indeed, there are so many conceptual 
metaphors used in mathematics that it is extremely important to know just 
what they are and to keep them distinct. 

Mathematical idea analysis of the sort we have just done clarifies these is- 
sues. Where there are metaphorical ambiguities in a mere formalist symbolic, 
tion like {{0}, (0, (0))}, it reveals those ambiguities because it makes explicit 
what is implicit. It also clarifies the concept "same size" for a set, distinguish- 
ing the everyday notion from that defined by Cantor's metaphor. And it makes 
simple and comprehensible the idea of hypersets as an instance of the Sets Are 
Graphs metaphor. 



Part III 

The Embodiment of Infinity 
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The Basic Metaphor of Infinity 


Infinity Embodied 

One might think that if any concept cannot be embodied, it is the concept of in- 
finity. After all, our bodies are finite, our experiences are finite, and everything 
we encounter with our bodies is finite. Where, then, does the concept of infin- 
ity come from? 

A first guess might be that it comes from the notion of what is finite— what 
has an end or a bound — and the notion of negation: something that is not finite. 
But this does not give us any of the richness of our conceptions of infinity. Most 
important, it does not characterize infinite things: infinite sets, infinite unions, 
points at infinity, transfinite numbers. To do this, we need not just a negative 
notion ("not finite") but a positive notion — a notion of infinity as an entity-in- 
itself. 

What is required is a general mathematical idea analysis of all the various 
concepts of infinity in mathematics. Such an analysis must answer certain 
questions: What do the various forms of infinity have to do with each other? 
That is. What is the relationship among ideas like infinite sets, points at infin- 
ity, and mathematical induction, where a statement is true for an infinity of 
cases. How are these ideas related to the idea of a limit of an infinite sequence? 
Or an infinite sum? Or an infinite intersection? And finally, how are infinitely 
large things conceptually related to infinitely small things? 

To begin to see the embodied source of the idea of infinity, we must look to 
one of the most common of human conceptual systems, what linguists call the 
aspectual system. The aspectual system characterizes the structure of event- 
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concepts — events as we conceptualize them. Some actions, for example, are in. 
herently iterative, like tapping or breathing. Others are inherently continuous 
like moving. Some have inherent beginning and ending points, like jumping 
Some just have ending points, like arriving. Others just have starting points 
like leaving or embarking on a trip. Those that have ending points also have re- 
sulting states. In addition, some actions have their completions concept ualise d 
as part of the action (e.g., landing is part of jumping), while others have their 
completions conceptualized as external to the actions (e.g., we do not nor mal ly 
conceptualize landing as part of flying, as when a comet flies by the earth). 

Of course, in life, hardly anything one does goes on forever. Yet we concep- 
tualize breathing, tapping, and moving as not having completions. This con- 
ceptualization is called imperfective aspect. As we saw in Chapter 2, the 
concept of aspect appears to be embodied in the motor-control system of the 
brain. Narayanan (1997), in a study of computational neural modeling, showed 
that the neural computational structure of the aspectual system is the same as 
that found in the motor-control system. 

Given that the aspectual system is embodied in this way, we can see it as the 
fundamental source of the concept of infinity. Outside mathematics, a process 
is seen as infinite if it continues (or iterates) indefinitely without stopping. That 
is, it has imperfective aspect (it continues indefinitely) without an endpoint. 
This is the literal concept of infinity outside mathematics. It is used whenever 
one thinks of perpetual motion — motion that goes on and on forever. 

Continuative Processes Are Iterative Processes 

A process conceptualized as not having an end is called an imperfective 
process — one that is not "perfected," that is, completed. Two of the subtypes of 
imperfective processes are continuative (those that are continuous) and itera- 
tive (those that repeat and have an intermediate endpoint and an intermediate 
result). In languages throughout the world, continuous processes are conceptu- 
alized as if they were iterative processes. The syntax used is commonly that of 
conjunction. Consider a sentence like John jumped and jumped again, and 
jumped again. Here we have an iteration of three jumps. But fohn jumped and 
jumped and jumped is usually interpreted not as three jumps but as an open- 
ended, indefinite number. 

Now, "jump" is an inherently perfective verb: Each jump has an endpoint and 
a result. But verbs like swim, fly, and roll are imperfective, with no indicated 
endpoint. Consider sentences indicating iteration via the syntactic device of 
conjunction: fohn swam and swam and swam. The eagle flew and flew and 
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flew- This sentence structure, which would normally indicate indefinite itera- 
tion with perfective verbs, here indicates a continuous process of sw imming or 
flying- The same is true in the case of aspectual particles like on and over. For 
exam ple. John said the sentence over indicates a single iteration of the sen- 
tence. But John said the sentence over and over and over indicates ongoing rep- 
etition. Similarly, The barrel rolled over and over indicates indefinitely 
continuous rolling, and The eagle flew on and on indicates indefinitely contin- 
uous flying. In these sentences, the language of iteration for perfectives (e.g., 
verb and verb and verb; over and over and over) is used with imperfectives to 
express something quite different — namely, an indefinitely continuous process. 
In short, the idea of iterated action is being used in various syntactic forms to 
express the idea of continuous action. This can be characterized in cognitive 
terms by the metaphor Indefinite Continuous Processes Are Iterative Processes. 

There is a cognitive reason why such a metaphor should exist. Processes in gen- 
eral are conceptualized metaphorically in terms of motion via the event structure 
metaphor, in which processes are extended motions (see Lakoff & Johnson, 1999). 
Indefinitely continuous motion is hard to visualize, and for extremely long peri- 
ods it is impossible to visualize. What we do instead is visualize short motions 
and then repeat them, thus conceptualizing indefinitely continuous motion as re- 
peated motion. Moreover, everyday continuous actions typically require iterated 
actions. For example, continuous walking requires repeatedly taking steps; con- 
tinuous swimming requires repeatedly moving the arms and legs; continuous fly- 
ing by a bird requires repeatedly flapping the wings. This conflation of continuous 
action and repeated actions gives rise to the metaphor by which continuous ac- 
tions are conceptualized in terms of repeated actions. 

Why is this metaphor important for infinity? The reason is that we commonly 
apply it to infinitely continuous processes. Continuous processes without end — 
infinite continuous processes — are conceptualized via this metaphor as if they 
were infinite iterative processes, processes that iterate without end but in which 
each iteration has an endpoint and a result. For example, consider infinitely con- 
tinuous motion, which has no intermediate endpoints and no intermediate loca- 
tions where the motion stops. Such infinitely continuous motion can be 
conceptualized metaphorically as iterated motion with intermediate endings to 
motion and intermediate locations — but with infinitely many iterations. 

This metaphor is used in the conceptualization of mathematics to break 
down continuous processes into infinitely iterating step-by-step processes, in 
which each step is discrete and minimal. For example, the indefinitely contin- 
uous process of reaching a limit is typically conceptualized via this metaphor as 
an infinite sequence of well-defined steps. 
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Actual Infinity 

The kind of infinity we have just seen — ongoing processes or motions without 
end — was called potential infinity by Aristotle, who distinguished it from ac- 
tual infinity, which is infinity conceptualized as a realized "thing." Potential in- 
finity shows up in mathematics all the time: when you imagine building a 
series of regular polygons with more and more sides, when you imagine writing 
down more and more decimals of V2, and so on (see Figure 8.1). But the inter- 
esting cases of infinity in modern mathematics are cases of actual infinity — 
cases that go beyond mere continuous or iterative processes with no end. These 
include, for example, infinite sets (like the set of natural numbers) and points at 
infinity — mathematical entities characterized by infiniteness. 

We hypothesize that the idea of actual infinity in mathematics is metaphor- 
ical, that the various instances of actual infinity make use of the ultimate 
metaphorical result of a process without end. Literally, there is no such thing as 
the result of an endless process: If a process has no end, there can be no "ulti- 
mate result." But the mechanism of metaphor allows us to conceptualize the 
"result" of an infinite process — in the only way we have for conceptualizing the 
result of a process— that is, in terms of a process that does have an end. 

We hypothesize that all cases of actual infinity— infinite sets, points at infin- 
ity, limits of infinite series, infinite intersections, least upper bounds — are special 
cases of a single general conceptual metaphor in which processes that go on in- 
definitely are conceptualized as having an end and an ultimate result. We call this 
metaphor the Basic Metaphor of Infinity, or the BMI for short. The target domain 
of the BMI is the domain of processes without end — that is, what linguists call 
imperfective processes. The effect of the BMI is to add a metaphorical completion 
to the ongoing process so that it is seen as having a result — an infinite thing. 

The source domain of the BMI consists of an ordinary iterative process with 
an indefinite (though finite) number of iterations with a completion and result- 
ant state. The source and target domains are alike in certain ways: 

• Both have an initial state. 

• Both have an iterative process with an unspecified number of iterations. 

• Both have a resultant state after each iteration. 

In the metaphor, the initial state, the iterative process, and the result after 
each iteration are mapped onto the corresponding elements of the target do- 
main. But the crucial effect of the metaphor is to add to the target domain the 
completion of the process and its resulting state. This metaphorical addition is 
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FIGURE 8.1 A case of potential infinity: the sequence of regular polygons with n sides, 
st arting with n - 3. This is an unending sequence, with no polygon characterizing an ulti- 
mate result. 


indicated in boldface in the statement of the metaphor that follows. It is this 
last part of the metaphor that allows us to conceptualize the ongoing process in 
terms of a completed process — and so to produce the concept of actual infinity. 

The Basic Metaphor of Infinity 


Source Domain 
Completed 
Iterative Processes 

The beginning state — » 

State resulting from the 
initial stage of the process 

The process: From a given 
intermediate state, produce -» 
the next state. 

The intermediate result 
after that iteration of -» 

the process 

The final resultant state -» 

Entailment E: The final 
resultant state is unique 
and follows every 
nonfinal state. 


Target Domain 
Iterative Processes 
That Go On and On 

The beginning state 

State resulting from the initial 
stage of the process 

The process: From a given 
intermediate state, produce 
the next state. 

The intermediate result after 
that iteration of the process 

"The final resultant state" 
(actual infinity) 

Entailment E: 

The final resultant state 
is unique and follows every 
nonfinal state. 


Notice that the source domain of the metaphor has something that does not cor- 
respond to anything in the literal target domain— namely, a final resultant state. 
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The conceptual mapping imposes a "final resultant state" on an unending process 
The literal unending process is given on the right-hand side of the top three arrows 
The metaphorically imposed final resultant state (which characterizes an actual in. 
finity] is indicated in boldface on the right side of the fifth line of the mapping. 

In addition, there is a crucial entailment that arises in the source domain and 
is imposed on the target domain by the metaphor. In any completed process, the 
final resultant state is unique. The fact that it is the final state of the process 
means that: 

• There is no earlier final state; that is, there is no distinct previous state 
within the process that both follows the completion stage of the process 
yet precedes the final state of the process. 

• Similarly, there is no later final state of the process; that is, there is no 
other state of the process that both results from the completion of the 
process and follows the final state of the process. Any such putative 
state would have to be "outside the process" as we conceptualize it. 

Thus, the uniqueness of the final state of a complete process is a product of 
human cognition, not a fact about the external world. That is, it follows from 
the way we conceptualize completed processes. This entailment is also shown 
in boldface. 

The Basic Metaphor of Infinity maps this uniqueness property for final re- 
sultant states of processes onto actual infinity. Actual infinity, as characterized 
by any given application of the BMI, is unique. As we shall see later, the exis- 
tence of degrees of infinity (as with transfinite numbers) requires multiple ap- 
plications of the BMI. 

What results from the BMI is a metaphorical creation that does not occur liter- 
ally: a process that goes on and on indefinitely and yet has a unique final re- 
sultant state, a state "at infinity." This metaphor allows us to conceptualize 
"potential" infinity, which has neither end nor result, in terms of a familiar 
kind of process that has a unique result. Via the BMI, infinity is converted from 
an open-ended process to a specific, unique entity. 

We have formulated this metaphor in terms of a simple iterative step-by-step 
process — namely: From a given state, produce the next state. From an initial 
state, the process produces intermediate resultant states. The metaphorical 
process has an infinity of such intermediate states and a metaphorical final, 
unique, resultant state. 

Notice that the nature of the process is unspecified in the metaphor. The 
metaphor is general: It covers any kind of process. Therefore, we can form spe- 
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c jal cases of this general metaphor by specifying what process we have in mind. 
fhe process could be a mechanism for forming sets of natural numbers result- 
jog in an infinite set. Or it could be a mechanism for moving further and fur- 
ther along a line until the "point at infinity" is reached. Our formulation of the 
metaphor is sufficiently precise and sufficiently general so that we can fill in 
the details of a wide variety of different kinds of infinity in different mathe- 
matical domains. Indeed, this will be our strategy, both in this chapter and in 
chapters to come. We will argue that a considerable number of infinite 
processes in mathematics are special cases of the BMI that can be arrived at by 
specifying what the iterative process is in detail. We believe that all notions of 
i nfinit y in mathematics can be seen as special cases of the BMI, and we will dis- 
cuss what we hope is a wide enough range of examples to make our case. 


The Origin of the BMI Outside Mathematics 

The Basic Metaphor of Infinity is a general cognitive mechanism. It can occur 
by itself, as when one speaks of "the infinite" as a thing. But most people don't 
go around speaking of "the infinite" as a thing; the notion occurs usually only 
in philosophical or spiritual contexts — or in special cases in which some par- 
ticular process is under discussion. 

There is a long history to the use of this metaphor in special cases, a history 
that goes back at least to pre-Socratic philosophy. Greek philosophy from its 
earliest beginnings held that any particular thing is an instance of a higher cat- 
egory. For example, a particular goat is an instance of the category Goat. More- 
over, every such category was assumed to be itself a thing in the world. That is, 
not only were individual goats in the world but the category Goat — a natural 
kind — was also seen as an entity in the world. This meant that it, too, was an 
instance of a still higher category, and so on. 

Thus there was taken to be an indefinitely long ascending hierarchy of cate- 
gories. It was further assumed that this indefinitely ascending hierarchy had an 
end— the category of Being, which encompassed everything (see Lakoff & John- 
son, 1999, chs. 16-18). The reasoning implicit in this move from an indefinitely 
ascending hierarchy to a highest, all-encompassing point in the hierarchy can be 
seen as an instance of the Basic Metaphor of Infinity, in which the result of an in- 
definitely iterative process of higher categorization results in a highest category. 
Hie following table shows, for each element of the target domain of the BMI, the 
corresponding element of the special case (the formation of ascending categories). 
The symbol "=>" indicates the relation between target domain elements and their 
corresponding special cases. 
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The Highest Category— Being 

Target Domain Special Case of the Target Domain 

Iterative Processes That The Formation of 

Go On and On Ascending Categories 

Specific entities with no categories 

Categories of specific entities: 

The lowest level of categories 

From categories at a given 
level, form categories at 
the next highest level that 
encompass lower-level categories. 

Intermediate-level categories formed 
by each iteration of the process 

"The final resultant state”: 

The category of Being 

Entailment E: The category 
of Being is unique and 
encompasses all other categories. 

In this case, the process specified in the BMI is the process of forming higher 
categories. The first step is to form a category from specific cases and make that 
category a thing. The iterative process is to form higher categories from imme- 
diately lower categories. And the final resultant state is the highest category, 
the category of Being. 

What we have just done is consider a special case of the BMI outside mathe- 
matics, and we have shown that by considering the category of Being as pro- 
duced by the BMI, we get all of its requisite properties. Hereafter, we will use 
the same strategy within mathematics to produce special cases of actual infin- 
ity, and we will use similar tables to illustrate each special case. 

This metaphorical concept of infinity as a unique entity — the highest 
entity — was extended naturally to religion. In Judaism, the Kabbalistic concept 
of God is Ein Sof — that is, "without end," a single, unique God. The uniqueness 
entailment applied to deities yields monotheism. In Christianity, God is all- 
powerful: Given an ascending hierarchy of power, that hierarchy is assumed 
to have a unique highest point, something all-powerful — namely, the power 
of God. It is no coincidence that Georg Cantor believed that the study of infin- 
ity in mathematics had a theological importance. He sought, in his mathe- 


The beginning state => 

State resulting from the 
initial stage of the process -v 

The process: From a prior _ 

intermediate state, produce 
the next state. 

The intermediate result from 
that iteration of the process 

"The final resultant state" 

(actual infinity) 

Entailment E: The final 
resultant state is unique and => 

follows every nonfinal state. 
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matical concept of the infinite, a way to reconcile mathematics and religion 
(Dauben, 1983). 


Processes As Things 

Processes are commonly conceptualized as if they were static things — often 
containers, or paths of motion, or physical objects. Thus we speak of being in 
the middle of a process or at the tail end of it. We see a process as having a 
l eng th — short or long — able to be extended or attenuated, cut short. We speak 
of die parts of a process, as if it were an object with parts and with a size. This 
extends to infinite processes as well: Some infinities are bigger than other in- 
finities. 

As we saw in Chapter 2, one of the most important cognitive mechanisms for 
l airing processes and things is what Talmy (1996, 2000) has called "Active mo- 
tion," cases in which an elongated path, object, or shape can be conceptualized 
metaphorically as a process tracing the length of that path, object, or shape. A 
classic example is The road runs through the forest, where runs is used 
metaphorically as a mental trace of the path of the road. 

Processes, as we ordinarily think of them, extend over time. But in mathe- 
matics, processes can be conceptualized as atemporal. For example, consider Fi- 
bonnacci sequences, in which the n + 2 nd term is the sum of the n ,h term and 
the n -f 1 st term. The sequence can be conceptualized either as an ongoing infi- 
nite process of producing ever more terms or as a thing, an infinite sequence 
that is atemporal. This dual conceptualization, as we have seen, is not special 
to mathematics but part of everyday cognition. 

Throughout this chapter, we will speak of infinite processes in mathematics. 
Sometimes we conceptualize them as extending over time, and sometimes we 
conceptualize them as static. For our purpose here, the difference will not mat- 
ter, since we all have conceptual mechanisms (Talmy's fictive-motion schemas) 
for going between static and dynamic conceptualizations of processes. For con- 
venience, we will be using the dynamic characterization throughout. 


What Is Infinity? 

Our job in this chapter is to answer a general question. What is infinity i Or, put 
another way, How do we, mere human beings, conceptualize infinity i This is 
not an easy question to answer, because of all the constraints on it. First, the an- 
swer must be biologically and cognitively plausible. That is, it must make use 
of normal cognitive and neural mechanisms. Second, the answer must cover all 
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the cases in mathematics, which on the surface are very different from one an. 
other: mathematical induction, points meeting at infinity, the infinite set of 
natural numbers, transfinite numbers, limits (functions get infinitely close to 
them), things that are infinitely small (infinitesimal numbers and points), and 
so on. Third, the answer must be sufficiently precise so that it can be demon, 
strated that these and other concepts of the infinite in mathematics can indeed 
be characterized as special cases of a general cognitive mechanism. 

Our answer is that that general cognitive mechanism is the Basic Metaphor 
of Infinity, the BMI. It has both neural and cognitive plausibility. We will devote 
the remainder of this chapter to showing how it applies in a wide variety of 
cases. Chapters 9 through 14 extend this analysis to still more cases. 

The “ Number " °° 

One of the first things that linguists, psychologists, and cognitive scientists learn 
is that when there are explicit culturally sanctioned warnings not to do something, 
you can be sure that people are doing it. Otherwise there would be no point to the 
warnings. A marvelous example of such a warning comes horn G. H. Hardy's mag- 
nificent classic text, A Course of Pure Mathematics (1955; pp. 116-1 17): 

Suppose that n assumes successively the values 1, 2, 3, The word "successively" nat- 

urally suggests succession in time, and we may suppose n, if we like, to assume these val- 
ues at successive moments of time However large a number we may think of, a time 

will come when n has become larger than this number. . . . This however is a mere mat- 
ter of convenience, the variation of a having usually nothing to do with time. 

The reader cannot impress upon himself too strongly that when we say that a "tends 
to o»" we mean simply that a is supposed to assume a series of values which increases 
beyond all limit. There is no number "infinity": Such an equation as 


n . ee 

is as it stands meaningless : A number n cannot be equal to «•, because "equal to «■" 

means nothing (Tjhe symbol =° means nothing at all except in the phrase "tends to 

the meaning of which we have explained above. 

Hardy is going through all this trouble to keep the reader from thinking of in- 
finity as a number just because people do tend to think of infinity as a number, 
which is what the language "tends to infinity" and "approaches infinity" cho- 
sen by mathematicians indicates. Hardy suggests that it is a mistake to think of 
infinity as a number — a mistake that many people make. If people are, mistak* 
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^ly or not; conceptualizing infinity as a number, then it is our job as cognitive 
scientists to characterize the cognitive mechanism by which they are making 
that "mistake." And if we are correct in suggesting that a single cognitive 
mechanism — namely, the BMI — is used for all conceptions of infinity, then we 
have to show how the BMI can be used to conceptualize infinity as a number, 
whether it is a "mistake" to do so or not. 

Cognitive science is, after all, descriptive, not prescriptive. And it must ex- 
plain, as well, why people think as they do. The "mistake" of thinking of in- 
finity as a number is not random. "~" is usually used with a precise 
meaning — as a number in an enumeration, not as a number in a calculation. In 
"1, 2, 3, ...,«>" 00 is taken as an endpoint in an enumeration, larger than any 
finite number and beyond all of them. But people do not use °° as a number in 
calculations: We see no cases of "17 times minus 473," which is of course a 
meaning less expression, as Hardy correctly points out. The moral here is that 
there are, cognitively, different uses for numbers— enumeration, comparison, 
and calculation. As a number, «> is used in enumeration and comparison but not 
in calculation. Even mathematicians use infinity as a number in enumeration, 
as in the sum of a sequence a n from n = 1 to n =■ «»: 



When Hardy warns us not to assume that ~ is a number, it is because mathe- 
maticians have devised notions and ways of thinking, talking, and writing, in 
which 00 is a number with respect to enumeration, though not calculation. 

Indeed, the idea of « as a number can also be seen as a special case of the BMI. 
Note that the BMI does not have any numbers in it. Suppose we apply the BMI 
to the integers used to indicate order of enumeration. The inherent structure of 
the target domain, independent of the metaphor, has a potential infinity, an un- 
ending sequence of ordered integers. The effect of the BMI is to turn this into 
an actual infinity with a largest "number" 00 . 

The BMI for Enumeration 

Target Domain Special Case 

Iterative Processes The Unending Sequence 

That Go On and On of Integers Used for Enumeration 


The beginning state 

State resulting from the 
initial stage of the process 


=> No integers 
=> The integer 1 
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The process: From a prior 
intermediate state, produce => 

the next state. 

The intermediate result after 
that iteration of the process. 

"The final resultant state" 

(actual infinity) ^ 

Entailment E: The final 
resultant state is unique and => 
follows every nonfinal state. 


Given integer n-1, form the 
next largest integer n. 

n > n-1 

The "integer” °° 

Entailment E: The "integer” « fa 
unique and larger than every 
other integer. 


The BMI itself has no numbers. However, the unending sequence of integers 
used for enumeration (but not calculation) can be a special case of the target do- 
main of the BMI. As such, the BMI produces <» as the largest integer used for 
enumeration. This is the way most people understand ■» as a number. It cannot 
be used for calculation. It functions exclusively as an extremity. Its operations 
are largely undefined. Thus, ~/0 is undefined, as is «> • 0, ~ - «», and ■*»/<». And 
thus «* is not a full-fledged number, which was Hardy's point. For Hardy, an en- 
tity either was a number or it wasn't, since he believed that numbers were ob- 
jectively existing entities. The idea of a "number" that had one of the functions 
of a number (enumeration) but not other functions (e.g., calculation) was an im- 
possibility for him. But it is not an impossibility from a cognitive perspective, 
and indeed people do use it. °° as the extreme natural number is commonly used 
with the implicit or explicit sequence "1, 2, 3, in the characterization 

of infinite processes. Each such use involves a hidden use of the BMI to con- 
ceptualize °° as the extreme natural number. 

Mathematicians use "1, ..., n, to indicate the terms of an infinite 

sequence. Although the BMI in itself is number-free, it will be notationally con- 
venient from here on to index the elements of the target domain of the BMI 
with the integers "ending" with metaphorical "«*»." For mathematical purists 
we should note that when an expression like n-1 is used, it is taken only as a 
notation indexing the stage previous to stage n, and not as the result of the op- 
eration of subtraction of 1 from n. 

Target Domain 

Iterative Processes That Go On and On 
The beginning state (0) 

State (1) resulting from the initial stage of the process 
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The process: From a prior intermediate state (n-1), 
produce the next state (n). 

The intermediate result after that iteration of the 
process (the relation between n and n-1) 

"The final resultant state" (actual infinity "«»") 

Entailment E: The final resultant state ("<»") is unique 
and follows every nonfinal state. 

The utility of this notation will become apparent in the next section. 


Projective Geometry: Where Parallel Lines Meet at Infinity 

In projective geometry, there is an axiom that all parallel lines meet at infinity. 
From a cognitive perspective, this axiom presents the following problems. (1) 
How can we conceptualize what it means for there to be a point "at infinity?" 
(2) How can we conceptualize parallel lines as "meeting" at such a point? (3) 
How can such a conceptualization use the same general mechanism for com- 
prehending infinity that is used for other concepts involving infinity? 

We will answer these questions by taking the BMI and filling it in in an ap- 
propriate way, with a fully comprehensible process that will produce a final re- 
sult, notated by in which parallel lines meet at a point at infinity. Our 
answer must fit an important constraint. The point at infinity must function 
like any other point; for example, it must be able to function as the intersection 
of lines and as the vertex of a triangle. Theorems about intersections of lines 
and vertices of triangles must hold of "points at infinity." 

To produce such a special case of the BMI, we have to specify certain 
parameters: 

* A subject-matter frame, indicating that the subject matter is geometry — 
specifically, that it is about lines that intersect at a point. 

* The initial step of the process. 

* The iterated process, or a step-by-step condition that links each state 
resulting from the process to the next state. 

* The resultant state after each iteration. 

* An entailment of the uniqueness of the final resultant state. 

In the case of projective geometry, we take as the subject-matter frame an 
isosceles triangle, for reasons that will shortly become clear (see Figure 8.2). 
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The Isosceles Triangle Frame 

An isosceles triangle, ABC a with 
Sides: AB, AC a , BC n 
Angles: a D , p n 

D„: The distance from A to C„ 

n n 

Where: 

AC = BC 

n n 

a » B 

n r n 

Inference: 

If AC n lies on L ln and BC n lies on 
then L ln intersects ^2 n* 

The iterative process in this case is to move point C n further and further away 
from points A and B. As the distance D n between A and C a gets larger, the an- 
gles a n and P n approach 90 degrees more and more closely. As a result, the in- 
tersecting lines L ln and get closer and closer to being parallel. This is an 
unending, infinite process. At each stage n, the lines meet at point C n . (For de- 
tails, see Kline, 1962, ch. 11; Maor, 1987.) 

The idea of "moving point C n further and further" is captured by a sequence 
of moves, with each move extending over an arbitrary distance. By the condi- 
tion "arbitrary distance" we mean to quantify over all the distances for which 
the condition holds. 

Here are the details for filling in the parameters in the BMI in this special case. 


Parallel Lines Meet at Infinity 

Target Domain Special Case 

Iterative Processes Projective Geometry 

That Go On and On 


The beginning state (0) => 

State ( 1 ) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), => 

produce the next state (n). 

The intermediate result after 
that iteration of the process => 
(the relation between n and n-1 ) 


The isosceles-triangle frame, with 
triangle ABC 0 

Triangle ABC,, where the length 
of AC, is D, 

Form AC n from AC n _, by making 
D n arbitrarily larger than D n _,. 

D n > D nA and 

(90° - a n ) < (90° - a n _,). 
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FIGURE 8.2 The application of the Basic Metaphor of Infinity to projective geometry. 
Drawing (a) shows the isosceles triangle ABC U the first member of the BMI sequence. Draw- 
ings (b) and (c) show isosceles triangles ABC 2 and ABC V in which the equal sides get pro- 
gressively longer and the equal angles get closer and closer to 90°. Drawing (d) shows the final 
resultant state of the BMI: ABC where the angles are 90°. The equal sides are infinitely 
long, and they metaphorically "meet" at infinity — namely the unique point C„. 


"The final resultant state" 

(actual infinity "«") 4 

Entailment E: The final 
resultant state ("«>"} is unique => 
and follows every nonfinal state. 


a_ = 90°. D m is infinitely long. Sides 
AC m and BC m are infinitely long, 
parallel, and meet at C m — a point 
"at infinity." 

Entailment E: There is a unique 
AC m (distance DJ that is longer than 
AC a (distance D a ) for all finite a. 


As a result of the BMI, lines L t and L 2 are parallel, meet at infinity, and are sep- 
arated by the length of line segment AB. Since the length AB was left unspeci- 
fied, as was the orientation of the triangle, this result will "fit" all lines parallel 
to I, and L 2 in the plane. Thus, this application of the BMI defines the same sys- 
tem of geometry as the basic axiom of projective geometry — namely, that all 
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parallel lines in the plane meet at infinity. Thus, for each orientation there is an 
infinite family of parallel lines, all meeting "at infinity." Since there is such a 
family of parallel lines for each orientation in the plane, there is a "point at in. 
finity" in every direction. 

Thus, we have seen that there is a special case of BMI that defines the notion 
"point at infinity" in projective geometry, which is a special case of actual in- 
finity as defined by the BMI. We should remind the reader here that this is a cog. 
nitive analysis of the concept "point at infinity" in projective geometry. It is not 
a mathematical analysis, is not meant to be one, and should not be confused 
with one. Our claim is a cognitive claim: The concept "point at infinity" in pro. 
jective geometry is, from a cognitive perspective, a special case of the general 
notion of actual infinity. 

We have at present no experimental evidence to back up this claim. In order 
to show that the claim is a plausible one, we will have to show that a wide va- 
riety of concepts of infinity in mathematics arise as special cases of the BMI. 
Even then, this will not prove empirically that they are; it will, however, make 
the claim highly plausible. 

The significance of this claim is not only that there is a single general cogni- 
tive mechanism underlying all human conceptualizations of infinity in mathe- 
matics, but also that this single mechanism makes use of common elements of 
human cognition — aspect and conceptual metaphor. 

The Point at Infinity in Inversive Geometry 

Inversive geometry also has a concept of a "point at infinity," but it is a concept 
very different from the one found in projective geometry. Inversive geometry is 
defined by a certain transformation on the Cartesian plane. Consider the Carte- 
sian plane described in polar coordinates, in which every point is represented by 
(r, 6) where 6 is an angle and r is the distance from the origin. Consider the trans- 
formation that maps r onto 1/r. This transformation maps the unit circle onto 
itself, the interior of the unit circle onto its exterior, and its exterior onto its in- 
terior. Let us consider what happens to zero under this transformation. 

Consider a ray from zero extending outward indefinitely at some angle 0 (see 
Figure 8.3). As i inside the circle gets closer to 0, 1/r gets further away. Thus, 
1/1,000 is mapped onto 1,000, 1/1,000,000 is mapped onto 1,000,000, and so on. 
As r approaches 0, 1/r approaches °°. What is the point at 0 mapped onto? It is 
tempting to map 0, line by line, into a point at °° on that line. But there would 
be many such points, one for each line. What inversive geometry does is define 
a single "point at infinity" for all lines, and it maps 0, which is unique, onto the 
unique "point at infinity." 
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FIGURE 8.3 Inversive geometry: a 
plane with a circle of radius 1 and 
rays extending from the center of the 
circle. Each ray is a nonnegative 
real-number line, with zero at the 
center of the circle and 1 on the cir- 
cle. There is a function /|x) - 1/x, 
mapping points r on each ray inside 
the circle to corresponding points 
1/r on that ray outside the circle, and 
conversely, with zero mapped to ■». 
Since there is only one zero, there is 
only one "point at infinity," which 
is in all the rays. 


If we are correct that the BMI characterizes actual infinity in all of its many 
forms, then the point at infinity in inversive geometry should also be a special 
case of the BMI. But, as in most cases, the precise formulation takes some care. 
Whereas in projective geometry there is an infinity of points at infinity, in in- 
versive geometry there is only one. This must emerge as an entailment of the 
BMI, given the appropriate parameters: the frame and the iterative process. Here 
is the frame, which fills in the "subject matter" parameter of the BMI. The 
frame is straightforward. 

The Inversive Geometry Frame 

The Cartesian plane, with polar coordinates. 

The one-to-one function f[x) - 1/x, for x on a ray that 
extends from the origin outward. 

This frame picks a special case of the target domain of the BMI. To fill out this 
special case of the BMI, we need to characterize the iterative process. 
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The idea behind the process is simple. Pick a ray and pick a point x, on that ray 
smaller than 1. That point has an inverse, which is greater than 1. Keep picking 
points x a on the same ray, closer and closer to zero. The inverse points l/x 0 get 
further and further from the origin. This is an infinite, unending process. 

We take this process as the iterative process in the BMI. Here are the details: 


The Point at Infinity in Inversive Geometry 


Target Domain 
Iterative Processes 
That Go On and On 


Special Case 
Inversive Geometry 


The beginning state (Oj =» 


State (1) resulting from the 
initial stage of the process ^ 

The process: From a prior 
intermediate state (n-1), => 

produce the next state (nj. 

The intermediate result after 
that iteration of the process =» 
(the relation between n and n-1 ) 

"The final resultant state" 

(actual infinity "«>”) 

Entailment E: The final 
resultant state ("«>") is 
unique and follows every 
nonfinal state. 


The origin, with rays projecting 
outward in every direction, and 
with an arbitrary ray r at 
angle 0 designated 

A point x, on r at an arbitrary 
distance d, < 1 from the origin. 
There is an inverse point x,', at 
a distance 1/d, >1 from the origin. 

Given point x n _, at distance d 0 _, 
horn the origin, find point x n at 
distance d n from the origin, where 
d a is arbitrarily smaller than d n _,. 

There is an inverse point, x n ', at a 
distance l/d n from the origin and 
further from the origin than x^,' is. 

x_ is at the origin; that is, its 
distance from the origin is zero. 
xj is a unique point infinitely far 
from the origin. 

Entailment E: x m is unique and is 
closer to the origin than any other 
point on ray r. There is a unique xj 
that is further from the origin than 
any other point on ray r. 


The BMI then applies to this infinite, unending process and conceptualizes it 
metaphorically as having a unique final resultant state "oo." At this metaphori- 
cal final state, x. is at the origin, and the distance from the origin to xj is infi* 


The Basic Metaphor op Infinity 


173 


nitely long. In inversive geometry, arithmetic is extended to include «asa num- 
ber with respect to division: D m « I /D m = l/~ = 0, and 1/0 = This extension 

of arithmetic says nothing about the addition or subtraction of It is peculiar 
to inversive geometry because of the way this special case of the BMI is defined: 
^11 points must have inverses, including the point at the origin. Where dividing 
by zero is normally not possible, this metaphor extends ordinary division to give 
a metaphorical value to 1/0 and l/<». In inversive geometry, °° does exist as a 
number and has limited specified possibilities for calculation. 

Moreover, since there is only one zero point shared by all rays, and since 
f[x) «= 1/x is a one-to-one mapping that, via this metaphor, maps 0 onto °° and «> 
onto 0, there must therefore be only one °° point shared by all rays. 

What is interesting about this case is that the same general metaphor, the 
BMI, produces a concept of the point at infinity very different from that in the 
case of projective geometry. In projective geometry, there is an infinity of points 
at infinity (for an image, think of the horizon line), while in inversive geometry 
there is only one. Moreover, projective geometry has no implicit associated 
arithmetic, while inversive geometry has an implicit arithmetic (differing from 
normal arithmetic in its treatment of zero and infinity). 

Finally, though we have characterized inversive geometry in terms of a cog- 
nitive mechanism, the BMI, mathematicians of course do not. They simply de- 
fine inversive geometry in normal mathematical terms. Our goal is to show 
how the same concept of infinity is involved in inversive geometry and other 
forms of mathematics, while respecting the differences in the concept of infin- 
ity across branches of mathematics. 

The Infinite Set of Natural Numbers 

Within formal arithmetic, the natural numbers are usually characterized by the 
successor operation: Start with 1. Add 1 to yield a result. Add 1 to the result to 
yield a new result. And so on. This is an unending, infinite process. It yields the 
natural numbers, one at a time. Not the infinite set containing all the natural 
numbers. Just the natural numbers themselves, each of which is finite. Since it 
is incapable of being used in calculation, °° is not a full-fledged member of the 
infinite set of natural numbers. 

Here is the problem of characterizing the set of natural numbers. The set 
must be infinite since it contains all of the infinitely many numbers, but it can- 
not contain °° as a number. 

To get the set of natural numbers, you have to collect up each number as it 
is formed. The set keeps growing without end. To get the entire set of natural 
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numbers — all of them, even though the set never stops growing— you need 
something more. In axiomatic set theory, you add an axiom that simply stipu- 
lates that the set exists. From a cognitive perspective, that set can be con- 
structed conceptually via a version of the Basic Metaphor of Infinity. The BMl 
imposes a metaphorical completion to the unending process of natural-number 
collection. The result is the entire collection, the set of all natural numbers! 

The Set of Ail Natural Numbers 

Target Domain Special Case 

Iterative Processes The Set of 

That Co On and On Natural Numbers 

The natural number frame, with 
a set of existing numbers and a 
successor operation that adds 
1 to the last number and forms 
a new set 

The empty set, the set of natural 
numbers smaller than 1 . 

Given S^,, the set of natural 
numbers smaller than n-1, 
form S n _, u (n-1 } - S n . 

At state n, we have S n , the set of 
natural numbers smaller than n. 

S_, the set of all natural numbers 
smaller than <*> — that is, the set of 
all natural numbers (which does 
not include °° as a number). 

Entailment E: The set of all 
natural numbers is unique and 
includes every natural number 
(no more, no less). 

This special case of the BMI does the same work from a cognitive perspective 
as the axiom of Infinity in set theory; that is, it ensures the existence of an in- 
finite set whose members are all the natural numbers. This is an important 
point. The BMI, as we shall see, is often the conceptual equivalent of some 
axiom that guarantees the existence of some kind of infinite entity |e.g., a least 
upper bound). And just as axioms do, the special cases of the BMI determines 
the right set of inferences required. 


The beginning state (0) => 


State ( 1 ) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), produce => 
the next state (n). 

The intermediate result after 
that iteration of the process => 

(the relation between n and n-1) 

“The final resultant state" => 

(actual infinity "«") 

Entailment E: The final resultant 
state ("oo") is unique and follows => 
every nonfinal state. 
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This example teaches us something to be borne in mind throughout the re- 
mainder of this book. The meaning of "all" or "entire" is far from obvious when 
they are predicated of infinite sets. In general, the meaning of "all" involves 
completeness. One of the first uses of "all" learned in English is the child's use 
of "all gone" to indicate the completion of a process of consumption, removal, 
or destruction. All twelve of the paintings were stolen indicates completeness 
of the theft — the entire collection was stolen. But in the case of infinity, there 
is no such thing as the literal completeness of an infinite process. The BMI is 
necessary in some form — implicit or explicit — to characterize any "all" that 
ranges over an infinite process. Wherever there is infinite totality, the BMI is in 
use. 

This BMI analysis shows us exactly how the same notion of infinity used to 
comprehend points at infinity can also be used to conceptualize the infinite set 
of natural numbers. In this case, we can see a somewhat different version of the 
concept of infinity. Points at infinity give us a concept of an infinite extremity. 
But the set of natural numbers is not an infinite extremity; rather, it is an infi- 
nite totality. Totalities always involve sets. Extremities only involve linear 
orderings. 


Mathematical Induction 

The process of mathematical induction is crucial in mathematical proofs. It 
works as follows: Prove that 

1. The statement S is true for 1; 

2. If the statement S is true for n-1, then it is true for n. 

Literally, all this does is provide an unending, infinitely unfolding sequence 
of natural numbers for which the statement 5 is true. It does not prove that the 
statement is true for all natural numbers. Something is needed to go from the 
unending sequence of individual natural numbers, for which S is a single gen- 
eral truth, to all natural numbers. 

In axiomatic arithmetic, there is a special axiom of Mathematical Induction 
needed to bridge the gap between the unending sequence of specific truths for 
each number, one at a time, and the single generalization to the infinite total- 
ity of all natural numbers. The axiom simply postulates that if (1) and (2) are 
proved, then the statement is true for every member of the set of all natural 
numbers. 

The axiom of Mathematical Induction is the equivalent of the Basic Metaphor 
of Infinity applied to the subject matter of inductive proof. To see why, we can 
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conceptualize the content of the axiom in terms of the BMI. Note that this in- 
stance of the BMI involves an infinite totality — the infinite set of all finite natu- 
ral numbers— not an infinite extremity such as the "number" <*>. In this version of 
the BMI, a set is built up of all the finite natural numbers that the given statement 
is true of. At the final resultant state, there is an infinite set of finite numbers. 

The BMI for Mathematical Induction 

Target Domain Special Case 

Iterative Processes _ , _ 

_ _ _ ^ Mathematical Induction 

That Go On and On 


The beginning state (0) =» 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), => 

produce the next state (n). 

The intermediate result after 
that iteration of the process => 

(the relation between n and n-1). 

"The final resultant state" 

(actual infinity “«") 

Entailment E: The final resultant 
state ("«>") is unique and follows => 
every nonfinal state. 


A statement S(x), where x varies 
over the set of natural numbers 
S(l) is true for the members of (1| — 
the set containing the number 1. 

Given the truth of S(n-l) for the 
members of the set (1, . . . , n-1), 
establish the truth of S(n) for the 
members of (1, ... , n). 

S(n) is true for the members of 
the set (1, ... , n). 

S(<») is true for the members of the 
set of all natural numbers. 

Entailment £: The set of natural 
numbers for which S(~) is true is 
unique and includes all finite 
natural numbers. 


Thus, mathematical induction can also be seen as a special case of the BMI. 


Generative Closure 

The idea of generative closure for operations that generate infinite sets also 
makes implicit use of the BMI. For example, suppose we start with the set con- 
taining the integer 1 and the operation of addition. By adding 1 to itself at the 
first stage, we get 2, which is not in the original set. That means that the origi- 
nal set was not "closed" under the operation of addition. To move toward clo- 
sure, we can then extend that set to include 2. At the next stage, we perform the 
binary operation of addition on 1 and 2, and on 2 and 2, to get new elements 3 
and 4. We then extend the previous set by including 3 and 4. And so on. This 
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defines an infinite sequence of set extensions. If we apply the BMI, we get "clo- 
sure" under addition — the set of all resulting extensions. 

This will work starting with any finite set of elements and any finite num- 
ber of binary operations on those elements. At least in this simple case, the 
concept of closure can be seen as a special case of the BMI. We can also see 
from this case how to state the general case of closure in terms of the BMI. 
We let C 0 be any set of elements and O be any finite set of operations, each 
applying to some element or pair of elements in C 0 . Here is the iterative 
process: 

• At stage 1, apply every operation once in every way it can apply to the 
elements of C 0 . Collect the results in a set S 0 and form the union of S 0 
with C 0 to yield C,. 

• At stage 2, apply every operation once in every way it can apply to the 
elements of C,. Collect the results in a set S, and form the union of S, 
with C, to yield C 2 . 

• And so on. 

If this process fails to yield new elements at any stage— that is, if C n l - C — 
then the closure is finite and the process stops. Otherwise it goes on. Note that 
for each n, C n contains as a subset all of the C v for i < n. 

Letting this be the iterative process, we can characterize infinite closure 
using the Basic Metaphor of Infinity in the following way. At <», C m contains 
every C n , for n < 00 . That is, it contains every finite combination of operations. 


The BMI for Generative Closure 


Target Domain 
Iterative Processes 
That Go On and On 


Special Case 
Generative Closure 


The beginning state (0) => 


State (1) resulting from the 
initial stage of the process 


The process: From a prior 
intermediate state (n— 1 ), => 

produce the next state (n). 


A finite set of elements C 0 and a 
finite collection O of binary 
operations on those elements 

C, - The union of C 0 and the set S 0 
of elements resulting from a single 
application of each operator in O 
to each pair of elements of C 0 

Given Cn-V form j, the set of 
elements resulting from a single 
application of each operator in 
O to each pair of elements of 

C n-1* C n = C_i U S^j. 
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The intermediate result 
after that iteration of 
the process (the relation 
between n and n~l). 


At state n, we have C n - the union 
of C 0 and the union of all S k , for 
k < n. If C n _! *= C n , then the closure 
is finite and the process ends. 
Otherwise it continues. 


"The final resultant state" 
(actual infinity “<*>"} 

Entailment E: The final 
resultant state (“«>”) is 
unique and follows every 
no nfinal state. 


C. = the infinite closure of C 0 and its 
extensions under the operations in O. 

Entailment £.* C„is unique and 
includes all possible finite iterations 
of applications of the operations in 
O to the elements of C 0 and 
elements resulting from those 
operations. 


Notice that although the closure is infinite, there are no infinite sequences of 
operations. Each sequence of operations is finite, but there is no bound to their 
length. 


“All” 

It is commonplace in formal logic to use the symbol for the universal quantifier 
"V" in statements or axioms concerning such entities as the set of all natural 
numbers. This symbol is just a symbol and requires an interpretation to be 
meaningful. In formal logic, interpretations of such quantifiers are given in two 
ways: (1) via a metalanguage and (2) via a mapping onto a mathematical struc- 
ture — for instance, the generative closure produced from the set {1} under the 
operation "+", written "Closure [{lj, +]". 

1) "(Vx: xe N] Integer (x)" is true if and only if x is an integer for all mem- 
bers of the set of natural numbers, N. 

2) "(Vx: xeN] Integer (x)" is true if and only if x is a member of Closure 

HI}, +1. 

In statement (I) above, the word "all" occurs in the metalanguage expression 
on the right of "if and only if." In statement (2), the closure of (1) and its exten- 
sions under the operation of addition occurs on the right of "if and only if." 

Now, in statement (1), the symbol V is defined in terms of a prior under- 
standing of the word "all." From a cognitive point of view, this just begs the 
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question of what V means, since it requires a cognitive account of what "all" 
means when applied to infinite sets. Cognitively, "all" is understood in terms 
of a linear scale of inclusion, with "none" at one endpoint, "all" at the other, 
an d values like "some," "most," and "almost all" in between. To give a 
cognitive account of the meaning of "all" applied to an infinite set, we need 
both the scale of inclusion and a cognitive account of infinite sets, which is 
given by the BMI. 

Statement (2) is an attempt to characterize the meaning of V for a given infi- 
nite set without using the word "all" and instead using the concept of genera- 
tive closure. From a cognitive perspective, this requires a cognitive account of 
the meaning of generative closure for infinite sets, which we have just given in 
terms of the BMI. 

The moral is that, in either case, one version of the BMI or another is needed 
to give a cognitive characterization of the meaning of V when it is applied to in- 
finite sets. The use of the symbol V in symbolic logic does not get us out of the 
problem of giving a cognitive characterization of infinite sets. As far as we can 
tell, the BMI does suffice in all cases, as we shall see in the chapters to come. 

Up to this point, we have shown six diverse mathematical uses of actual in- 
finity which can each be conceptualized as a special case of the Basic Metaphor 
of Infinity. Each case involves either infinite extremity (points at infinity and 
the number «) or infinite totality (the set of natural numbers and mathematical 
induction). 


The Basic Conclusions 

By comparing the special cases, one can see precisely how a wide variety of su- 
perficially different mathematical concepts have a similar structure from a cog- 
nitive perspective. Since much of mathematics is concerned with comparisons 
of kinds of mathematical structures, this sort of analysis falls within the tradi- 
tion of structural comparison in mathematics. These analyses can be seen as 
being very much in the tradition of algebra or category theory, in that they seek 
to reveal deep similarities in cases that superficially look dissimilar. 

The difference, of course, is that we are discussing conceptual structure from 
a cognitive perspective, taking into account cognitive constraints, rather than 
from a purely mathematical point of view, which has no cognitive constraints 
whatsoever. That is, mathematicians are under no obligation to try to under- 
stand how mathematical understanding is embodied and how it makes use of 
normal cognitive mechanisms, like image schemas, aspectual structure, con- 
ceptual metaphors, and so on. 
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We are hypothesizing that the analyses given above are correct from a cogni- 
tive perspective. This hypothesis is testable, at least in principle. (See Gibbs, 
1994, for an overview of literature for testing claims about metaphorical 
thought.) The hypothesis involves certain subhypotheses. 

• The BMI is part of our unconscious conceptual system. You are gener- 
ally not aware of conceptual mechanisms while you are using them. 
This should also hold true of the BMI. It is correspondingly not claimed 
that the use of the BMI is conscious. 

• The concept of actual infinity, as characterized by the BMI, makes use 
of a metaphor based on the concept of aspect — imperfective aspect (in 
ongoing events) and perfective aspect (in completive events). 

• As with any cognitive model, it is hypothesized that the entailments of 
the model are true of human cognition. 

What we have provided in this chapter is a mathematical idea analysis of var- 
ious concepts of infinity. Mathematics itself does not characterize what is com- 
mon among them. The common mathematical notion for infinity—". . . as in 
the sequence "1 + 1/2 +1/4 + . . . " — does not even distinguish between poten- 
tial and actual infinity. If it is potential infinity, the sum only gives an endless 
sequence of partial sums always less than 2; if it is actual infinity, the sum is 
exactly 2. Our idea analysis in terms of the BMI makes explicit what is implicit. 

In addition, our mathematical idea analysis provides a clear and explicit an- 
swer to the question of how finite embodied beings can have a concept of in- 
finity— namely, via conceptual metaphor, specifically the BMI! And it shows 
the relationships among the various ideas of infinity found in mathematics. 
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I t rs no surprise that the concept of infinity is central to the con- 
cepts of real numbers and limits. The idea of a limit arose in response to the 
fact that there are infinite series whose sums are finite. Real numbers are fun- 
damentally conceptualized using the concept of infinity: in terms of infinite 
decimals, infinite sums, infinite sequences, and infinite intersections. Since we 
are hypothesizing that there is a single general concept of actual infinity char- 
acterized via the BMI, we will be arguing that the conceptualization of the real 
numbers inherently uses the BMI. 

There is no small irony here. The real numbers are taken as "real." Yet no 
one has ever seen a real number. The physical world, limited at the quantum 
level to sizes no smaller than the Planck length, has nothing as fine-grained as 
a real number. Computers, which do most of the mathematical calculations in 
the world, can use only "floating-point numbers" (see Chapter 15), which are 
limited in information to a small number of bits, usually 32. No computers 
use — or could use — real numbers in their infinite detail. 

We will be hypothesizing that the real numbers, which require the concept of 
infinity, are conceptualized using the Basic Metaphor of Infinity. The irony is 
that what are called "real" numbers are fundamentally metaphorical in their 
conceptualization. This has important consequences for an understanding of 
what mathematics is (see Chapters 15 and 16). For now, we will simply show 
how the BMI can conceptualize the mathematical ideas required to characterize 
the real numbers: infinite decimals, infinite polynomials, limits of infinite se- 
quences, least upper bounds, and infinite intersections of intervals. We will put 
off discussing Dedekind cuts until Chapter 13, where we will argue that they, 
too, are instances of the BMI. 
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Numerals for the Natural Numbers 

In building up to the infinite decimals, we have to start with the numerals fo r 
the natural numbers in decimal notation — that is, using the digits 0, 1 , . . . , 9 
To get the set of all numerals for natural numbers, just stringing digits one after 
another without end is not enough. That will give us a perpetually growing 
class (a potential infinity) but not all the numerals for all the natural numbers 
(an actual infinity). To get the infinite set with all the numerals, we need to use 
a special case of the BMI. 

Here's how the BMI process works to build up an infinity of indefinitely long 
finite decimal representations for the infinite set of indefinitely large finite nat- 
ural numbers. We will start at the beginning state with N v the empty set. In the 
first stage of the process, we will add the one-place decimal representations to 
form the set N 2 = (1, . . . , 9). In the second stage, we will form N y the set of 
2-place strings of numerals from the members of N 2 as follows: If s is a member 
of N v it is a member of N y Also, s followed by one of the numerals 0, 1, . . . , 9 
is also a member of N y Thus, for example, let s be 5. Then the strings of digits 
50, 51, . . . , 59 are all members of N y In this way, we get N 3 - (1, . . . , 9, 10, II, 
. . . , 99), the set of all one- or two-place numerals. We then generalize this 
process and use it as the iterative process in the BMI, as follows: 

Numerals for Natural Numbers 

Target Domain Special Case 

Iterative Processes The Infinite Set of Numerals 

That Go On and On for the Natural Numbers 


The beginning state ( 1 ) => 

State (2) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), => 

produce the next state (n). 


The intermediate result after 
that iteration of the process 

"The final resultant state” 
(actual Infinity “•»") 


N,: The empty set 

The set of numerals N 2 » {1, . . . , 9} 

Let . be the set of numerals 
whose number of digits is less than 
n-i. Let s be a string of digits in N^. 

The members of N n take one of 
the following forms: s, or sO, 
or si, ... , or s9. 

The set of numerals N n , each 
member of which has less than 
n digits 

Nj the set containing all the 
numerals for all the natural numbers 
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Entailment E: The final resultant Entailment E: N_ is unique and 
state ("00") is unique and => contains all the numerals for the 

follows every nonfinal state. natural numbers. 

At each stage n, we get all the numerals with less than n digits. At the "final 
state," where n is the metaphorical "number" «>, we get the infinite totality of 
all the finitely long numerals whose number of digits is less than ~ — namely, 
all the finitely long numerals. 

Although our cognitive model of this use of the BMI is complicated, what it 
describes is something we all find quite simple. This is normal with cognitive 
models, whose job is to characterize every minute detail of what we understand 
intuitively as "simple." 


Infinite Decimals 

Consider n - 3.14159265 n is a precise number characterized by an infi- 

nitely long string of particular digits to the right of the decimal point. This is 
not just a sequence that gets longer and longer but an infinitely long fixed se- 
quence— a thing. It is a particular infinite sequence, not an ongoing process. 
This is a case of actual infinity, not potential infinity. 

The same is true of any infinite decimal: 

147963.674039839275. . . . 

Though we cannot write it down, the ". . . " is taken as representing a fixed in- 
finitely long sequence of particular digits, again a case of actual infinity. 

Thus, each infinite decimal can be seen as composed of two parts: 

a. A finite sequence of digits to the left of the decimal point, which is a 
numeral indicating a natural number. 

b. An infinitely long sequence of digits to the right of the decimal point, 
indicating a real number between zero and one. 

We have already shown how the BMI characterizes (a). We now need to show 
how a further use of a special case of the BMI characterizes (a) with fb) added to 
the right. 

We start out with the numerals for the natural numbers — those to the left of 
the decimal point. That is the set N_ which was characterized in the previous 
section. 
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Infinite Decimals 

Target Domain Special Case 

Iterative Processes Numerals for 

That Go On and On Real Numbers 


The beginning state (0) => 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), 
produce the next state (nj. 

The intermediate result after 
that iteration of the process 

"The final resultant state” 

(actual infinity "°°”) 

Entailment E: The final 
resultant state (“<»”) is 
unique and follows every ^ 
nonfinal state. 


R 0 : the set consisting of members 
of N", each followed by a 
decimal point 

i?,: For each string of digits s in R^ 
sO, si, s2, ... ,s9 is in R v 

The members of R n are of one of the 
following forms: either sO, or si, ... f 
or s9, where the string of 
digits s is a member of K n _ r 

R : the set of numerals whose 

n 

members have n digits after the 
decimal point 

Rj. the infinite set of numerals 
whose members have an infinite 
number of digits after the 
decimal point 

Entailment E: R_ is unique and its 
members all have more digits after 
the decimal point than any 
members of any other R n . 


Given the numerals for the natural numbers at the beginning, we get the re- 
sultant set R, by adding one digit (either 0, 1, . . . , or 9) after the decimal point 
From this, we get the next set R 2 by the specified process — namely, adding an- 
other digit to the members of R r This gives us the numbers to two decimal places 
by the end of state 2. By the end of state n, we have the set of all the numbers to 
n decimal places. The final state given by the BMI is a metaphorical <»* resultant 
state in which the number of digits after the decimal point is infinite. The result 
of this special case of the BMI is the set of all infinite decimals. 

This special case of the BMI creates two kinds of infinities at once: an infi- 
nite totality (the set consisting of the infinity of infinitely long decimals), and 
within each set, each member is an infinite extremity (a single numeral of infi- 
nite length). 

Note, incidentally, that the number 4 in this notation is represented by the 
infinite decimal 4.0000. . . . Thus, all numerals characterized by this version of 
the BMI are infinite decimals, even numerals for natural numbers like 4. 



real Numbers and Limits 


185 


These are the numerals for all the real numbers. They are not the real numbers 
themselves but only names for them. Moreover, we have not yet specified how to 
associate each name with a corresponding real number. This is a nontrivial job, 
since each name is infinitely long and there is an uncountable infinity of real 
numbers. The way this is accomplished by mathematicians is to associate each of 
these names with a unique infinite polynomial and to represent each real number 
as a unique infinite polynomial. This, too, requires a use of the BMI. 


Infinite Polynomials 

A polynomial is a sum — a sum of products of a certain form. A simple polyno- 
mial is: (4 • 10 3 ) + (7 • 10 2 ) + (2 • 10 1 ) + (9 • 10°). This polynomial corresponds to 
the natural number written in decimal notation as 4,729. Such simple polyno- 
mials are said to have a "base" 10, since they are sums of multiples of powers 
of 10. The preceding polynomial has the form: 

(^.lOai + lfljlOil + lflj lOM + lflo.lOO), 

where a 3 = 4, a 2 - 7, a, - 2, and a 0 = 9. Polynomials are numbers; decimals are 
numerals — names for polynomials. 83.76 is the numeral naming the polyno- 
mial: (8 • 10») + (3 . 100] + (7 . 10-1] + ( 6 . 10-*). 

In general, a polynomial has the form: 

fl n *10 n + . . . + a 0 -10°+ a^lO -1 + a_ 2 -l0~ 2 + . . . + a_ k - 10-*, 

where n is a non-negative integer and A: is a natural number and a n and a_ k are 
integers between 0 and 9. For example, in 459.6702, a 2 - 4 and a_ 4 -2. 

Since we have already shown how the infinite decimals can be characterized 
using special cases of the BMI, we can now map the infinite decimals concep- 
tualized in this way onto corresponding infinite polynomials. Each infinite dec- 
imal has the form: 


• fl_j • • • • • • 

It corresponds to an infinite polynomial: 

a B l0 n + . . . + fl o -10° + fl^-lO- 1 + . . . + a_ k -10-* + . . . 

In other words, there is a symbolic map characterizing the one-to-one rela- 
tionship between infinite decimals and infinite polynomials. 
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How Numerals Symbolize Polynomials 

Conceptual Domain Symbolic Domain 

Infinite Polynomials Infinite Decimals 


a D - 10 B + . . . + fl o 10° + fl.j-lO" 1 + . . . 

+ a_ k 10-* + . . . ** 


-i 


u -k 


By virtue of this one-to-one mapping, the BMI structure of infinite decimals is 
mapped onto infinite polynomials. 

Infinite polynomials are real numbers. Indeed, one of the definitions of real 
numbers is that they are infinite polynomials. The relationship between real 
numbers and infinite polynomials will become clearer as we proceed. 

The irony should not be lost in the details: It takes a metaphor — the BMI-— to 
conceptualize the "real" numbers. 


Limits of Infinite Sequences 

An infinite sequence of real numbers is commonly conceptualized as a function 
from the natural numbers to the real numbers. The natural numbers constitute 
an infinite set conceptualized via the BMI. Thus, the BMI is used implicitly in 
conceptualizing an infinite sequence. Each infinite sequence is usually concep- 
tualized as an infinite set of ordered pairs (i, r,), where the T s are the members 
of the set of natural numbers and each appears exactly once in the first place of 
some pair, while the second place in each pair is a real number. The use of the 
BMI in characterizing what is infinite about an infinite sequence is therefore 
straightforward: It is like the use of the BMI to characterize the infinite set of 
natural numbers, since there is one term of a sequence for each natural number. 

The notion of a limit of an infinite sequence is more complex. A limit is a real 
number that the values of the sequence "get infinitely close to" as the number of 
terms increases "to infinity." We normally conceptualize the "convergence" of an 
infinite sequence to a limit by means of the concept of "approaching": The se- 
quence "approaches" the limit as the number of terms "approaches infinity." 
That is, the value of x a gets progressively closer to L (for limit) as n gets progres- 
sively "closer to infinity." 

Lurking in the background here is the spatial metaphor that numbers are 
points on a line. Metaphorically, the limit is a fixed point L on the number line. 
As the number of terms n gets progressively "closer to infinity," the values x„ 
of the sequence get progressively closer to point L. As "n approaches <»," the se- 
quence comes "infinitely close to" L. It is this conception of the limit of a se- 
quence that we shall attempt to characterize via the BMI. The difficulty will be 
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to show just what it means for natural numbers to "approach infinity" and for 
the terms of the sequence to come "infinitely close" to the limit. 

The metaphors involved here are fairly obvious. Nothing is literally moving 
or "approaching" anything. The value of each term of a sequence is fixed; since 
the values don't change, the terms can't literally "approach." And infinity is not 
something you can literally get "close to." 

There are three reasons for undertaking this task. First, we want to show ex- 
actly how the BMI enters into the notion of a limit. Second, we want to show 
how limits are usually conceptualized. And third, we want to show that there 
is a precise arithmetic way to characterize limits using the BMI. 

Before we begin, however, we should contrast the concept of a limit as we 
will describe it with the formal definition usually used. The formal definition 
of a limit of a sequence does not capture the idea of "approaching" a limit. Here 
is the formal definition. 

The sequence {xj has L as a limit if, for each positive number e, there is a 
positive integer n Q with the property that lx n - L\ < e for all n £ n 0 . 

This is simply a static condition using the quantifiers "for each" and "there 
is." This static condition happens to cover the case where {x n } "approaches L" 
as n "approaches infinity." It also happens to cover all sorts of other irrelevant 
cases where there are combinations of epsilons that have nothing to do with 
"approaching" anything. 

Since such irrelevant cases are usually not discussed in textbooks, it is worth- 
while for our purposes to give an example here. Consider the sequence: 
(xj = . The terms are: 1/2, 2/3, 3/4, 4/5, The limit is 1. In the formal def- 

inition, epsilon ranges over all positive numbers. Take the positive number 43. 
No matter what n 0 one picks, the condition will be met. For example, let n = 999. 
Then lx n - L\ * 1999/1000 - 1 1 - 0.001 . This is certainly less than 43. So what? This 
choice of values is irrelevant to the question of whether the sequence converges 
to a limit. Our normal, everyday understanding of converging to a limit has a con- 
cept of a limit in which such irrelevant values don't occur. The point is not that 
the irrelevant values are mathematically harmful; they aren't. The definition 
works perfectly well from a mathematical perspective. And the fact that irrele- 
vant cases fit the definition does not matter from a mathematical perspective. 

But it does matter from a cognitive perspective. We normally conceptualize 
limits using an idea of a limit without such irrelevant cases. We hypothesize 
that a special case of the BMI is used, and that it can be formulated precisely. 

Our formulation uses the idea of the "process" in the BMI to characterize the 
process of "approaching" in the prototypical case. The process is one of getting 
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"progressively closer/' so that at each stage n the "distance" between the limit L 
and x n becomes smaller. "Distance" in the geometric metaphor Numbers Are 
Points on a Line (see Chapter 12) is characterized metaphorically in terms of arith- 
metic difference: the absolute value lx n - LI, which must become smaller as n be- 
comes larger. That "distance" should "approach zero" as n "approaches infinity." 

This is achieved using the BMI in the following way. 

• The concept "n gets progressively larger" is characterized by making 
the iterative process in the BMI the addition of 1 to n, which is the way 
we understand "n getting progressively larger" in a sequence. 

• The concept "n approaches infinity" is characterized via the BMI, 
which creates a metaphorical final, ‘*> xh resultant state of the process. 

• The concept "approach" implicitly uses the metaphor Numbers Are 
Points on a Line, where the distance between points is metaphorically 
the difference between numbers. The magnitude of metaphorical "dis- 
tance" between a term of the sequence x B and the limit L is thus a pos- 
itive real number r n specifying the difference lx n - LI. 

• To go into greater detail, the "distance" between x B and the limit L is 
the interval on the number line between x n and L. According to the 
metaphor A Line Is a Set of Points, that interval is metaphorically a set 
of points. Since each such "point" is metaphorically a real number, the 
set of such points is, again metaphorically, the set R n of real numbers r 
greater than zero and less than lx n - Ll. 

• The "approach" is characterized by specifying the iterative process in the 
BMI to be the process by which the remaining metaphorical distance to 
the limit — the arithmetical difference lx n - LI— gets smaller, and hence the 
set R n excludes more and more real numbers. In other words, R n cr R^. 

• As the process continues, more and more terms of the sequence are 
generated. We collect them step by step in sets, so that at stage n we 
have set S n , which contains the first n terms of the sequence. Thus, the 
set formed at step n contains all the terms of the sequence generated 
so far. 

• By the final stage of the BMI, the ^ stage, all of the terms of the se- 
quence have been generated and collected in the set S„. Moreover, all 
the sets R a of real numbers r, such that 0 < r < lx n - LI, have been gen- 
erated. As x 0 gets progressively closer to L, the set R n comes to exclude 
more and more real numbers, until, at the °°th stage of the process, R m 
is completely empty. That is, x n has gotten so close to L that there is no 
positive real number r such that for every finite n, 0 < t < lx a - Ll. 
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FIGURE 9.1 Here is how the Basic Meta- 
phor of Infinity characterizes the idea of a 
sequence approaching a limit. The sequence 
here is (x fl } = n/(n + 1). The limit is 1. In the 
special case of the BMI, two sets are formed 
at each stage. The S n 's progressively gather 
the terms of the sequence as they are gener- 
ated. The corresponding sets R a characterize 
the real numbers between 0 and 1 - x n — the 
portion of the real line (which remains at 
the nth stage) between the nth term of the 
sequence and the limit. At the final result- 
ant state, 5_ contains all the members of the 
sequence and R„ is empty. This will be true 
only for the number that is the limit— 
namely, 1. Note that, in this case, the limit 
does not occur in the sequence. 
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• This is what is implicitly meant when we say that the infinite sequence x n 
"approaches L as a limit." Note, incidentally, that L can be entirely outside 
the sequence and still have terms of the sequence infinitely dose to it. 

Here is what this looks like as a special case of the BMI. First we character- 
ize the "Sequence and Limit frame," and then we use it in the special case of 
the BMI (see Figure 9.1). Note that n is used to name the stages of the BMI and 
also to name the indexes of the terms of the sequence (xj. 

The Sequence and Limit Frame (Prototypical Version) 

A statement defining a sequence (x n ). 

A set S n containing the first n terms of (x n ). 

A finite number L. 

A set R„ of real numbers r such that 0 < r < lx„ - Ll. 

a n 
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The BMI for Infinite Sequences (Prototypical Version) 

Target Domain Special Case 

Iterative Processes Infinite Sequences 

That Go On and On with a Limit L 


The beginning state (0) =» 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), => 

produce the next state (n). 


The intermediate result after 
that iteration of the process 

"The final resultant state" 
(actual infinity "«>") 


Entailment E: The final 
resultant state ("<»") is unique =* 
and follows every nonfinal state. 


The Sequence and Limit frame 

Sj = the set containing the first 
term of the sequence 

From S n l containing the first n-1 
terms of the sequence, form S n 
containing the first n terms 
of the sequence. 

The set S n . 

The set R n containing 
all positive real numbers r 
such that 0 < / < lx n - Ll. 

R n cR n 

The set S m containing all the 
terms of the sequence 

There is no positive real 
number r such that 0 < r < lx, - II 
for all x,. in S m . Hence, R_= 0. 

L is the limit of the sequence. 

Entailment E: L is the unique limit 
of the sequence. 


To clarify this further, here are all the stages and the sets S n at each stage. 


Stage fl - l 

Stage fl - 2 

Stage a - 3 

Stages 

Stage n»» 

s, 


s 3 

s„ 

S_ 

The set 

The set 

The set 

The set 

The set 

consisting of 

consisting of 

consisting of 

consisting of 

consisting of 

the first term of 

the first two 

the first three 

the first n 

all the terms of 

the sequence 

terms of the 

terms of the 

terms of the 

the sequence 

I*.): 

sequence {x n |: 

sequence (x 0 |: 

sequence (x„): 

W : 

l*il 

l*i, *il 

(X,, Xj, Xj| 

|x„ Xj, . . . , xj 

(x,, x 2 , . . . ) 
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A similar table could be built for the R n 's. The bottom row of such a table would 
show sets that exclude more and more elements. The set in the lower right cell 
of such a table would be the empty set. 

Let us look again at our example of how this works. 

• Consider the sequence {x n } = n n + t . 

• The terms are: x,= 1/2, x 2 - 2/3, x 3 « 3/4, x 4 - 4/5, 

• The set S, = {1/2}, S 2 = {1/2, 2/3), S 3 = {1/2, 2/3, 3/4}, S 4 = {1/2, 2/3, 3/4, 

4/5 b ... 

• The limit L - 1. 

• The set /?, = {r: 0 < 1 < 1/2}. R 2 = {r 0 < 1 < 1/3}. jR 3 = {r 0 < 1 < 1/4}. /? 4 
- {r: 0 < r < 1/5}. 

As n gets larger, the sets S n come to have progressively more terms that get 
closer and closer to 1. The sets R a come to exclude more and more positive real 
numbers. At stage n - «, S„ contains all of the infinite number of terms of the 
sequence {xj = n ^ - y It does not contain the number 1. At stage n = <*>, there is 
no positive real number r such that r < - 1 1 for every finite n. Thus, the 

set R„ is empty. In this special case of the BMI, this is what it means for the 
infinite sequence to "approach" 1 as a limit as n "approaches «»." 

Notice that there are no epsilons and no quantifier statement "For every num- 
ber epsilon there is an integer n 0 ." The irrelevant cases are not here at all. If we 
put this special case of the BMI together with the Numbers Are Points on a Line 
metaphor and Talmy's Active-motion schema (see Chapter 2), we get the 
metaphor of "approaching" a limit as "n approaches infinity." 

The values of the sequence are metaphorically conceptualized as locations 
along a line. Visualizing the process via these metaphors, there are two coordi- 
nated trajectors in motion: As the first moves from integer to integer starting 
with 1, the second moves correspondingly from point-location to point-location 
on the number line, starting with 1/2. As the first trajector moves from 1 to 2, 
the second moves from 1/2 to 2/3. Via the BMI, <» is the endpoint of the line, the 
final point-location that the first trajector can metaphorically "approach" infi- 
nitely close to. When the first trajector "reaches infinity," the second trajector 
"approaches the limit"; that is, it gets to a sequence of point-locations infinitely 
close to the limit, so close that there is no positive real number that can meas- 
ure any distance between such point-locations and the limit. 

This is how the prototypical idea of "approaching a limit as n approaches in- 
finity" can be precisely conceptualized via the BMI and other conceptual 
metaphors. 
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The General Notion of a Limit Using the BM1 

So far we have analyzed the prototypical version of a sequence that approa ch e s 
a limit — namely, the case in which a sequence converges directly toward the 
limit. But many sequences converge indirectly — winding around and going back 
and forth as they ultimately converge to a limit. Because such cases exist, we 
will have to construct a fully general version of the BMI for convergent se- 
quences. 

To get an idea of the problem, let us consider what we will call "teaser se- 
quences." Here is an example: 

3/6, 4/6, 5/6, 9/12, 10/12, 11/12, 15/18, 16/18, 17/18, 21/24, . . . 

The sequence grows from 3/6, to 5/6, then drops back to 9/12, which is be- 
tween 4/6 and 5/6 in size. Then it grows again to 11/12, which is more than 5/6. 
Then it drops back again — not all the way to 9/12, but only to 15/18, which is 
equivalent to 5/6 in size. Then it grows to 17/18, which is more than 11/12. 
Then it drops back to 21/24, which is between 15/18 and 16/18 in size. Then it 
grows again and repeats the pattern (see Figure 9.2). 

From the figure we can see that the teaser elements — those that drop back in 

size — are 9/12, 15/18, 21/24, The endpoints of each subsequence are 5/6, 

11/12, 17/18, 23/24, The teaser sequence has two important properties: 

1. The teaser elements form a directly convergent sequence. 

2. Each teaser element is smaller than all the elements of the sequence 
that follow it. 

From these properties it follows that the sequence as a whole converges. 

How can we reformulate the special case of the BMI for limits of sequences 
to accommodate all such cases of indirect convergence? To answer this ques- 
tion, we have to see where the limitations arise in our previous formulation. 

In the case of directly convergent sequences, the n in the definition of the se- 
quence (x n ) corresponds to the n characterizing the stages of the BMI. This does 
not work for teaser sequences. To generalize the notion of the limit, we need to 
distinguish between the positive integers characterizing the stages of the BMI 
and the positive integers indexing the elements of the sequence. We will con- 
tinue to use the variable n for the integers characterizing the stages of the BMI, 
but we shall use the variable m for the positive integers characterizing the 
teaser sequence, which we will now call (x m ). The following table illustrates the 
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FIGURE 9.2 The diagram shows a "teaser sequence"— a sequence 
that converges indirectly towards a limit. It moves forward from 
3/6 to 4/6 to 5/6, then back to 9/12, which is between 4/6 and 5/6. 
Then it moves forward to 10/12 and to 1 1/12. Then it moves back 
again to 15/18 (which is equal to 10/12], then forward to 16/18 and 
to 17/18 (more than 1 1/12). Then back to 21/24 (more than 15/18, 
but less than 16/18] and forward to 22/24 and to 23/24 (more than 
17/18). And so on. The sequence, endlessly moving back and forth, 
ultimately converges to the limit 1. 





kind of relationship between n and m that would be needed to handle the con- 
vergence of teaser sequences. 

Convergent Sequence of Teaser Elements 

BMI stage a 

Sequence term m 

Value of the nth term of {xj, the 
sequence of teaser elements of {x^} 

1 

1 

3/6 

2 

4 

9/12 

3 

7 

15/18 

4 

10 

21/24 

5 

13 

27/30 

n 

3n -2 

3(2n - l)/6n 
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We can characterize the relationship between the stage n of the BMI with the 
term m of the sequence [x m ] with a statement. In this case, the statement is 
m = 3n - 2. Thus the second stage of the BMI maps onto the fourth term of the 
sequence, 9/12, which is the second teaser term. The third stage of the BMI 
maps onto the seventh term of the sequence, 15/18, which is the third teaser 
term; and so on. This generates a new sequence, the sequence of teaser terms, 
which we denote as |x t }, for teasers. 

Such statements allow us to adapt the earlier version of the BMI to charac- 
terize the direct convergence of this sequence of teaser terms (x t ). Since the 
teaser elements x ( converge directly and since each is less than all the follow- 
ing elements in the original sequence {x m }, the convergence of the teaser ele- 
ments guarantees the convergence of the sequence {x m } as a whole. What we 
need to do now is characterize convergence for {x t |, the sequence of teaser ele- 
ments. To do so, we need to look at the differences between the limit and each 
teaser element. 

Given that the limit L is equal to 1 in this case, we can form the sequence of 
differences between the limit and each of the teaser terms: 1 - 3/6 - 3/6, 1 - 9/12 
- 3/12, 1 - 15/18 - 3/18, and so on. This yields the following sequence of dif- 
ferences: 3/6, 3/12, 3/18, We will refer to the tth difference as e f . Thus, 

e, - 3/6, Ej = 3/12, and so on, as we can see in the following table. 

BMI stage n 1 -x t E, 

1 3/6 e, 

2 3/12 Ej 

3 3/18 e 3 

4 3/24 e 4 

5 3/30 e 5 


n 


3/6 n 


Thus, corresponding to each finite stage n of the BMI, there is an e t . As the BMI 
proceeds, a decreasing sequence of epsilons is produced, which characterizes the 
"approach of the sequence to the limit." As n approaches infinity, the epsilons 
approach zero, and the sequence approaches the limit. 

When n - m, we have the prototypical version of approaching limits de- 
scribed earlier. When n£m, the BMI will map (via the statement m =>■ 3n - 2) 
the nth stage onto the teaser elements of (x m ). At the final stage where n = «», all 
the teaser elements have been chosen for every n < ». In other words, the entire 
infinite sequence (x t ) of teaser terms has been chosen from the sequence jx ro } as 
a whole. 
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To state this special case of the BMI, we need to revise the Sequence and Limit 
frame as follows. In describing this frame, we use the phrase "critical elements" 
for those terms of the sequence that must converge in order for the sequence as a 
whole to converge. Teaser elements are thus special cases of critical elements. 


The Sequence and Limit Frame (General Version) 

A statement defining a sequence (x m ), where m is a positive 
integer. 

A statement defining a sequence (x t ) of critical elements, of 

{*J- 

A set S n containing the first n elements of (x t ). 

A finite number L. 

A set R„ of real numbers t such that 0 < r < \L - xl, where x„ 
is the nth term of (x t ). 

A constraint: Let x n be the nth term of (x t ); Let x n ' be the crit- 
ical element in (x ra ) corresponding to the x n ; and let x f be a 
term in {x ra ) with i > ri. I L - x M 'l > I L- x,!. 

The constraint in the frame sets a bound for each teaser element: no subsequent 
term of (x m ) can be further from the limit L than a given critical element. 

The special case of the BMI about to be stated will characterize two infinite 
sequences of sets, the S n ‘ s and the R n ‘ s. As n increases, the S n 's will come to 
contain more and more of the critical elements of the sequence and the R n 's will 
come to contain fewer and fewer real numbers between the nth term of (x t ) and 
the limit. At «, S m will contain all the elements of the sequence (x t ) and R m will 
be empty, which means that there will be no fixed real number that character- 
izes the difference between the limit and the terms of the sequence {x ( }, as n ap- 
proaches «>. The constraint in the frame guarantees that the sequence (x m ) will 
converge to the limit L as n approaches °°. Here is that special case of the BMI. 


The BMI for Infinite Sequences (General Version) 

Target Domain Special Case 

Iterative Processes Infinite Sequences 

That Go On and On with a Limit L 


The beginning state (0) ^ 

State (1) resulting from the 
initial stage of the process 


The Sequence and Limit frame 
(general version). 

5, - the set containing the first 
term of the sequence (x t ). 






196 


Where Mathematics Comes From 


The process: From a prior 
intermediate state (n - 1 ), => 

produce the next state (n). 

The intermediate result after 
that iteration of the process 

"The final resultant state" 

(actual infinity "«>") => 


Entailment E: The final 
resultant state ("°°”) is 
unique and follows every 
nonfinal state. 


From S n l containing the first n - l 
terms of the sequence {x t }, form S n 
containing the first n terms of 
the sequence {x t }. 

The set S n . 

The set jR n containing all positive 
real numbers r such that 
0<r< lx n -II.R n c«^,. 

The set S„ contains all the terms 
of the sequence (x t ). There is no 
positive real number r such that 
0 < t < lx a - LI for all x a in S... 
Hence, R m *®.L is the limit of the 
sequence (xj of critical elements of 
{x m }. L is also the limit of the entire 
sequence (xj. 

Entailment E: L is the unique limit 
of the sequences (xj and (x^). 


To clarify this further, here are all the stages and the sets S B at each stage of 
the BMI for the sequence of teaser elements given earlier. 


BMI stage n » I 

BMI stage o » 2 

BMI stage a = 3 

BMI stage a 

BMI stage o>«> 

s* 

$ 2 

^3 



The set consist- 

The set consist- 

The set consist- 

The set consist- 

The set consist- 

ingof the 

ing of the first 

ing of the first 

ing of the first 

ing of all 

first term of 

two terms of 

three terms of 

n terms of 

the terms of 

the sequence 

the sequence 

the sequence 

the sequence 

the sequence 

1**1: 

l*,h 

(*,}: 

|x,|: 

1*,}: 

13/6} 

13/6, 9/12} 

13/6, 9/12, 
15/18) 

13/6 

3|2n-l)/6n} 

13/6,9/12,...} 


Here we see the gradual formation of the sequence of teaser terms. The bottom 
right cell has the set consisting of all the terms of the sequence |x t }. A similar 
table could be built for the RJ s. The bottom row of such a table would show 
sets that exclude more and more elements. The set in the lower right cell of 
such a table would be the empty set. 
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We have now shown how the BMI can characterize the general case of the 
convergence of a sequence to a limit. 


Infinite Sums 


Before we proceed, there is an additional metaphor that should be discussed. 
Consider the sequence of partial sums given by £ ^j,. The first three terms are 
0.9, 0.99, and 0.999. k_1 

When k grows indefinitely, the result is an infinite sum £ Mathematicians 
take this infinite sum as being equal to 1. This requires an extra metaphor: 

Infinite Sums Are Limits of 
Infinite Sequences of Partial Sums 


Source Domain 
Limits of Infinite Sequences 


Target Domain 
Infinite Sums 


The limit of an infinite sequence 
of partial sums 

lim 

n- *“ fc»i * 


An infinite sum 



Via this metaphor, one can "define" an infinite sum as being the limit of an in- 
finite sequence of partial sums. This metaphor piggybacks on the version of the 
BMI defining the limit. 

We can see how this works in the classic example of the sum: 


0.9 + 0.09 + 0.009 + 0.0009 + . . . . 


In the special case of the BMI for infinite sequences, we plug in the following 
values: 

, j 2 

s " £ i 1 * 

• L = 1 

• Sj- 0.9; s 2 = 0.99; S 3 - 0.999; . . . 

• e, = II -0.91 = 0.1; ^ = 11-0.991 = 0.01; 63 = 11-0.9991 = 0.001; . . . 

• s„ is the infinite sum, 0.99999. . . 

• Since there is no positive real number r that is less than II - sj for every 
n, it follows that IL - sj, which equals 11 - 0.9999. ..1 = 0. Thus, 1 = 
0.999. . . . 


In other words, the sequence of partial sums — 0.9, 0.99, 0.999, . . . — has 1 as 
its limit. Via the infinite sum metaphor, An Infinite Sum Is the Limit of An In- 
finite Sequence of Partial Sums, the infinite sum 0.9999. . . equals 1. This is an 



198 Where Mathematics Comes From 

entailment of two metaphors: the special case of the BMI for limits and the in. 
finite sum metaphor. 


Limits of Functions 

One of the most basic ideas in calculus is that of the limit of a function. We can 
now straightforwardly extend the account we have just given of limits of infi. 
nite sequences using the BMI to the notion of the limit I of a function fix) as x 
"approaches" a real value a. 

As we saw in the previous section, the notion of a function "approaching" a 
value can be characterized in terms of limits of sequences plus the metaphors: 

• Numbers Are Points on a Line, 

• Talmy's ficdve-motion schema, and 

• the Change of a Function Is the Coordinated Motion of Two Trajectors, 
one in the domain and one in the range of the function. 

Given these conceptual metaphors, we can now extend the BMI account of 
the limit of a sequence to the limit of a function f[x) as x approaches a. 

Limit op a Function f(x) as x Approaches a 
(USING THE BMI DEFINED FOR SEQUENCES) 

Let fix) be a function. 

Suppose that for every infinite sequence 
(rj * r v . . . 1 1 j , . . . 
such that (rj converges to a, 
there is a corresponding infinite sequence 

I /M- (fir,),..., fir,),...) 
that converges to L. 

We define L to be the limit of fix) as x approaches a. 

Moreover, if fix) is defined at a, then fin) - L (which assumes 
the continuity implicit in the above fictive-motion schema). 

Applying the metaphors mentioned above, this will yield the concept of the 
limit L of a function fix) as x approaches a. 

It is straightforward to show that whenever this condition holds, the tradi* 
tional epsilon-delta condition holds: 
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Limit of a Function 
(using epsilons and deltas) 

lim f\x) = L iff 
x-*a ' ' ' 

for all e > 0, there is a 8 > 0, 
such that if 0 < \a - xl < 8, 
then \L-f[x)\ < e. 


If we let each choice of epsilon be some /(r,) in a sequence {/(r,)}, then r t will be 
a suitable delta, and the condition will be met. 

The point of this is not to eliminate the epsilon-delta condition from mathe- 
matics but, rather, to comprehend how we understand it. We understand it first 
in geometric terms using the notion of "approaching a limit." And we under- 
stand "approaching a limit" in arithmetic terms via the BMI, as described in the 
previous section. Given that, we can understand the idea of "approaching a 
limit" for a function in arithmetic terms using the characterization above, 
which presupposes the BMI. In that characterization, each sequence {/(rj) 
metaphorically defines a sequence of "steps" in some "movement" toward L, 
while each corresponding sequence (rj defines a sequence of "steps" in Borne 
"movement" toward a. 

So far, so good. We have depended upon the use of the BMI in the previous sec- 
tion, which characterized limits of sequences. This works fine for cases where 
/(x) is defined at a. Then it is clear that f[a) = L. But what if f{x) is not defined at 
a? Does our characterization of the limit still hold? And if it does, can we mean- 
ingfully add the value f[a) - L without contradiction? 

Let us take an example. 


This function is not defined for x - 1, since that would make the denomina- 
tor equal to zero. For values other than x - 1, the function acts the same as 
/(x) » x + 1, since the numerator x 2 -! - (x + l)(x - 1). Now consider the values 
x- 0.9, 0.99, 0.999, and so on. The corresponding values of /fx) are 1.9, 1.99, 
1-999, and so on. On our characterization of the limit of f\x) as x approaches 1, 
there would be a limit— namely, 2. Even though strictly speaking it is not the 
case that /(l) -2! 

There are several morals to this discussion: 



200 


Where Mathematics Comes From 


• The BMI as used for limits of sequences can provide a mechanism for 
characterizing limits of functions in arithmetic terms. 

• With the appropriate additional metaphors, the analysis given also char- 
acterizes in precise terms the intuitive notion of "approaching a limit." 

It is thus false that such a mathematical idea cannot be made precise in 
intuitive terms. Indeed, the fact that conceptual metaphors can be pre- 
cisely formulated allows us to make such intuitive ideas precise. 

• The epsilon-delta definition of a limit does not characterize the mathe- 
matical idea of approaching a limit, since it does not involve any "ap- 
proach" to anything. It is just a different idea that happens to cover the 
same cases, as well as countless irrelevant but mathematically harm- 
less cases. 

We can now see why students have problems learning the epsilon-delta defi- 
nition of a limit. They are taught an intuitive idea of what a "limit" is in terms 
of a motion metaphor, and then told, incorrectly, that the epsilon-delta condi- 
tion expresses the same idea (see Niinez, Edwards, & Matos, 1999). 


Least Upper Bounds 

We have seen an example of how the BMI can characterize real numbers— both 
the symbols for real numbers (infinite decimals) and the real numbers them- 
selves (infinite polynomials). However, the common axiomatization of the real 
numbers does not use this characterization directly. The real numbers are taken 
to be whatever objects fit the axioms. There are ten axioms. The first six char- 
acterize fields, and the next three add ordering constraints, so that the first nine 
axioms characterize ordered fields. And the tenth, the Least Upper Bound 
axiom, characterizes complete ordered fields. The real numbers are the only 
complete ordered field. Here are the axioms. 

1. Commutative laws for addition and multiplication. 

2. Associative laws for addition and multiplication. 

3. The distributive law. 

4. The existence of identity elements for both addition and multiplication. 

5. The existence of additive inverses (i.e., negatives). 

6. The existence of multiplicative inverses (i.e., reciprocals). 

7. Total ordering. 

8. If x and y are positive, so is x + y. 

9. If x and y are positive, so is x • y. 
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10. The Least Upper Bound axiom: Every nonempty set that has an upper 
bound has a least upper bound. 

Upper bounds and least upper bounds are defined in the following way: 

Upper Bound 

b is an upper bound for S if 

x < b, for every x in 5. 

Least Upper Bound 

b 0 is a least upper bound for S if 

• b 0 is an upper bound for S, and 

• b 0 £ b for every upper bound b of S. 

Axioms 1 through 9 are not sufficient to distinguish the reals from the rationals, 
since the rational numbers also fit them. Add axiom 10 and you get the reals. 

The question to be asked is, Why? What do infinite decimals and infinite poly- 
nomial sums have to do with least upper bounds? What does the BMI have to do 
with least upper bounds? To make the question clear, let us take an example. Con- 
sider x - 3.141592653589793238462643 The irrational number x has an infi- 

nite number of decimal places. We cannot write all of them down. We can write 
down only approximations to some number of decimal places. But each such ap- 
proximation is a rational number, not an irrational number. For any approxima- 
tion of x to n decimal places, we can write down a smallest upper bound for that 
approximation. The following table gives a sequence of rational approximations to 
x to a given number of decimal places, the corresponding smallest upper bound to 
that number of decimal places, and the difference between the two. 


Least Upper Bounds of n 
to n Decimal Places 


xton 

Decimal Places 

3.1 

3.14 

3.141 

3.1415 

3.14159 

3.141592 

3.1415926 

3.14159265 

3.141592653 


3.2 

3.15 

3.142 

3.1416 

3.14160 

3.141593 

3.1415927 

3.14159266 

3.141592654 


The Difference to 
n Decimal Places 

0.1 

0.01 

0.001 

0.0001 

0.00001 

0.000001 

0.0000001 

0.00000001 

0.000000001 


The Number of 
Decimal Places 

1 

2 

3 

4 

5 

6 

7 

8 
9 
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Each of the first three columns provides the first nine terms of an infinite se- 
quence. That sequence can be thought of from the point of view of potential 
infinity as ongoing, or from the perspective of actual infinity as being infinite. 
In the case of actual infinity, we can conceptualize these infinite sequences via 
the BMI. The first two sequences — the approximation of it to n places and its 
least upper bound to n places — become identical in more and more places as n 
increases. Moreover, the differences between them, as column three shows, be- 
come smaller and smaller as n increases. If we apply the BMI to the sequence 
of differences, then "at" n « « the value of the difference "is" zero. That 
means that, "at" n = °», the value of the real number it is identical to the least 
upper bound of all rational approximations to it. 7t is also its own least upper 
bound! 

This is extremely important in understanding the nature of a least upper 
bound. Recall the definition: 

Upper Bound 

b is an upper bound for S if 

x<b, for every x in S. 

Least Upper Bound 

b Q is a least upper bound for S if 

• b Q is an upper bound for S, and 

• b Q <,b for every upper bound b of S. 

Each of the finite terms in the second column — a least upper bound to n 
places — is an upper bound for x. This is true for every finite term in the se- 
quence defined by the second column. Thus, there is an infinite number of 
upper bounds for n descending sequentially in value,- that is, the number of fi- 
nite upper bounds getting smaller and smaller is endless. From the perspective 
of potential infinity, there is no least upper bound! It is only from the perspec- 
tive of actual infinity, characterized via the BMI, that a least upper bound comes 
into existence. In other words, that least upper bound is "created," from a cog- 
nitive point of view, by the Basic Metaphor of Infinity. Moreover, by virtue of 
the BMI, that least upper bound is unique! 

Here we can see clearly that the existence of least upper bounds is not guar- 
anteed by the first nine axioms, which characterize the rational numbers. That 
is why axiomatically oriented mathematicians have added the Least Upper 
Bound axiom. It was brought into mathematics for the purpose of "creating" the 
real numbers from the rationals. It doesn't follow from anything else, and it is 
not a special case of anything else! 
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What is the difference between using the BMI to characterize real numbers and 
using the Least Upper Bound axiom? The question is a bit strange, something like 
comparing apples and oranges. The BMI is an unconscious cognitive mechanism 
that makes use of ordinary elements of human cognition: aspect, conceptual 
metaphor, and so on. The BMI has arisen spontaneously, outside mathematics, and 
has been applied within mathematics to characterize cases of actual infinity. The 
Least Upper Bound axiom is a product of formal mathematics, consciously and in- 
tentionally constructed to characterize the real numbers, given the first nine ax- 
ioms. It is also used in other branches of mathematics, especially in set theory. 

But the Least Upper Bound axiom is anything but intuitively clear on its own 
terms. Indeed, to understand it, most students of mathematics have to concep- 
tualize it in terms of the BMI. From a cognitive perspective, the BMI is concep- 
tually more basic. 

Here is a characterization of the concept of a least upper bound from the per- 
spective of the Basic Metaphor of Infinity. 


The BMI Version of Least Upper Bounds 


Target Domain 
Iterative Processes 
That Go On and On 


Special Case 
Least Upper Bounds 


The beginning state (0) => 


State (1) resulting from the 
initial stage of the process. ” v 

The process: From a prior 
intermediate state (n-1), =* 

produce the next state (n). 

The intermediate result after 
that iteration of the process => 

(the relation between n and n-1) 

"The final resultant state” _ 

(actual infinity "«»") 

Entailment E: The final resultant 
state (" 00 ") is unique and => 

follows every nonfinal state. 


5 is a set of real numbers. A real 
number b is an upper bound for S if 
b > every member of S. b 0 is a least 
upper bound of S if it is smaller than 
every upper bound b. 

Let B be an infinite set of upper 
bounds b a for S. 

Choose an upper bound b v 

Given an upper bound b n V choose 
an upper bound b a arbitrarily less 
than b 0 _j. 

A finite sequence (bj of upper 
bounds, with b n < b^ 

A least upper bound, b_ 

Entailment E: The least upper 
bound, b_, is unique and 
less than all other upper bounds. 
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Of course, we can correspondingly characterize greatest lower bounds in a sym_ 
metrical fashion, substituting lower bounds for upper bounds and interchanging 
"<" and ">." 

Is 0.9999. . . - 1.000. . . ! 

Consider 0.9999999 Its least upper bound is 1.0000000 Within the real 

number system, these two infinite decimals will symbolize the same number 
(their corresponding polynomials would give the same infinite sum). The rea- 
soning is the following: Within the real numbers, two numbers are identical if 
they are not distinct. Two numbers are distinct if there is a nonzero difference 
between them; that is, x and y are distinct if and only if there is a positive num- 
ber d>0, such that lx - yl - d. 

In the case of 0.999999. . . and 1.000000. . . , there can be no such d. No mat- 
ter how small a number d you pick, you can always take 0.999999. . . and 
1.00000. . . out to enough decimal places so that the difference between them is 
less that than d. 

We can see this clearly using the BMI. Suppose again we consider the least 
upper bounds to n places. 


0.9. . . 9 to 

1.0. . . 0 to 

The difference 

n places 

n places 

to n places 

0.9 

1.0 

0.1 

0.99 

1.00 

0.01 

0.999 

1.000 

0.001 

0.9999 

1.0000 

0.0001 

0.99999 

1.00000 

0.00001 

0.999999 

1.000000 

0.000001 


As in the case of it, the sequence of differences gets smaller and smaller. Apply- 
ing the BMI to this sequence, the difference is zero "at infinity." Therefore, "at" 
metaphorical infinity, 0.9999. . . « 1.0000 That is, there are no real num- 
bers between the infinite decimals 0.9999. . . and 1.0000 They are, then, 

just different symbols for the same number. 

As we shall see in Chapter 1 1, this result does not hold for every number sys- 
tem. There are number systems beyond the reals (namely, the hyperreals) in 
which 0.9999. . . and 1.0000. . . are distinct numbers— not just distinct numer- 
als but actually different numbers, with a hyperreal number characterizing the 

difference between 0.9999. . . and 1.000 But we will get to that later. In the 

system of real numbers, 0.9999. . . does equal 1.000 
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At this point, we can see exactly why the Least Upper Bound axiom, when 
added to the first nine, characterizes the real numbers and not the rationals. The 
sequence of finite rational approximations of x to n places consists of rational 
numbers alone, it, the infinite sequence, is not in the set of finite rational se- 
quences. As an irrational number, it stands outside the set of rational numbers 
altogether. But n is the least upper bound of that sequence. Thus, insisting that 
an ordered field (like the rationals) contain all its least upper bounds adds the 
irrational numbers — the numbers written with infinite decimals — to the 
rationals. 

One of the beauties of the BMI is that it allows us to see clearly just why 
a dding the Least Upper Bound axiom to the axioms for ordered fields takes us 
beyond the rationals to the reals. 


Infinite Intersections of Nested Intervals 

We have just seen how least upper bounds take us from an axiom system that can 
fit the rationals without the reals to one that necessarily includes the reals. That 
is, if we add least upper bounds to all convergent sequences of rationals, we get 
the reals. The BMI, as we have just seen, can be used to show why this is so. 

We are now in a position to use the BMI to shed light on another way in 
which mathematicians commonly characterize the real numbers — as infinite 
intersections of nested closed intervals with rational endpoints on the number 
line. In the process, we can show why the infinite-intersection characterization 
of the reals is equivalent to the least-upper-bound characterization. 

Let us once more take as an example n = 3.141592653589793238462643 

Let us take the number line containing the rational numbers. Consider the fol- 
lowing set of nested intervals, as given in the following table. The first interval 
is [3.1, 3.2]. The second is [3.14, 3.15]. The third is [3.141, 3.142]. And so on. 


Left-Hand Side of 

Right-Hand Side of 

the Closed Interval 

the Closed Interval 

3.1 

3.2 

3.14 

3.15 

3.141 

3.142 

3.1415 

3.1416 

3.14159 

3.14160 

3.141592 

3.141593 

3.1415926 

3.1415927 

3.14159265 

3.14159266 

3.141592653 

3.141592654 
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This is exactly the same table that we used in the last section, but with ap. 
proximations to n places conceptualized as left ends of the intervals, while 
upper bounds to n places are conceptualized as right ends of the intervals. We 
are now in a position to characterize infinite sequences of nested intervals as 
special cases of the BMI. 


Nested Intervals 

Target Domain Special Case 

Iterative Processes Infinite Sequences of 

That Go On and On Nested Intervals 


The beginning state (0) => 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n— 1), => 

produce the next state (n). 

The intermediate result after the 
n* finite iteration of the process 


"The final resultant state" 
(actual infinity "■»") 


Entailment E: The final 
resultant state ("«*") is unique => 
and follows every nonfinal state. 


An unending sequence of nested 
closed intervals, each defined by the 
pair of rational numbers [l n , uj, 
where l n >l^ x and u<u^ x 

The first term of the sequence: 
the interval [Jj, u,] 

Form the intersection of u^,] 
and \l a , uj. 

The interval [J n , u n \ 

The "interval" [/_, uj, where 
l m > l a and u m < u a for every finite n. 
The distance between i. and u_ 
is zero. That is, the "interval” 
is a point, 
p - i„ ■ u_. 

Entailment £; p is a unique point 
and is greater than every l a and 
less than every u n . 


This is a general way of characterizing the reals, given the rationals: p need 
not be a rational number, depending on how the intervals are chosen at each of 
the infinitely many finite stages. Now we can see the equivalence of various 
ways of using the BMI to get the real numbers from the rationals: infinite deci- 
mals (which symbolize infinite polynomials), least upper bounds, and infinite 
intersections of nested intervals. 
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Conclusion 

The concepts discussed in this section — infinite decimals, infinite polynomials, 
limits of infinite sequences (and of functions), infinite sums, least upper 
bounds, and infinite intersections of nested intervals — all involve the notion of 
actual infinity. We have argued that actual infinity is conceptualized metaphor- 
ically using the Basic Metaphor of Infinity. What we have shown in this chap- 
ter is how a single cognitive mechanism — the BMI — with different special 
cases, can characterize each of these concepts. 

Since real numbers are characterized only via such concepts (and the 
pedekind cut; see Chapter 13), we have effectively shown how the real numbers 
are conceptualized via the Basic Metaphor of Infinity. In short, the "real" num- 
bers are, from a cognitive point of view, a metaphorical construct. 

The various "definitions" of the real numbers are implicitly metaphorical 
definitions, making implicit conceptual use of the Basic Metaphor of Infinity. 
These metaphorical definitions are equivalent; that is, they have the same (or 
equivalent) entailments. Given the equivalence of their entailments, we can 
think of them as characterizing the same "entities" with the same properties; 
that is, the entities and the properties these different special cases define can be 
put in one-to-one correspondence. For this reason, many mathematicians speak 
of the real numbers, as if they were objectively existing entities in the universe. 
Because of their metaphorical equivalence, this creates no practical problems: If 
you happen to think of these metaphorical objects as if they exist objectively, 
you will not get into any mathematical difficulties. 

It is by no means obvious that the real numbers are necessarily conceptual- 
ized only via one version or another of the Basic Metaphor of Infinity. It requires 
mathematical idea analysis to show this. One of the benefits of mathematical 
idea analysis is that it shows explicitly how the various characterizations of the 
real numbers are related to one another. It also makes explicit the distinction 
between the symbolization of real numbers (using infinite decimal representa- 
tions) and the numbers themselves. 
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Trans finite Numbers 


G eorg Cantor is perhaps most famous for having created a mathe- 
matical system for precisely characterizing numbers of infinite size with 
a precise arithmetic. In Cantor's system, the "transfinite" numbers are not 
merely infinite but have different degrees of infinity, with one infinite number 
being "larger" than another. 

The concepts Same Size As and Larger Than for infinite numbers came out of 
Cantor's metaphor, which conceptualized two sets as having the "same size"— 
the same number of members — if they could be put in one-to-one correspon- 
dence (see Chapter 7). We will designate the size of a set determined via 
Cantor's metaphor as the Cantor size, or cardinality, of the set. 

As we saw in Chapter 8, the BMI is used implicitly to conceptualize the infi- 
nite set of all natural numbers. Cantor, by his famous rational array diagram, 
proved that the set of rational numbers (fractions) has the same Cantor size as 
the set of natural numbers. He achieved this by constructing a sequence of the 
rationals, thus implicitly showing that the rationals could be put in one-to-one 
correspondence with the natural numbers. Figure 10.1 shows Cantor's display, 
indicating how the sequence can be constructed. 

As we trace along the line in the diagram, we form a series of the rational 
numbers we encounter: 

1, 2, 1/2, 1/3, 3, 4, 3/2, 2/3, 1/4, . . . 

Note that the diagram is not, and cannot be, complete, since the line in itself 
is intended to cover infinitely many steps. What is implicit in how the diagram 
is intended to be understood is the BMI. The BMI is implicitly and uncon- 
sciously used in the following ways in comprehending this diagram: 
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S_ 5 

1 2 . 


FIGURE 10.1 Cantor's one-to-one correspondence between the natural numbers and the ra- 
tional numbers. This is an array in which all possible fractions (rational numbers) occur. All 
the fractions with 1 as numerator are in the first row, all those with 2 as numerator are in the 
second row, and so on. All those with 1 as denominator are in the first column, all those with 
2 as denominator are in the second column, and so on. The zigzag line systematically goes 
through all the rational numbers. Cantor mapped the first rational number the line hits (1/1) 
to 1, the second (2/1) to 2, the third (1/2) to 3, and so on. This established a one-to-one cor- 
respondence between the natural numbers and the rationals. 


• First, the special case of the BMI for the infinite set of natural numbers 
is used to guarantee that the first column of the matrix contains all the 
natural numbers — or equivalently, all the natural numbers as numera- 
tors with 1 as a denominator. 

• Next, a similar version of the BMI is used to guarantee that the second 
column contains all the fractions with denominator 2. 

• So far we have the beginning of a sequence of sequences: (the sequence 
of all fractions with denominator 1, the sequence of all the fractions 
with denominator 2, . . . ). This sequence of sequences (extending down- 
ward) is also unending, and another use of the BMI is implicit to guar- 
antee that this infinite sequence of sequences is complete. This gives us 
an understanding of the infinite array of rational numbers, without any 
path through it 
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• Finally, there is the linear path that systematically covers every mem- 
ber of the array, creating a single sequence 1/1, 2/1, 1/2, 1/3, 2/2, 3/1, 
4/1, 3/2, 2/3, 1/4, . . . which exhausts all the rational numbers. Here, 
too, a version of the BMI is used to guarantee that all rational numbers 
are included in the infinite sequence. 

• Since a sequence, technically, is a mapping from the natural numbers to 
the terms of the sequence, the sequence itself constitutes a one-to-one 
correspondence between the natural numbers and the rational numbers. 
By Cantor's metaphor, the set of rationals is thereby assigned the same 
Cantor size as the set of natural numbers. 

In short, the BMI is used over and over, implicitly and unconsciously, in com- 
prehending this diagram. The diagram, via Cantor's metaphor, is taken as a 
proof that the natural numbers and the rational numbers have the same Cantor 
size — that is, the same cardinality. 

Of course, according to our normal, everyday notion of size, there are more 
rational numbers than natural numbers, since all the natural numbers are con- 
tained in the rationals, and if they are taken away there are lots of rationals left 
over. Moreover, between any two natural numbers, there are an infinite num- 
ber of rationals that are not natural numbers. In short, according to our normal 
non-Cantorian notions of number and size, there are zillions more rational 
numbers than there are natural numbers. 

However, this chapter is not about our normal notion of number and size but 
about Cantor's. If one accepts Cantor's metaphor and the BMI, remarkable 
things follow. 


Cantor's Diagonalization Proof 

Cantor's most celebrated proof is his diagonalization argument, which demon- 
strated that the real numbers cannot be put in a one-to-one correspondence 
with the rational numbers. The proof works by contradiction. If the reals can be 
put in one-to-one correspondence with the rationals, then they can also be put 
into one-to-one correspondence with the natural numbers, which means they 
can be put in a list. Assume that each real number between zero and one is rep- 
resented by an infinite decimal. Then there should be a list of the sort given in 
Figure 10.2, where line 1 would contain the first infinite decimal, line 2 the sec- 
ond infinite decimal, and so on. 

Cantor showed that no matter what such a list looks like, there must be at 
least one real number that is not on the list. He drew a diagonal line that picks 
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4 

2 

3 

4 

5 


0.05 2 . 4 4 ... 
0 . 4 [ 5 ] 4 6 3 . . . 
0.5 3 0 f 2. . .. 
O . <0 1 7 0 4 . . . 
0 . 4 4 2. fr [s]. . . 


0.1 4 1 11 ... 


FIGURE 10.2 Cantor's diagonal argument shows that there can be no one-to-one correspon- 
dence between the natural numbers and the real numbers. It suffices to prove the result for the 
reals between 0 and 1, since if they cannot be put in one-to-one correspondence with the natu- 
ral numbers, all the reals certainly cannot. Suppose there were such a correspondence, as given 
in the diagram, where the natural numbers are cm the left and the corresponding real numbers 
on the right. Cantor showed how to construct a real number that, contrary to assumption, can- 
not be on the list. He constructed an infinite decimal as follows: For the nth number on the list, 
he replaced the digit in the nth decimal place by another digit; for instance, if that digit was 9, 
he replaced it by 1, and if it was not 9, he replaced it by 9. The resulting number differed from 
every infinite decimal on the list in at least one decimal place. Therefore, any assumed one-to- 
one correspondence between natural numbers and real numbers cannot exist. 

out the first digit of the first number, the second digit of the second number, and 
so on. Then he constructed a new infinite decimal by using a rule for replacing 
the digits of the diagonal (e.g., where there is a 9 he puts a 1, and where there is 
a digit other than 9 he puts a 9). He replaced the first digit, then the second, and 
so on infinitely. The result is an infinite decimal that is not on the list, since it 
must differ from every infinite decimal on the list in at least one decimal place. 

There is one minor technicality in the proof. Each number must be repre- 
sented uniquely. Since the two numerals .499999. . . and .50000. . . represent 
the same number, one representation must be chosen. Cantor chose the first in 
this case and all similar cases. 

As before, this proof of Cantor's uses an array. Each place in the array is in- 
dexed by two integers (n, m): the row of the array (the n 1 * 1 infinite decimal) and 
the column of the array (the m A digit). The diagonal line goes through all the 
digits where n - m. 
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There are many uses of the BMI implicit in Cantor's proof. 

• First, there is the use of the special case of the BMI for infinite decimals. 
Each line is unending, yet complete. 

• Then there is the use of the special case of the BMI for the set of all nat- 
ural numbers. Each row corresponds to a natural number, and all of 
them must be there. 

• Third, there is the sequence along the diagonal (a u a 22 a 33 , . . . ). It, too, 
is assumed to include all the digits on the diagonal. This is another im- 
plicit use of the BMI. 

• And finally, there is the process of replacing each digit on the diagonal 
with another digit. The process is unending, but must cover the whole 
diagonal. Another implicit special case of the BMI. 

These implicit uses of the BMI in Cantor's proof are of great theoretical im- 
portance. The proof is usually taken to be a formal proof, and the result is taken 
to be objective — independent of any minds. But the proof has not been, and can- 
not be, written down formally using actual infinity, with an array that is actu- 
ally infinitely long and wide. The actual infinities involved in the proof are all 
mental entities, conceptualized via the BMI. In other words, the proof is not lit- 
eral? it is inherently metaphorical, using the Basic Metaphor of Infinity in four 
places. Since it uses metaphor, it makes use of a cognitive process that exists 
not in the external, objective world but only in minds. Thus, the result that 
there are more real numbers than rational numbers is an inherently metaphor- 
ical result, not a result that transcends human minds. 

This, of course, does not make it a less valid mathematical result, any more 
than the fact that the real numbers require the BMI makes them any less "real." 

Cantor's proof that the reals cannot be put into one-to-one correspondence 
with the natural numbers and, hence, with the rationals had a dramatic import. 
It showed that the set of reals has a larger Cantor size than the rationals, that 
there are "more" reals than rationals (if one accepts Cantor's metaphor). Since the 
set of natural numbers is infinite, this meant that the set of real numbers is 
"larger than" that infinity, that there are degrees of infinity, that some infinities 
are "larger than" others (in a mathematics accepting Cantor's metaphor). Cantor 
called the number of elements in the set of natural numbers "K 0 " and the num- 
ber of elements in the set of real numbers "C" for "continuum" (see Chapter 12). 

Cantor further proved a remarkable result about power sets, the set of all sub- 
sets of a given set. He proved that there can be no one-to-one correspondence 
between the members of a set and its power set — even for infinite sets! Recall 
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(from Chapter 7) that he had previously shown that an infinite set (the natural 
numbers) could be put in one-to-one correspondence with one of its subsets (the 
even positive integers). The power-set proof showed that there was at least one 
general principle about the impossibility of one-to-one correspondences be- 
tween infinite sets: 


Number of Elements in a Set 

1 

2 

3 


Number of Elements in 
the Corresponding Power Set 
2 
4 
8 



K 0 2*o 

From this table we can see that for finite sets with n members, the number of 
elements in a power set is 2". Cantor called the number of elements in the 
power set of the natural numbers "2*o". Whereas 2 3 equals 2 times 2 times 2, 
2*o is not 2 • 2 • 2 • . . . • 2 an K 0 number of times. Such a concept is not defined. 
Rather, the symbol 2*o is a name for the number of elements in the power set 
of natural numbers — whatever that number is. What Cantor proved was that 
that number is "greater than" Kg, assuming Cantor's metaphor. Of course, the 
symbol 2*o was not chosen randomly. It was a choice based on the application 
of the BMI to numerals, not numbers. For each finite set, the numeral naming 
the number of elements in the power set of a set with n elements is 2°. Apply- 
ing the BMI to the numerals, we get a new symbol — a new numeral naming the 
number of elements in the power set of the natural numbers. 

Cantor was able to put his two remarkable proofs together. He had proved, 
using his central metaphor, that 
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• The number of real numbers is "greater than" the number of natural 
numbers. 

• The number of elements in a power set is "greater than" the number of 
elements in the set it is based on. 

He was able to prove a further remarkable result: 

• The number of elements in the set of real numbers is the "same" as the 
number of elements in the power set of the natural numbers. Or, as 
written in symbols: C = 2*o. 


Transfinite Arithmetic 

Cantor's metaphor, together with the BMI, does something that the BMI alone 
does not do. It creates for infinite sets unique, precise cardinal numbers, which 
have a well-defined arithmetic. Recall that without Cantor's metaphor, the BMI 
alone can create the "number" the largest natural number. But ■», not being 
one of the natural numbers, does not combine in a meaningful way with other 
natural numbers. As we saw, 0 • », <*> - «», oo/oo, and *>/n are not well defined as 
operations on natural numbers. 

Cantor's metaphor, together with the Basic Metaphor of Infinity, defines the 
transfinite cardinal number K 0 differently from the way the BMI alone charac- 
terizes oo as the endpoint of the natural-number sequence. Transfinite cardinals 
were carefully characterized by Cantor so that they would have a meaningful 
arithmetic. 

Consider K 0 + 1. This is the cardinality of all sets in one-to-one correspon- 
dence with a set formed as follows: Take the set of natural numbers and include 
in it one additional element. The resulting set can be put in one-to-one corre- 
spondence with the set of natural numbers in the following way: 

Start with the set of natural numbers: (1, 2, 3, . . . }. Call the additional ele- 
ment Adding *, we get the set {*, 1, 2, 3, . . . }. We can now map the set of 
natural numbers one-to-one onto this set in the following way: Map 1 to *, 2 to 
1, 3 to 2, and so on. Thus the set with cardinal number K 0 + 1 is in one-to-one 
correspondence with the set of natural numbers which has the cardinal number 
K 0 . Thus, K 0 + 1 - K 0 . 

Note, incidentally, that including an additional element * in the set of natu- 
ral numbers yields the same set as that including all the natural numbers in a 
set with the element *. For this reason, addition is commutative for the trans- 
finite cardinal numbers: 1 + R 0 «* 0 +1. 
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By arguments of the above form, we can arrive at some basic principles of car- 
dinal arithmetic. 

£ + K 0 - K 0 + k = Kg, for any natural number k. 

K 0 + K o” *0 

2- K 0 = *o 

/c . k 0 = Kjj, f°r any natural number k. 

^0 + ^0 + ^0 + • • • = ^0 
K 0 ' 8 o “ «o 
(«o) 2 = K o 

(K 0 )* - Kg, for any natural number k. 


Beyond N 0 

Cantor, as we have seen, proved that there are sets with a number of elements 
greater than K 0 . He used the symbol K , to indicate the next largest cardinal 
number greater than K 0 . He hypothesized that that number was the number of 
members of the set of real numbers, which he had called "C" and had proved 
equal to 2*». This is called the Continuum hypothesis, written as: 2«o = K,. It 
says that if "larger" and "smaller" are defined by Cantor's metaphor, then the 
smallest set larger than K 0 has the cardinal number (i.e., the Cantor size) 2 K o. 

Cantor stated the Continuum hypothesis as a conjecture, which he was never 
able to prove. Later, Kurt Godel (in 1938) and Paul Cohen (in 1963) proved the- 
orems that together showed that the conjecture is neither absolutely true nor 
absolutely false relative to generally accepted axioms for set theory. Its truth de- 
pends on what further axioms one takes "set" to be defined by. From the per- 
spective of our mathematical idea analysis, this means that whether or not the 
Continuum hypothesis is "true" depends on the underlying conceptual 
metaphors characterizing the concept "set." 

The Hierarchy of Transfinite Cardinals 

A power set is always larger than the set it was based on. Moreover, given a 
power set, we can always form the power set of that power set, and so on. This 
is true for infinite as well as finite sets within Cantor's set theory. 

Given a set of cardinality Kg, we can form the power set of the power set of 
... of the power set of the natural numbers. This is a hierarchy of sets of ever- 
increasing Cantor size: 



216 


Where Mathematics Comes Fro m 


K 0 < < 2 2 ** < 

To summarize, the Basic Metaphor of Infinity allows us to form the entire set 
of natural numbers. Cantor's metaphor, applied with the BMI, allows us to de- 
rive the cardinal number, Xq, for the entire infinite set of natural numbers. Can- 
tor's metaphor and the BMI jointly allow us to "prove" that there are "more" 
reals than natural numbers and rational numbers. Cantor's metaphor allowed 
Cantor to prove that there are always more elements in a power set than in its 
base set, even for infinite sets. And this result provides a hierarchy of transflnite 
cardinal numbers in Cantor's set theory. 

Ordinal Numbers 

Take an ordinary natural number — say, 17. This number can be used in at least 
two ways. It can have a cardinal use; that is, it can be used to indicate how 
many elements there are in some collection. For example, there might be 17 
pens in your desk drawer. It can also have an ordinal use; that is, it can be used 
to indicate a position in a sequence. For example, today might be the 17 th day 
since it last rained. These are two very different uses of numbers. 

Natural numbers are neutral between these two uses. They have exactly the 
same properties, independently of how they are being used. For example, 17 is 
prime, whether you use it to estimate size or position in a sequence. 17+1- 
1 + 17, no matter which of those two uses you are making of numbers. 

Most important, there is a simple relation between the cardinal and ordinal 
uses of natural numbers. Suppose you are forming a collection. You lay out 17 
items in sequence to go into the collection. The last item is the 17 th item. This 
is an ordinal use of 17. For convenience we will say that such a sequence is 17 
elements long — or equivalently, that it has a length of 17. When we put this se- 
quence of elements into a collection, the number of the items in the collection 
is 17. This is a cardinal use of 17. In this case, the (ordinal) number for the last 
item counted corresponds to the (cardinal) number for the size of the collection. 
Ordinality and cardinality always yield the same number, no matter how you 
count. For this reason, the arithmetic of the natural numbers is the same for car- 
dinal and ordinal uses. 

But this is not true for transflnite numbers. Cantor's metaphor determines 
"size" for an infinite collection by pairing, not counting in a sequence. Cantor's 
metaphor, therefore, is only about cardinality (i.e., "size") not about ordinality 
(i.e., sequence). When Cantor's metaphor is used to form transflnite numbers, 
those metaphorically constituted "numbers" are defined in terms of sets, with 
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no sequences. Such sets have no internal ordering and so can have only cardinal 
uses, not ordinal uses. 

What this means is that in the realm of the infinite there are no transfinite 
numbers that can have both cardinal and ordinal uses. Rather, two different 
types of numbers are needed, each with its own properties and its own arith- 
metic. And as we will see shortly, there is another strange difference between 
the cardinal and the ordinal in the domain of the infinite: You can get different 
results by "counting" the members of a fixed collection in different orders! The 
reason for this has to do with the different metaphors needed to extend the con- 
cept of number to the transfinite domain for ordinal as opposed to cardinal uses. 


The Transfinite Ordinals 

In the Basic Metaphor of Infinity, let the unending process be the process of gen- 
erating the natural numbers so as to form a sequence, with number 1 first, num- 
ber 2 second, and so on. The sequence — not the set! — formed is (1, 2, 3, . . . ). 
This is the sequence of the natural numbers in their natural order. Here 2 is the 
second ordinal number, 3 is the third ordinal number, and so on. 

Given this process of sequence formation, a special case of the BMI will create 
a final resultant state of the process: the infinite sequence of all the natural num- 
bers in their natural order. Such a special case of the BMI will also assign to this 
entire infinite sequence an ordinal number, which Cantor called "co." This is the 
first transfinite ordinal number. Every sequence of length (o is an infinite se- 
quence that has been "completed" by virtue of the BMI. It has an endpoint — the 
number co. The last position in this sequence is thus called the co position. 


Transfinite Ordinals 


Target Domain 

Iterative Processes 
That Go On and On 


Special Case 
The Sequence of 
the Natural Numbers 
in Their Natural Order 


The beginning state (Oj =7 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1 ), => 

produce the next state (n). 

The intermediate result after 
that iteration of the process 


No sequence 

The 1 -place sequence (1), whose 
length is the ordinal number 1 

Given sequence (1, . . . , n-1 ), 
form the next longest sequence 

( 1 , 

The sequence (1, . . . , n) whose 
length is the ordinal number n 
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"The final resultant state" 

(actual infinity "«") 

Entailment E: The final 
resultant state ("<»") is unique => 
and follows every nonfinal state. 


The infinite sequence (1, . . . a , . . . j 
whose length is the transfinite 
ordinal number ca. 

Entailment E: co is the unique 
smallest transfinite ordinal 
number, and it is larger than 
any finite ordinal number. 


What distinguishes this special case of the BMI from others — for example, the 
set of natural numbers, the "number" and so on? Here we are building up se- 
quences as results of stages of processes. In the case of «, the results were num- 
bers. In the case of the set of all natural numbers, the results were sets of natural 
numbers. Infinite sequences, counted by ordinal numbers, just work differently 
than individual numbers or sets of numbers — as Cantor recognized clearly. 

Other sequential arrangements of the same numbers in different orders will 
also have a length given by the ordinal number < 0 . For example, the following 
sequences all have length co: 


2, 1, 3, 4, 5, . . . 

3, 2, 1, 4, 5, . . . 

4, 1, 2, 3, 5, 6, . . . 


Cantor’s Ordinal Metaphor 

To make arithmetic sense of infinite ordinal numbers for infinite sequences of 
all sorts. Cantor assumed another metaphor: 


Cantor's Ordinal Metaphor 


Source Domain 
One-to-one Mappings 
for Sequences 


Target Domain 
Ordinal Numbers 


Sequences A and B can be put Sequences A and B have the same 

in a one-to-one correspondence ordinal Number 


The problem here is: What is to count as a one-to-one correspondence for an in- 
finite sequence? Cantor assumed an account of one-to-one correspondences for 
sequences that made implicit use of the BMI. He separated the finite terms of 
sequences using the comma symbol, as in (1, 2, 3, ... ). However, he used the 
semicolon to indicate the end of an implicit use of the BMI. 

Consider the following sequences: 





-Transfinite Numbers 


219 


1, 3, 5, 7 ', • • • 

2, 4, 6, 8, . . . 

just as the set of odd numbers can be put in one-to-one correspondence with 
the natural numbers, so the sequence of odd numbers can be put in one-to-one 
correspondence with the sequence of the natural numbers. Therefore, they both 
have the same ordinal number, to. The same is true of the even numbers. Each 
of these has one use of ". . . " at the end, indicating one implicit use of the BMI 
to complete the sequence. 

Thus, Cantor implicitly used the BMI as part of his understanding of what a 
"one-to-one correspondence for an infinite sequence" is to mean. The . . " in- 
dicates an implicit use of the BMI, and it counts as part of the definition of one- 
to-one correspondence for a sequence. 

Now consider the sequence of all the odd numbers "followed by" the se- 
quence of all the even numbers: 

I, 3, 5, 7, . . . ; 2, 4, 6, 8, . . . 

The sequence of odd numbers (1, 3, 5, 7, ... ) contains a ". . . ," indicating the 
implicit use of the BMI to complete the sequence. The sequence of all the odd 
numbers "followed by" the sequence of all the even numbers contains two uses 
of ". . . ," indicating two implicit uses of the BMI to complete the sequences. 
Since the complete sequence of the odd numbers has length co, and the complete 
sequence of even numbers following it also has length co, the entire sequence 
has length co + co = 2co. 

Defining one-to-one correspondence for an infinite sequence in this fashion 
has important consequences for an arithmetic of transfinite ordinal numbers. It 
is quite different from the arithmetic of transfinite cardinal numbers. Recall 
that in transfinite cardinal arithmetic, K 0 + K 0 = Kg, whereas in transfinite or- 
dinal arithmetic, to + co - 2to. 

Recall that "addition" for transfinite cardinals is defined in terms of set 
union. Recall also that the set of positive odd integers can be put in one-to-one 
correspondence with the natural numbers, and so it has the cardinal number K 0 . 
The same is true of the set of positive even integers. Thus, the union of the set 
of positive odd integers and the set of positive even integers has the cardinality 
K 0 + K 0 . Since this set union is just the set of all natural numbers Kg, it follows 
that K 0 + K 0 - K 0 . Similarly, K 0 + 1 - Kg, since the union of a set the size of the 
natural numbers with a set of one element can be put in one-to-one correspon- 
dence with the set of natural numbers, as we have seen. 



220 


Where Mathematics Comes Fro m 


But the situation is very different with the ordinal numbers. Once we have 
established the <o position in an infinite sequence — the "last" position in that 
sequence — we can go on forming longer sequences by appending a further se- 
quence "after" the <0 position. If we add another element to the sequence al- 
ready "counted" up to 01 , the element added will be the {to + 1) member of the 
sequence. Add another element and we have the (to + 2) member of the se- 
quence. Add to more elements (via another application of the BMI) and we have 
the (to + to), or ( 2 ( 0 ), member of the sequence. If we keep adding to elements to 
the sequence and you do it co times, then the BMI will apply to times, and the 
resulting sequence will be to 111 elements long. We can keep on going, generating 
an unending hierarchy of transfinite ordinal numbers — namely: 

to 00 * 

In this way, an ordinal arithmetic is built up. 

to * to + 1 
to + to - 2to 
to - to - to 2 

(0« . (0** m (0°+b 


Incidentally, not all the basic laws of arithmetic apply to transfinite ordinals. 
For example, the commutative law does not hold: 1 + co * to + l.Aswe saw, to * 
to+1. However, 1 + to = to. Here is the reason: 1 + to is the length of a sequence. 
That sequence is made up of a sequence of length 1 followed by a sequence of 
length to. For example, consider the sequence of the number 1 followed by the 
infinite sequence of the numbers 2, 3 , 4, This is a sequence of length 1 fol- 

lowed by a sequence of length to. But this sequence is the same as the sequence 
1 , 2, 3, 4, ... , which is of length to. For this reason, 1 + to = to. But to * to + 1 . 
Therefore, 1 + to * to + 1, and the commutative law does not hold. 

The general reason for this is that "+" is metaphorically defined in sequential 
terms in ordinal arithmetic, where the BMI applies to define infinite sequences. 
"A + B" in ordinal arithmetic refers to the length of a sequence. That sequence 
is made up of a sequence of length A followed by a sequence of length B. Addi- 
tion is therefore asymmetrical when A is transfinite and B is not. If A is to, 
which is the smallest transfinite ordinal number, adding a sequence with a fi- 
nite length B after A will therefore always yield a sequence whose length is 
greater than to. The reason is that the BMI produces the infinite sequence A 
with a "last" term. Putting a finite sequence before that "last" term does not 
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result in a higher order of infinity. But putting it after that "last" infinite term 
produces a "longer" infinite sequence. 

Suppose the sequence of finite length B comes first, followed by a sequence 
of length 0 ). We will then get a sequence: 1, . . . , B followed by a sequence of 
length (D, the shortest infinite sequence. Adding a finite number of terms at the 
beginning of the shortest infinite sequence does not make that infinite se- 
quence any "longer." 


Summary 

What is the difference between K 0 and co? The first is a transfinite cardinal that 
tells us "how many" elements are in an infinite set. The second is a transfinite 
ordinal that indicates a position in an infinite sequence. 

The transfinite cardinal number K 0 is, via the cardinal number metaphor, the 
set of all sets that are in one-to-one correspondence with the set of all natural 
numbers. The set of all natural numbers is generated by the Basic Metaphor of 
Infinity. K 0 indicates the "size" of an infinite set by virtue of Cantor's metaphor 
(Cantor size). In this way, K 0 is characterized by these three metaphors. 

Hie transfinite ordinal number co is the ordinal number corresponding to the 
well-ordered set of all natural numbers. It is generated by the Basic Metaphor of 
Infinity and Cantor's ordinal metaphor. This difference between transfinite cardi- 
nals and transfinite ordinals is the root of the difference between their arithmetic. 

K 0 and a) are both infinite numbers of very different sorts, with different 
arithmetics. Both are distinct from the infinite number <*>. As we saw in Chap- 
ter 8, <x> is generated by the Basic Metaphor of Infinity when applied to the 
process of forming natural numbers via the Larger Than relation. Via this ap- 
plication of the BMI, °° is the largest of the natural numbers, which, as we saw, 
is the only numerical property it has. Otherwise, it is arithmetically defective. 
<*» + 1, for example, is not defined, while *t 0 + 1 and co + 1 are well defined and 
part of precise arithmetics — different precise arithmetics. 

We should point out that the symbol + in " K 0 + 1 " and "a> + 1 " stands for dif- 
ferent concepts than the + we find in ordinary arithmetic (e.g., in "2 + 7"). Types 
of transfinite addition are not mere generalizations over the usual forms of ad- 
dition for finite numbers; rather, they are inherently metaphorical. They oper- 
ate on metaphorical entities like K 0 and co, which are conceptualized via the 
BMI. Transfinite cardinal and ordinal addition not only work by different laws 
(different from ordinary addition and from each other) but are defined by infi- 
nite operations on sets and sequences, unlike ordinary addition. 
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What does mathematical idea analysis tell us in these cases? First, it shows 
explicitly how the BMI is involved in characterizing transfinite cardinals and or- 
dinals. Second, it tells us explicitly what metaphors distinguish the transfinite 
cardinals from the transfinite ordinals. And, third, it shows not only how trans- 
finite cardinal and ordinal arithmetics arise as consequences of these metaphor 
combinations but exactly why and how their arithmetics are different. 

Finally, such an analysis shows how transfinite numbers are embodied. They 
are not transcendental abstractions but arise via such general, nonmathemati- 
cal embodied mechanisms as aspect and conceptual metaphor. 



11 

Infinitesimals 


Specks 

When we look into the distance, normal-size objects that are very far away ap- 
pear to us as specks, barely discernible entities so small as to have no internal 
structure. A large object in your field of vision — say, a mountain or a stadium- 
will have a discernible width. But the width of the stadium plus the width of 
the speck is not discernible at all. Nor is the width of one speck discernible 
horn the widths of three specks or five specks. But you know that if you could 
zoom in on a speck sufficiently closely, it would look like a normal-size object. 

Our conception of a speck, if arithmetized, might go like this: The widths of 
discernible objects correspond to real numbers. A speck-number d is greater than 
zero but less than any real number. A real number plus a speck number is not dis- 
cemibly different from the real number alone: i + d * r. A small number of adja- 
cent specks are not discemibly different from one speck: r • 3 * 8, where r is small. 


Infinitesimals 

Our everyday experience with specks corresponds in these basic ways to math- 
ematical entities called infinitesimals. Within mathematics, the idea of an in- 
finitesimal became popular with Leibniz's development of calculus. Both 
Leibniz and Newton, in developing independently the calculus of instantaneous 
change, used the metaphor that Instantaneous Change Is Average Change over 
an Infinitely Small Interval. Thus, for a function fix) and an interval of length Ax, 
instantaneous change is formulated as jhe instantaneous change in 


223 



224 


Where Mathematics Comes From 


f{x) at x is arrived at when Ax is "infinitely small." The concept of "infinitely 
small," of course, has to be arithmetized to get a numerical result. This requires 
an arithmetization metaphor. 

Leibniz and Newton had different metaphors for arithmetizing "an infinitely 
small interval." For Newton, the derivative of a function for a given number was 
(metaphorically) the tangent of the curve of the function at the point correspon- 
ding to that number. But, as we have seen, that tangent cannot be used with the 
metaphor that Instantaneous Change Is Average Change over an Infinitely Small 
Interval, because at the tangent the infinitely small interval is zero and you can't 
divide by zero. So Newton came up with the limit metaphor, a version of the 
Basic Metaphor of Infinity (Chapters 8 and 9). The tangent line was conceptual, 
ized metaphorically as the limit of a sequence of secant lines, with the secant 
lines becoming progressively smaller but always having a real length. As Ax ap- 
proached zero (without reaching it], the secant lines approached the tangent (see 
Figure 11.1). When Ax got arbitrarily small (but remained a real number), the dif- 
ference between the secant line and the tangent was some arithmetic function of 
the Ax's. If that arithmetic function of the Ax's also got arbitrarily small — in- 
significant, for any practical purpose— one could ignore it. By ignoring this se- 
cant-tangent difference, the calculation based on a sequence of secants could be 
used for determining the tangent closely enough. Newton's solution is the one 
that has come down to us today as the "definition" of the derivative. 

Leibniz solved the problem of arithmetizing "an infinitely small interval" in a 
very different way. He hypothesized infinitely small numbers— infinitesimals— to 
designate the size of infinitely small intervals. For Leibniz, dx was an infinitesi- 
mal number, a number greater than zero but less than all real numbers. For Leib- 
niz, "df[x\/dx" was a ratio of two infinitesimal numbers (see Figure 11.2). Since 
neither number was zero, division was possible. The quotient — the tangent to the 
curve — was a real-valued function plus some arithmetic function of infinitesi- 
mals. Any arithmetic function of infinitesimals was so small it could be ignored. 

As far as calculation was concerned, there was no difference between the two 
approaches. Both yielded the same results. For two hundred years after Leibniz, 
mathematicians thought in terms of infinitesimals, used them in calculations, 
and always got accurate results. But ontologically there is a world of difference 
between what Newton did and what Leibniz did. Newton did not need infini- 
tesimal numbers as existing mathematical entities. His secants always had a 
real length, while Leibniz's had an infinitesimal length. Leibniz hypothesized a 
new kind of number. Newton did not. 

On the other hand, Newtonians had to use geometry, with tangents and se- 
cants, to do calculus. Leibnizians could do calculus using arithmetic without 
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of point Q on the curve toward point P. 

geometry — by using infinitesimal numbers. Until the work of Karl Weierstrass 
in the late nineteenth century, the Newtonian approach to calculus relied on 
geometry and lacked a pure nongeometric arithmetization. Many mathemati- 
cians saw geometry as relying on "intuition," whereas arithmetic was seen as 
more precise and "rigorous." This perceived imprecision was considered a dis- 
advantage of the Newtonian approach to calculus; its advantage was that it did 
not rely on infinitesimal numbers. 

The Archimedean Principle 

As we saw at the beginning of the chapter, infinitesimals require a somewhat 
different arithmetic than real numbers. Real numbers obey the Archimedean 
principle. Given any real number s, however small, and any arbitrarily large real 
number L, you can always add the small number to itself enough times to make 
it larger than the large number: s + s + . . . + s > L, for some sufficiently large 
number of additions. Equivalently, there is a real number r, such that r • s > L. 
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were infinitesimally small, the change in y (i.e.. Ay) would be infinitely close 
to the rise of the tangent (dy\. Thus, Ay/Ax would be infinitesimally close to 
dy/dx — the slope of the tangent. 


But this is not true of infinitesimals. Infinitesimals are so small that there is 
no real number large enough so that r • 9 > L. You can't add up enough infini- 
tesimals to get any real number, no matter how small that real number is and 
no matter how many infinitesimals you use. 

Another way of thinking of this has to do with the concept of commensurabil- 
ity — having a common measure. Take two real numbers r, and r 2 . There is always 
a way of performing arithmetic operations on r t with other real numbers to yield 
the number r r For example, given n and V2, you can multiply n by the real num- 
ber V2/x to get V2. But, given a real number r and an infinitesimal d, there are no 
arithmetic operations on r using the real numbers alone that will allow you to get 
d. The infinitesimals and the reals are therefore incommensurable. 

The fact that the infinitesimals are not Archimedean and that they are in- 
commensurable with the real numbers has made many mathematicians wary of 
them — so wary that they will not grant their existence. After all, all of classical 
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mathematics can be done in the Newtonian way, without infinitesimals. If they 
are not needed, why even bother to consider them? Citing Occam's Razor, the 
a priori philosophical principle that you should not postulate the existence of 
an entity if you can get by without it, many mathematicians shun the infini- 
tesimal numbers. 

Why Monads Have No Least Upper Bounds 

Infinitesimals interact with real numbers: They can be added to, subtracted 
from, and multiplied and divided by real numbers. Given any real number r, you 
can add to it and subtract from it any number of infinitesimals without reach- 
ing any other real number greater or smaller than r. This means that around 
each real number r there is a huge cluster of infinitesimals. That cluster was re- 
ferred to by Leibniz as a monad. 

Can a monad around a real number reach a monad around a neighboring real 
number? The answer is no. Here is the reason. Suppose the monads around two 
real numbers, r, and r 2 , such that < r v were to overlap. This means that there 
would be two infinitesimal numbers d, and d 2 such that r, + d, > r 2 - d 2 even 
though r, < r 2 . This would mean that by adding d 1 + d 2 to r, one could go beyond 
r 2 . But this, in turn, would mean that the Archimedean principle worked for in- 
finitesimals, which it cannot. Therefore, the monads around two real numbers 
can never overlap. No monad can ever reach any other monad. 

Let us now ask: Can the monad around a real number r— call it M(r) — have a 
least upper bound? Suppose it did. Let the least upper bound of M(r) be L. If L were 
real, L could have a monad of infinitesimals around it. In that monad would be an 
infinitesimal copy of the negative half of the real line, with each number on it less 
than L but still greater than all the members of M(r). This means that each num- 
ber in the negative half of the monad around L is an upper bound of M(r) and less 
than L. Thus, L cannot be a least upper bound of M(r). Now suppose that the least 
upper bound, L, of M(r) were not a real number but a member of a monad around 
some real number r. The same argument would apply but in a smaller scale. 
L would have a tiny monad around it, and each number in the negative half of the 
monad around L would be less than L and greater than every member of M(r). 
Thus each would be an upper bound of M[r) but less than L, and L could not be a 
least upper bound. 

Therefore, when the infinitesimals are combined with the real numbers, the 
least upper bound property cannot hold in general. However, because the least 
upper bound property holds of sets of real numbers, it will also hold of sets of 
numbers on infinitesimal copies of the real line. 

The other nine axioms of the real numbers can apply to infinitesimals with- 
out contradiction. 
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An Implicit Use of the BM1 

Though there is no arithmetic way to get the infinitesimals from the reals, 
there is a metaphorical mechanism that will do just that: the Basic Metaphor of 
Infinity. Newton explicitly used the notion of the limit, which implicitly uses 
the BMI, to characterize calculus. A different use of the BMI is implicit in Leib- 
niz's development of calculus using infinitesimals. 

We can get the infinitesimals from the reals using the BMI as follows: Form 
the following sequence of sets starting with the real numbers, as characterized 
by the first nine axioms for the real numbers in Chapter 9. (Recall that the 
Archimedean principle is not one of these axioms.) In the rest of the chapter, we 
will speak of a set of numbers, "satisfying" certain axioms. This is a shorthand 
meaning: the set of those numbers, such that they, together with their additive 
and multiplicative inverses and the identity elements 1 and 0, form a larger set 
that satisfies the specified axioms. 

The set of all numbers bigger than zero and less than 1/1, satisfying the 
first nine axioms for the real numbers. 

The set of all numbers bigger than zero and less than 1/2, satisfying the 
first nine axioms for the real numbers. 

The set of all numbers bigger than zero and less than 1/3, satisfying the 
first nine axioms for the real numbers. 


And so on. 

Let this be the unending process in the BMI. Using the BMI, we get: 

The set of all numbers greater than zero and smaller than all real numbers, 
satisfying the first nine axioms for the real numbers. 


This is the set of infinitesimals. 

Here is the special case of the BMI that gives rise to the infinitesimals: 


Infinitesimals 


Target Domain 
Iterative Processes 
That Go On and On 


Special Case 
Infinitesimals 


Consider sets of numbers that are 
greater than zero and less than l/n, 
satisfying the first nine axioms for 
the real numbers. 


The beginning state (0) 
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State ( 1 ) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), => 

produce the next state (n). 

The intermediate result after ? 
that iteration of the process 
(the relation between n and n-L) 

"The final resultant state" _ 

(actual infinity “«>") 

Entailment E: The final 
resultant state ("«>") is unique => 
and follows every nonfinal state. 


5(1): the set of all numbers greater 
than zero and less than 1/1, 
satisfying the first nine axioms 
for the real numbers 

From S(n-l), form S|n). 

S(n): the set of all numbers greater 
than zero and less than 1/n, 
satisfying the first nine axioms for 
real numbers. 

S(eo): the set of all numbers greater 
than zero and less than all real 
numbers, satisfying the first nine 
axioms for the real numbers 

Entailment E: S(°°) is unique. 


These infinitesimal numbers are metaphorical creations of the BMI. In 
the iterations, the numbers get smaller and smaller but are always real num- 
bers at every finite stage. It is only at the final stage, characterized by the 
BMI, that we get a set of numbers greater than zero and smaller than all real 
numbers. 

Because infinitesimals satisfy the first nine axioms for the real numbers, 
arithmetic operations apply to them. Thus you can multiply real numbers by 
infinitesimals — for example, 3 - 3 = 3 • 3 - 33. There is a multiplicative inverse: 

1/3, such that 3 • 1/3 - 1. 

You can also take ratios of infinitesimals: 

33/43 - (3-3)/(4-3J - 3/4 • 3/3 - 3/4 • 1 - 3/4. 

Thus, ratios of infinitesimals can be real numbers, as required by Leibnizian 
calculus. 


Since the concept of the limit and the concept of the infinitesimals are special 
cases of the BMI, it is no surprise that Newton and Leibniz got equivalent re- 
sults. They both implicitly used the Basic Metaphor of Infinity to extend the 
teal numbers and the operations on them, but they used it in different ways. 
Newton used the BMI to define a new operation — taking the limit— but not new 
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metaphorical entities. Leibniz used the BMI to define new entities — infinitesi- 
mals — but not a new metaphorical operation. 

As (or the principle of Occam's Razor, one might as easily apply it to kinds of 
operations as to kinds of entities. Thus, one might argue, against the Newton- 
ian method, that it required a new kind of operation — limits that could be 
avoided if you had infinitesimals. Occam's Razor cuts both ways. A pro-infini- 
tesimal anti-limit argument is just as much an Occam's Razor argument as a 
pro-limit anti-infinitesimal argument. Occam's Razor (if one chooses to accept 
it) in itself thus does not decide which use of the Basic Metaphor of Infin ity, 
Newton's or Leibniz's, should be accepted for characterizing calculus. For his- 
torical reasons, Newton's use of the BMI was ultimately accepted, but both ver- 
sions were used for a long time. 


Robinson and the Hyperreals 

In the late nineteenth century, the German mathematician Karl Weierstrass de- 
veloped a pure nongeometric arithmetization for Newtonian calculus (see Chap- 
ter 14). This work effectively wiped out the use of infinitesimal arithmetic in 
doing calculus for over half a century. The revival of the use of infinitesimals 
began in the 1940s, with research by Leon Henkin and Anatolii Malcev. There is 
a theorem in mathematical logic called the Compactness theorem, which says: 

In a logical system L that can be satisfied by (i.e., mapped consistently 
onto) a set-theoretical model M, if every finite subset of a collection of 
sentences of L is satisfied in M, then the entire collection is satisfied in 
some model M*. 

Here is the reason that this theorem is true. 

• Every finite subset of sentences that is satisfied in M can be consis- 
tently mapped onto M. 

• If a finite subset of sentences can consistently be mapped onto a model 
M, then that subset of sentences is consistent; that is, it does not con- 
tain contradictions. 

• If every finite subset of sentences is satisfied in M, then every finite sub- 
set is consistent. 

• If every finite subset is consistent, then the entire collection is consistent 
and therefore has some model M* , which may not be the same as M. 

From a conceptual perspective, we can see the Compactness theorem as an* 
other special case of the BMI. Here are the BMI parameters that allow us to see 
the Compactness theorem as a form of the BMI: 
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The Logical Compactness Frame 

The sentences of a formal logic are denumerable; that is, 
they can be placed in a one-to-one correspondence with the 
natural numbers. If every finite subset of a set of sentences 
S has a model, then the subset S(n) consisting of the first n 
sentences of S has a model M(n). 


The BMI for Logical Compactness 


Target Domain 
Iterative Processes 
That Go On and On 


Special Case 
Logical Compactness 


The beginning state (0) => 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n - I), => 

produce the next state (n). 

The intermediate result after 
that iteration of the process 
(the relation between 
n and n - 1 ) 


The logical compactness frame, with 
models for all finite sets of sentences 

There is an ordered pair (S(l), M(1)J, 
consisting of the first sentence and a 
model that satisfies it. 

Given (S(n - 1), M(n - 1)), there is a 
model M(n) satisfying S(n). 

There is an ordered pair (S(n), M(n)), 
consisting of the set S(n) of the first 
n sentences and the model Af(n) that 
satisfies it. 


There is an ordered pair (S(«>), Af(«)), 
"The final resultant state" consisting of the set SM of the entire 

(actual infinity "«»") ** infinite sequence of sentences and a 

model MM that satisfies S(°»). 


Since the subject matter of this special case is the existence of some model or 
other, not a particular model, the uniqueness entailment applicable to other 
special cases of the BMI does not arise here. 

This version of the BMI works as follows: Suppose we know that every finite 
set of sentences of S has a model. Since the sentences are countable, they can 
be ordered. Form the sequence of the first i subsets of sentences and the model 
paired with them. At each stage, there is one more sentence and a simple ex- 
tension of the previous model to satisfy that sentence, given the others. The 
process of forming larger and larger subsets of sentences and larger and larger 
extensions of the previous models to satisfy those sentences goes on indefi- 
nitely. The BMI adds an endpoint at which all the sentences are considered to- 
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gether and an ultimate model is constructed that satisfies not just all finite sub- 
sets of sentences but the infinite set of all the sentences. 

Of course, this is a cognitive characterization, not a mathematical character- 
ization of the Compactness theorem. The mathematical proof uses the notion 
of a least upper bound/greatest lower bound (Bell & Slomson, 1969), which, 
from a cognitive viewpoint, is another version of the BMI (see Chapter 9). The 
mathematical version of the Compactness theorem can now be used to gener- 
ate a model in which there is at least one infinitesimal. The result is due to 
Henkin. 

Henkin considered the following set of sentences for some constant, C: 

C is a number bigger than zero and less than 1/2. 

C is a number bigger than zero and less than 1/3. 

C is a number bigger than zero and less than 1/4. 

And so on. 

For any finite subset of such sentences, there is some number C such that the 
finite subset of sentences is satisfied in any model of the axioms for the real 
numbers. According to the Compactness theorem, there is a model M* in which 
all such sentences are satisfied. In that model, C must be greater than zero and 
smaller than any real number. As such, C is an infinitesimal. Hence, model the- 
ory shows that there are set-theoretical models of the real numbers in which at 
least one infinitesimal exists. 

Since this is a result in classical mathematics, the conclusion came as some- 
thing of a shock to those who thought that classical mathematics could get 
along without the existence of infinitesimals. The Compactness theorem re- 
quires that infinitesimals exist, even within the bounds of classical mathemat- 
ics. In other words, Occam's Razor or no Occam's Razor, if there are least upper 
bounds, there are infinitesimals. 

Of course, once you have a set-theoretical structure with any infinitesimals in 
it, the axioms of Infinity (another special case of the BMI) and Union (Chapter 
7), taken together, allow for the formation of infinite unions of sets, so that 
there can then be set-theoretical models containing hugely more infinitesimals. 

Once infinitesimals were shown to "exist" relative to the assumptions of 
classical mathematics and formal model theory, an entire full-blown formal 
theory of infinitesimal mathematics and calculus using them was constructed, 
mostly due to the work of Abraham Robinson. A branch of mathematics called 
nonstandard analysis has come out of Robinson's (1966, 1979) work. 
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It is not our intention here to review the field of nonstandard analysis. What 
we want to do instead is give the reader a conceptual feel of what infinitesimal 
numbers are, how they work, and what deep philosophical consequences follow 
from their "existence." We will use the Basic Metaphor of Infinity to show what 
the structure of infinitesimal arithmetic is like and how infinitesimals operate. 
Then we will show the consequences. 

The remainder of this chapter will take the following form: 

• First, we will use the BMI to generate "the first infinitesimal," which 
we will call d. 

• Second, we will show that d together with the reals forms a number sys- 
tem we will call the granular numbers. 

• Third, we will form a system of numerals for the granular numbers, 
using "d" as a numeral for the first infinitesimal number. 

• Fourth, we will show that an understanding of this number system can 
be grounded in an understanding of the concept of a speck. 

• Fifth, we will show a truly remarkable result. In the granular numbers, 
the sum of an infinite series is not equal to its limit! Moreover, the dif- 
ference between the limit and the infinite sum can be precisely calcu- 
lated in the granular numbers. 

• Sixth, we will indicate how all of calculus can be done with the granu- 
lar numbers. Indeed, there is a one-to-one translation of classical proofs 
in calculus without infinitesimals to a corresponding proof using the 
granular numbers. 

• Seventh, we will then use the BMI again to show that starting from the 
"first infinitesimal," we can generate a countable infinity of "layers" of 
infinitesimals. We then gather these together, using the BMI to form an 
infinite union to produce an infinite set of layers of infinitesimals. 
Whereas there is a numeral system for the number system generated by 
the first infinitesimal, and numeral systems at any finite layer of infin- 
itesimals, there is no system of numerals that can describe the full set 
of infinitesimals. This gives us the unsurprising result: There are num- 
ber systems with no possible system of numerals. 


The Granular Numbers 


We use the term "granularity" as a metaphorical extension of its use in pho- 
tography. In a photograph, background details that look like specks may be suf- 
ficiently important that you want to zoom in on them and get a more 
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"fine-grained" print that allows you to see those details with greater resolution. 
The degree to which you can zoom in or out is the degree of "granularity" of the 
print. Since our understanding of infinitesimals is grounded in our understand- 
ing of specks, it seems natural to use the term "granular numbers" for those in- 
finitesimals that we want to zoom in on and examine in detail. What links our 
experiential grounding for infinitesimals to an arithmetic of infinitesimals is 
the metaphor that Multiplication by an Infinitesimal Is Zooming In. For exam- 
ple, multiplying the numbers in the real line by an infinitesimal allows us to 
zoom in on an infinitesimal copy of the real line. 

We will approach the infinitesimals conceptually, rather than through the 
model-theoretic methods used by Robinson, and we will build them up gradu- 
ally so as to get a better look at their structure. We have already discussed the 
entire set of infinitesimals via the Basic Metaphor of Infinity, using the unend- 
ing process of constructing "the set of all numbers bigger then zero and less 
than 1/n, satisfying the first nine axioms for the real numbers." We then used 
the BMI to add a metaphorical end to the process. This time we proceed in a dif- 
ferent way, in order to give the reader both a sense of the structure of the infin- 
itesimals and an idea of how slightly different special cases of the BMI can yield 
radically different results. Where our previous use of the BMI iteratively formed 
sets of numbers and finally formed the set of infinitesimal numbers, we will use 
a version of the BMI to iteratively form individual numbers, not sets. The result 
will be a single infinitesimal number, which we call d. 

In this use of the BMI, we will use the following unending process of number 
formation, where n is a natural number: 

• 1/1 is a number greater than zero, satisfying the first nine axioms for 
real numbers, and of the form 1/n where n is an integer. 

• 1/2 is a number greater than zero, satisfying the first nine axioms for 
real numbers, and of the form 1 /n where n is an integer. 

• 1/3 is a number greater than zero, satisfying the first nine axioms for 
real numbers, and of the form 1/n where n is an integer. 

• 1/4 is a number greater than zero, satisfying the first nine axioms for 
real numbers, and of the form 1/n where n is an integer. 

As the integers n get larger, the numbers 1/n get smaller endlessly. The Basic 
Metaphor of Infinity conceptualizes this unending process as having an end- 
point with a unique result: A number, d, of the form 1/n, which is greater than 
zero, satisfies the first nine axioms for real numbers — and, via the BMI, is less 
than all real numbers. We will pronounce "d" as "delta" and refer to it as "the 
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first infinitesimal number produced by the BMI." We will include the symbol d 
in the list of numerals 0, 1, 2, 3, and so on. 

Since d satisfies the first nine axioms for the real numbers, it combines freely 
with them. And since d is also a numeral, we can write down all the combina- 
tions that define "granular arithmetic." Moreover, d is of the form 1/k, where k 
is an integer. We will call that integer H for "huge number," a number bigger 
than all real numbers. Note that H - 1/d. Also note that the symbol H is not in 
italics, since H is a fixed number, not a variable. 

Incidentally, the real numbers are contained among the granulars; expres- 
sions with no d's are just ordinary real numbers. Note also that since the gran- 
ulars satisfy the first nine axioms of the real numbers, they are linearly ordered. 

For the sake of completeness, here is the special case of the BMI for forming d. 

The First Infinitesimal 


Target Domain 
Iterative Processes 
That Go On and On 

The beginning state (0) => 


State ( 1 ) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n - 1), => 

produce the next state (n). 

The intermediate result after 
that iteration of the process => 

(the relation between n and n - 1) 

"The final resultant state" 

(actual infinity "«") ^ 

Entailment E: The final 
resultant state ("«>”) is unique => 

and follows every nonfinal state. 


Special Case 

The Granular Numbers 

Individual numbers of the form 1/k, 
each greater than zero and meeting 
the first nine axioms of the real 
numbers (where k is a positive integer) 

1/1: It is of the form 1/k, is greater 
than zero, and meets the first nine 
axioms of the real numbers. 

Given l/(n - 1), form 1/n. It is of 
the form 1/k, which is greater than 
zero and meets the first nine axioms 
of the real numbers. 

1/n, with 1/n < l/(n - 1) 

The infinitesimal number 1/H - d, 
where d is greater than zero and 
meets the first nine axioms of the 
real numbers. H is an integer greater 
than all the real numbers. 

Entailment E: d « 1/H is unique 
and is smaller than all 1/k, 
where k is a natural number. 
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Granular Arithmetic 

By using normal arithmetic operations on 3 and the reals, we arrive at an arith- 
metic of granular numbers. Since 3 satisfies the first nine axioms for the real 
numbers, it has the normal properties that real numbers have. 


0 + 3 - 3 + 0-3 
1 -d-d- 1 -3 
0 • 3 = 3 • 0 = 0 
3 ° - 1 

dn/9n> _ dn-m 


3 + (- 3 ) - 0 
3 / 3-1 
31 = 3 
3 -« - 1/3 


Here, 3 is acting like any nonzero real number. 


The Special Property 

What makes 3 an infinitesimal is the special property it acquired by being cre- 
ated via the BMI: Any multiple of 3 and a real number is greater than zero and 
smaller than any positive real number. 

0 < 3 • r < s, for any positive real numbers r and s. 

Since 3/3 - 1, the ratio of two real multiples of 3 is a real number. For example, 
23/53 - 2/5, since 3/3-1. 

Since 3 can be multiplied by itself, we can have 3 • 3 - 3 2 . Since multiplying 
anything by 3 results in a quantity that is infinitely smaller, 3 2 is infinitely 
smaller than 3. As one continues to multiply by 3, one gets numbers that are 
progressively infinitely smaller: 3 100 , 91 . 000,000 an( j s0 0I1/ without limit. As a con- 
sequence, all real multiples of d 2 are less than all real multiples of 3. 

The granulars also form infinite polynomials based on 3. Thus, there are gran- 
ulars like: 33 + 7S 2 + 643 s + . . . , where the sequence continues indefinitely. 

The Monads of Real Numbers 

3 and its multiples can be added to or subtracted from any real number. Thus, 
we have granular numbers like 47 + 73 - 573 2 or 53 - 53 + 873 s . Thus any mul- 
tiple of a real number times 3 or of 3 times itself occurs added to and subtracted 
from the real numbers. This has two remarkable consequences. 
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Suppose we extend the metaphor that Numbers Are Points on a Line to the 
granular numbers. We can do this, since the granular numbers are linearly or- 
dered (because they satisfy the first nine axioms for the real numbers). That 
means that every granular number can be put in correspondence with a point 
on a line. The result is the granular-number line, which contains within it the 
points corresponding to all the real numbers. The first remarkable consequence 
is that on the granular-number line, the real numbers are rather sparse. Most of 
the numbers are granulars. 

The fact that multiples of 9 are less than any positive real number has a sec- 
ond remarkable consequence: the formation of monads, as described earlier. For 
convenience, we repeat the principal points of that discussion here. 

Pick a real number and add to it and subtract from it any sum of multiples of 
d», where n is a natural number. By doing this you will not reach any other real 
number. Around each real number on the granular-number line, there is an in- 
finity of granular numbers extending in both directions. This is the monad 
around that real number. 

Let us look at the structure of each such monad around a real number. We 
can get a sense of that structure by performing the following construction: 

• Take the real-number line and multiply every number in it by 9. Call 
this the 9 1 number line. 

• Take the 9 1 number line and multiply every number in it by 9. The re- 
sult consists of each real number multiplied by 9 2 . Call this the 9 2 num- 
ber line. 

• And so on for 9". 

• Now pick a real number r and add every number in the 9 1 number line 
to it. This will give you an infinitely small copy of the real-number line 
around r. Let us call this the 9' monad around r. 

• Now, to every number in the 9 1 monad around r, add every number in the 
d 2 number line. This will give you an infinitely smaller copy of the real- 
number line around r and around each multiple of 9 times a real number; 
that is, in the monad around r there will be a real number of real-number 
lines. Now keep doing this indefinitely for 9”. You will get more and more. 

• Around every real number r there will be a monad of infinitely small 
copies of the real number line, with infinitely smaller and smaller 
copies of the real-number line embedded in it. 

• The monads around any two distinct real numbers do not overlap. 

In other words, on the granular-number line, each real number is separated 
from every other real number by a vast structure of granulars stretching indefi- 



238 


Where Mathematics Comes Fro m 


nitely in both directions but never reaching a member of another monad. By 
adding infinitesimals to a real number, you can at best get within an infinitesi- 
mal distance of another real number. That's how small infinitesimals are! 

The Huge Numbers 

Recall that 9, as we constructed it, has the form 1/n, where n is an integer. Re- 
call that we are calling this integer H, for "huge number." H is the reciprocal of 
5. Thus, 


a = 1/H, a • H = 1, H = 1/8, 9 = H-1, and H - d-». 


Since d is less than all real numbers, H is greater than all real numbers. Just 
as d is infinitesimal, H is infinite. Since H satisfies the first nine axioms for real 
numbers, it can enter into all arithmetic operations. Thus, there are numbers H 
+ 1, H - 1, H + 2, H - 2, and so on. There are also 2H, 3H, and so on, as well as 
H 2 , H 3 , . . . , H” and even 


H» K . 

Thus there is no bound to the hugeness of the huge numbers. What we get are 
higher and higher levels of infinity. Similarly, we can have 

a» H , 

which defines infinitely smaller and smaller levels of infinitesimals. 

As an integer, H has successors. There is H + 1, H + 2, and so on indefinitely. 
It also has predecessors: H - 1, H - 2, and so on indefinitely. However, all the 
granular numbers of the form H - n, where n is a real integer, are still huge. You 
can't get back down to the real numbers by subtracting a real number from H. 
Similarly, by performing the successor operation — the successive addition of 1 
to a finite integer — you can never count all the way up to H or even H - r, for 
any real r. That will give you some idea of just how "huge" H is. H and the nat- 
ural numbers are not connectable via the successor operation. And yet, via the 
operation of the Basic Metaphor of Infinity, H is a metaphorical integer. 

So far we have defined d” in terms of self-multiplication. But the exponential 
function, which is not self-multiplication (see Case Study 2), naturally extends 
to the granulars, so that expressions like 8*, e 3 , and e H are well defined. As a re- 
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suit, we can raise d and H to the power of any real or granular number. This 
gives us a continuum of d levels. This is a granular continuum, not just a real 
continuum; that is, there is a 3 level — a level of granularity — not just for every 
real number on the real-number line but also for every granular number on the 
granular-number line! 


Why Infinite Sums Ate Not Equal to 
Theit Limits in Granular Arithmetic 

Within the real numbers alone — without granulars or infinitesimals — infinite 
sums are defined in terms of limits. For example, consider the infinite sum of 

9 / 10 "— -that is, 0.9999 As we saw in Chapter 9, this infinite sum is usually 

defined — via the Infinite Sums Are Limits metaphor — as being its limit: 

lim 29/10* - 1. 

i-l 

Since the limit is conceptualized via the special case of the BMI for limits, this is 
a metaphorical sum. What the expression above says is that 0.999999. . . - 1. 
Now, for any finite series of the form 

29 / 10 * 

i-i 

where there is a last term n, there is a difference between the last term and the 
limit. That difference is 


1 -29/10* - 1/10". 

For example, if n - 5, then the sum is 0.99999 and the difference between the 
limit 1 and the sum is 1 - 0.99999, which = 0.00001, or 1/10 5 . If the sum over 
the real positive integers is taken to infinity, the difference at stage n is of the 
form 1/10°. Taking the limit as n approaches «>, 1/10” converges to 0. At the 
limit — the only place where the sum is infinite — there is no difference between 
the infinite sum and the limit. The infinite sum equals the limit. 

The granular numbers give us a very different perspective on what an infinite 
sum is. In the granular numbers, H is an integer larger than all real numbers. 
Relative to the real numbers, therefore, H is infinite. Indeed, since H is beyond 
all the real numbers, a sum up to H includes additional terms beyond a mere 
teal-number sum approaching °°. 
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To see this, let us look closely at H. As an integer, H occurs in a sequence of 
integers: ...,H-3,H-2,H-1,H,H+ l,H + 2, H is so huge that sub- 

tracting any finite real number from H still yields a number incommensurably 
larger than any real number. Now consider the unending sequence of natural 

numbers: 1, 2, 3, No matter how big this sequence gets, every member of 

this sequence must not only be smaller than H but infinitely smaller than H. 
We can see this rather easily. Suppose we simultaneously start counting up 
from 1 and down from H. We get the following two sequences, each of which is 
open-ended: 

1, 2, 3, ... , 10‘°° H - lOioo, . . . , H - 3, H - 2, H - 1, H 

No matter how far we go in both directions, no contact can be made. Thus, 
H is infinitely beyond the infinity of natural numbers. 

Since H is a specific granular number, since it is infinite, and since it is an in- 
teger, we can create an infinite sum whose last term is the specific granular in- 
teger H. This is an unusual feature of the granular numbers. Series can have an 
infinite number of terms, yet also have a last term. We could, in principle, have 
an infinite series with more than H terms— say, H + 1 or H 3 — but for our pur- 
poses H will suffice to make the series not just infinite but longer than any in- 
finite series whose terms correspond to natural numbers alone. In other words, 
a sum up to H is not just an infinite sum but it has infinitely more terms than 
a sum over all the natural numbers! 

Now consider the series 


fo/lO'. 

i-l 

This is the series 9/10 + 9/100 + 9/1000 + . . . + 9/10 H . The last term of this se- 
ries is 9/10”. Therefore, the difference between the limit 1 and the sum to H 
terms is 1/10”. This is a specific granular number. It is an infinitesimal. With 
the granular numbers, then, this infinite series is not only less than its limit but 
measurably less than its limit. It is exactly 1/10” less than its limit. 

Now consider another series with a limit of 1 — namely, 

Ll/2'. 

i-l 

This is the sum 1/2 + 1/4 + 1/8 + ... , whose limit is 1. At any term n, the dif- 
ference between the limit and the nth term is 1/2.”. For example, the sum for 
n *» 5 is 1/2 + 1/4 + 1/8 + 1/16 + 1/32, which equals 1 - 1/32. Now take the sum 
of this series up to H. 
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£l/2*. 

i-l 

The precise difference between the limit 1 and the sum to H terms is 1/2 H . 

Note that 1/10 H is smaller than 1/2.”. Thus the infinite sum (up to H terms) 
of 9/10“ is larger than the infinite sum of 1/2", even though they both have the 
sam e limit. The precise difference between the two numbers is the granular 

number 1/2H-1/10H 

What limits do is to ignore precise infinitesimal differences — differences that 
can be calculated with precision in the granular numbers. 

The Real Part 

Since the real numbers are embedded in the granulars, we can define an opera- 
tor R that maps each granular number onto its "closest" real number. R maps 
all the infinitesimals — the granulars whose absolute value is less than any pos- 
itive real number — onto 0. R maps all the positive huge numbers onto <*> and all 
the negative huge numbers onto We will call R the real-approximation op- 
erator. From the perspective of the granular numbers, each real number is an ex- 
tremely gross approximation to an infinity of granular numbers. 

In addition, R is defined so that for granulars a and b, R(a + b) = R(a) + R(b ) 
and R[a • b) « R(a) ■ R[b). In other words, the real approximation to the sum is 
the sum of the real approximations, and the real approximation to the product 
is the product of the real approximations. Here is an example of the effect of R. 
Consider the granular number 37 - 148 + 198 3 . 

K(37 - 148 + 1983) - K(37) - (J?(14) • R(8)) + (J?(19) • K(83)) 

= 37 -(14-0) + (19 -0) 

- 37 


Or take H - 19. 

K(H-19) - /?(H)-R(19) 

- «-19 
= undefined 

Suppose we apply R to the sums of infinite series up to H. Consider the two 
sums we just discussed: 

• 1 - 1/10” and 

• 1 - 1 / 2 ” 
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Their real parts are 

R(1-1/1QH) and R(1-1/2H), 

which equal 

/?(1)-/?(1/10H) and J?(1)-/?(1/2H), 

which equal 

1-0 and 1-0, 

which equal 

1 and 1. 

The two sums differ from 1 by an infinitesimal. The real-approximation opera- 
tor ignores that infinitesimal and makes both sums equal to their limits. In other 
words, the real-approximation operator has the same effect as the notion of a 
limit. That effect is to ignore precise differences that are visible in the gran ular* , 
It also has the same effect as the notion of a limit for huge granulars. i?(H - 19] 
has the same effect as (n - 19). The former is undefined, as is the latter, 
which technically has no limit since n - 19 grows indefinitely as n approaches ». 

Incidentally, Robinson's treatment of infinitesimals does not include the 
granulars and differs in certain significant ways from the discussion given here. 
In a later section, we will compare the two. For a full treatment of calculus from 
Robinson's perspective, see H. J. Keisler (1976a, 1976b). 

Calculus Becomes Arithmetic 

Within the granular numbers, defined merely by the first infinitesimal d, one 
can do all of calculus without the notion of a limit. Calculus simply becomes 
arithmetic. 

The derivative can be defined as follows: 

Compare this to the definition for limits. 



Instead of the variable Ax in the limit definition, we have a fixed constant 9. In- 
stead of a limit operator, Um^ we have a real-approximation operator R that has 
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the effect of ignoring ail infinitesimals. The results are always the same. Indeed, 
for any proof with limits, there is a corresponding proof with d's. 

Compare the treatment of /(x) = x 2 with limits and with d's. With limits we 


have 



lim * 2 * ^xAx + Ax 2 - x 1 

6x->0 Ay 

2xAx + Ax 2 
Ax 



- lim 2x + Ax 


At this point, we have to apply the special case of the BMI for limits and treat 
Ax, which never literally gets to zero, as if it did. The (metaphorical) limit of 
2x + Ax as Ax approaches zero is 2x. 

The derivation is similar, but a bit simpler, with infinitesimals. 

_ £(2x3 + 3*) 

- R{2x + d) 

- i?(2x) + R[ d) 

- 2x + 0 
= 2x 


As should be clear, one can construct an algorithm to convert any derivation 
from limit notation to granular notation and vice versa. In the granulars, there 
are no limits, just arithmetic and the real-approximation operator. 

Integrals 

The definition of the integral in the granular numbers is correspondingly 
straightforward: 


J/Ixldx-flfi /(xj-d) 

The integral divides up the interval from a to b into subintervals of length d. 

is the height of the curve at the nth division into subintervals. The prod- 
uct /jx n ) • d is the area of the rectangle of width d and height /(x n ). The sum is 
the sum of all the rectangles in the interval from a to b (see Figure 1 1.3). 
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FIGURE 1 1 .3 The integral in the granular numbers: The interval \a, b) is 
divided into subintervals of length d. At the nth division into subintervals 
the value of the function is /|x n ), and the area of each rectangle is /[xj • 9. 
The area under the curve is given by the sum of the areas of all the rec- 
tangles in the interval [a, b\. 



Since dH * 1, there are H subintervals for every interval of length 1 . The num- 
ber of such subintervals in the interval of length |b - a) is H • |b - a). 

This sum will differ from the area under the curve by an infinitesimal. The 
operator R eliminates that infinitesimal difference. The result is the same as in 
standard calculus. 

For example, consider the integral of f[x\ - lx from x - a to x = b. For the sake 
of simplicity, suppose that a equals zero and b is positive (see Figure 1 1.4). It is ob- 
vious from the figure what the right answer should be. Since the length b and the 
height 2b form a rectangle of area 2b 2 , the area of the triangle under the curve is 
half that: b 2 . The definition of the integral in terms of an infinite sum of rectan- 
gles of infinitesimal width will give exactly the same result. Here's how: 

Let us add up the area of the columns of rectangles under the curve in Figure 
11.4. Each column has a width of d. There are H • b columns. The first column 
is composed of only one rectangle of area d • 29 « 2d 2 . The second column is 
composed of two rectangles of area 2d 2 . The total area of the second column is 
2 • 2d 2 . Similarly, the third column is composed of three rectangles and has 
the area of 3 • 2d 2 . In general, the nth column has the area of n • 2d 2 . And the last 
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FIGURE 1 1.4 The integral of /(z) - lx from a to bin the granular numbers (where a - 0 and 
b is positive). The interval [a, b] is divided into H • b columns, each with the width d. In gen- 
eral, the fl* column has the area of n • 2d 1 , and the last column has the area of H b • 2d 2 . -The 
sum of all columns is 2d 2 (1 ♦ 2 + . . . + H b), which after a little algebra yields b 2 + d b. 


column has the area of H b • 2d 2 . The sum of all the columns therefore is 
2d 2 • (1 + 2 + . . . + Hh). That is, 

2 2d 2 -77 

If - I 

It is well known that the sum of the first n integers is Thus the sum of 

the areas of the columns is 


2 y HbIHb + II 

which equals 


which equals 


d 2 (H 2 fe 2 + H b), 
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which equals 




Since 3H = 1, we have 


& + db. 


Applying the real part operator R, we get 


which equals 


which equals 


R|b*+ab), 

£(&*) + R(ab), 


fea + 0 - b\ 


This is essentially the same as doing the definite integral via limits. The corre- 
sponding limit expression for this integral would be 


| f\x)dx - lira t fix,) • Ax 

With granular numbers, there is only one sum and it is computed by simple 
arithmetic. With limits, there is an infinity of finite sums. The reason is that 
limits are defined in terms of sequences of sums, with the number of sums ap- 
proaching infinity. 

Remember that in the granular numbers, d and H are fixed numbers whose 
product is 1. The number of divisions into columns under the curve is a fixed 
number, H(b - a). There is just one figure with a sum of column areas to be com- 
puted, whereas in the case of limits there is an infinity of such figures and sums, 
since the number of divisions into columns — namely, n — approaches infinity. 

In the granular numbers, the infinitesimal widths and the infinite number of 
divisions are fully arithmetized. In the case of the limit, there is no such arith- 
metization. With limits, we do not even know how many elements of width Ax 
are being summed in each sum, since Ax is a variable, nor do we know the exact 
width of any Ax. 

As Ax gets small, the number of elements being summed gets indefinitely 
large, but we do not know exactly how large, because there is no arithmetiza- 
tion of infinity. Within the granular numbers, there is precise arithmetization 
of everything. 
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The Hyperreals 

The system of granular numbers is vast. It dwarfs the real numbers. Half the 
granulars are infinitesimal and half are huge. Do the infinitesimal granulars and 
the huge granulars exhaust all the infinitesimal and huge numbers? The answer 
is no. There are more infinitesimal and huge numbers outside the granulars. 

Recall that we formed the granulars in such a way that they constitute the 
smallest extension of the real numbers to infinitesimals. The way we did this 
was to apply the Basic Metaphor of Infinity to the process of forming numbers, 
1/n, such that "1/n is a number greater than zero and less than l/(n - 1), satis- 
fying the first nine axioms for real numbers." The BMI completes this process 
by yielding a unique infinitesimal number, which we called d. The rest of the 
granulars arose by arithmetic operations on d and the reals. 

Recall also that we had previously characterized the set of all infinitesimals 
by applying the BMI to a different process — a process of forming sets, not indi- 
vidual numbers. The sets were of the form: "the set of all numbers bigger than 
zero and less than 1/n, satisfying the first nine axioms for the real numbers." 
When the BMI completes that process, it yields the set of all infinitesimals. The 
multiplicative inverses of those infinitesimals are included, because the axioms 
for the real numbers must be satisfied and those axioms require inverses. Those 
inverses are all the huge numbers. This set of all infinitesimals and huge num- 
bers is called the hyperreals. 

It is easy to see that the granulars do not by any means exhaust the hyperreals. 
The reason is that once we form the first infinitesimal via the BMI, we can use 
the BMI again to characterize more infinitesimals that are not in the granulars. 

Here's how we do it. Recall the following: d - 1/H. It is infinitesimal, because it 
is divided by an infinite integer, 3* 1 = 1/H”. Now, 3** is infinitely smaller than even 
d is, because it equals 1 divided by H” which is infinitely larger than H is. Within 
the granular numbers, we can go on forming successive powers of powers, such as 

3 HH and3 HHH 

We will write these as 3 H ( 2 level*) and 3 11 1 3 level*). In general, we can form an arbi- 
trary number of levels of powers, 3” < n i evd *). 

We can now form an unending process for creating infinitesimal numbers 
greater than zero: 


Form 3” u level), raise 3 11 <> level) to the power H, yielding 3 H l 2 lev 'i*i; . . . ; 
raise 3 H l"- 1 lev ei) t 0 the power H, yielding 3 11 < n level*). 
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We now let this be the unending process in the BMI. The BMI concept ualizes 
this as a completed process with an endpoint and a new result: 9 H < H level »), an in. 
finitesimal smaller than any granular infinitesimal, yet greater than zero. We will 
call it the second infinitesimal and write it as 9 H < H leve, *> = *9, or "delta super-two". 

Using 2 9, we can now form another layer of granular numbers, with infini- 
tesimals smaller than any of the first granulars and huge numbers larger than 
any in the first layer of granulars. Once we have the layer of granulars defined 
by 2 9, we can use the BMI in the same way again to form 3 9, and so on indefi- 
nitely. Every layer defined by a °9 is a subset of the hyperreals, which is the set 
of all infinitesimals and huge numbers. 

Each time we get another "9 — the nth infinitesimal number — we can create a 
numeral for it — say, " n 9". We started with the numerals "0," "1," "2," "3," "4," 
"5," "6," "7," "8," "9" for the real numbers and added "9" to give a numeral 
system that could symbolically represent every granular number. We then 
added "29," " 3 9," " 4 9," . . . , "“9" to give a finite numeral system in which every 
number in the first n layers of granulars could be symbolically represented. But 
there is no end to the n 9's, and so there is no end to the numerals that would 
have to be created to represent these numbers in a system of numerals. To rep- 
resent all the layers of granulars in numerals would require more than a finite 
number of symbols. Thus, it is impossible to design a numeral system to sym- 
bolically represent all infinitesimals and huge numbers. 

Recall that we can do calculus just fine with only one layer of granulars, so 
only one added numeral — "9" — suffices. But if for theoretical reasons we 
wanted to have a numeral system for all the infinitesimals, we would not be 
able to achieve that goal. 


Beyond All Granulars 

The formation of more and more n 9's via the BMI is an unending process itself. 
We can now apply the BMI to that unending process. That is, we can apply the 
BMI recursively. Here is the unending process: 

From " - 1 9, apply the BMI to yield n 9. 

Applying the BMI to this unending process yields a metaphorical completion of 
the process. The result is a new infinitesimal number smaller than any of the 
"9's — a superinfinitesimal: ”9. This, too, is of the form 1/A (where A is an inte- 
ger). It is smaller than any number in any layer of granulars, satisfies the first 
nine axioms for the real numbers, combines freely with all reals and granulars 
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in every layer, and produces a new set of numbers that are linearly ordered with 
respect to all the other granulars. 

We can now begin the process all over again, producing another infinity of 
layers, applying the BMI recursively to that, and on and on endlessly. Each time 
we use the BMI, we create another layer of infinitesimal and huge numbers that 
is a subset of the hyperreals. 

This gives us a sense of just how big the hyperreals are and what kind of sub- 
structures exists within the hyperreals. Because all the hyperreals can be linearly 
ordered (since they satisfy the first nine axioms for the real numbers), they can 
all be mapped onto the line via the metaphor Hyperreal Numbers Are Points on 
a line. Notice that the reals are such a small subset of the hyperreals that they 
are barely noticeable. Virtually the whole line is taken up by nonreals. 

Calculus in the Hyperreals 

The field known as nonstandard analysis does calculus using the hyperreals, not 
the granulars. Because there can be no numeral system for the hyperreals, there 
can be no finite symbol system for the arithmetic of the hyperreals. Where we 
used arithmetic and arithmetic notation to do calculus, those scholars using the 
hyperreals must take another approach. Their approach is to use variables over 
the infinitesimals and huge numbers (which they call infinite numbers ). 

In H. J. Keisler's calculus text based on Robinson's treatment (Keisler, 1976a, 
1976b), Keisler uses e and S as symbols for variables over the infinitesimals in 
the hyperreals, and H and K as variables over the huge, or "infinite," numbers. 
(As variables, they are symbolized in italics.) Since nonstandard analysis does 
not recognize the existence of the granular numbers, it cannot name individual 
infinitesimals and huge numbers at the granular level. Moreover, it cannot have 
statements in granular arithmetic like H • d = 1, which implies that H 2 -3 ** H 
and H • d 2 « 3. For Keisler, the product K e of a variable K over an infinite num- 
ber and a variable e over the infinitesimals is "indeterminate." The reason this 
has to be true for Keisler, as for Robinson, is clear. The K is a variable and so, in 
granular terms, could be varying over any huge number at all (e.g., H or H 2 ), 
whereas the e could be varying over any infinitesimal at all (e.g., granular d or 
d 2 ). Thus, Keisler's "K • e" could be varying over the granular numbers H • 3, 
H 2 • 3, or H • d 2 . The first is 1, the second is H, and the third is 3 in the granu- 
lars. Keisler, who cannot "see" the granulars, can only conclude that the result 
in the hyperreals is indeterminate— not clearly finite, infinite, or infinitesimal. 

We can now begin to see the conceptual disadvantages of using the hyperreals 
without the granulars. Imprecision results. The numbers cannot be named. The 
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only way to even discuss the product of an infinite and an infinitesimal number 
in hyperreals is with variables, but the result can only be called indeterminate 

There are further problems with the way Robinson happened to develop his 
conception of the hyperreals. He made a three-way category distinction between 
"infinitesimal/' "finite," and "infinite" numbers. He also made a distinction be- 
tween the "standard part," analogous to what we called the real-appro xim ation 
operator, and the "nonstandard part" of the hyperreal numbers. The "infinitesi- 
mals" have an absolute value smaller than any positive real number. This maV q 
zero an "infinitesimal" for Robinson and Keisler. In their development of calcu- 
lus, they must distinguish between zero and nonzero infini tesimals so that there 
is never division by zero. In the granular numbers, we keep zero separate horn the 
infinitesimal granulars, for reasons that will become clear in the next chapter. 

Here's how Robinson and Keisler characterize differentiation using var iabl es 
ranging over nonzero infinitesimals. The derivative is defined as follows, n*mg 
"st" for the standard-part operator: 

/'(x)-st(/t «lffi ^ fr l) 

Here, the Ax's are variables over nonzero infinitesimals. From here on, the dif- 
ferential calculus is just like it is for the granular numbers. And as with the gran- 
ular numbers, there is a correlate for every proof in standard differential calculus. 
Keisler defines the definite integral — the area under a curve between two points — 
using variables over infinitesimals and infinite numbers. Given the interval on 
the x-axis [b, a] with length b-a, that length is divided into H subintervals, each 
of length 5, but where H is some unspecified "hyperinteger" and 5 is some un- 
specified infinitesimal. In Keisler's text, the result is a set of H rectangles, each of 
width 8 and height /lx). Then the definite integral is defined as the standard part 
of the sum of the areas of that rectangle. In short, the strategy is again to use vari- 
ables over hyperreals rather than specific hyperreal numbers. The results, again, 
are exactly the same as in granular calculus and standard calculus. 

A Comparison 

Calculus can be done equally well either the standard way with limits, or using 
granulars with a real-approximation operator, or using hyperreals with a stan- 
dard-part operator. From our cognitive perspective, the granulars have certain 
advantages over the other two. Compared with real numbers and limits, the 
granulars allow us additionally to see that infinite sums are not equal to their 
limits, unless the real-approximation operator applies. This allows us to better 
understand the nature of infinite sums. The granulars also allow us to precisely 
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calculate infinite sums with the same limit and compare their size. Part of this 
job can be done with the hyperreals. In the hyperreals, you could show that 
there is a difference between the limit and the sum to H terms, where H is not 
a fixed number but a variable over hyperreal integers. But you cannot precisely 
calculate the exact infinite sum as a specific number, nor can you calculate the 
difference between the infinite sums as a specific number. 

Compared with the hyperreals, the granulars allow us to use a numeral system 
and to do calculus in terms of the arithmetic of particular granular numbers. 
Using the granulars, every expression in calculus is an arithmetic expression with 
particular numbers, rather than an algebraic expression with variables. Moreover, 
the granulars have a conceptual advantage: The precise structure of the number 
system you are using is well defined and revealed through the notation. 

The Mathematical Importance of Ignoring Differences 

The study of infinitesimals teaches us something extremely deep and important 
about mathematics — namely, that ignoring certain differences is absolutely 
vital to mathematics! This idea goes against the view of mathematics as the 
supreme exact science, that science where precision is absolute and differences, 
no matter how small, should never be ignored. 

Whether we are using real numbers and limits, the granular numbers with 
the real-approximation operator, or the hyperreals with the standard-part oper- 
ator, calculus is defined by ignoring infinitely small differences. This has not 
always been an uncontroversial view. In the eighteenth century, the Irish 
philosopher and bishop George Berkeley, for example, rejected calculus as a 
form of mathematics on the grounds that mathematics required exact precision 
and calculus ignored infinitesimals. 

Berkeley's argument is revealing. As Davis and Hersh (1981, p. 244) observe, 
discussing Berkeley, 

After all, dt is either equal to zero, or not equal to zero. If dt is not zero, then 32 + 16dt 
is not the same as 32. If dt is zero, then the increment in distance ds is also zero, and 
the fraction ds/dt is not 32 + 16 dt but a meaningless expression 0/0. 

Berkeley's own comment (in The Analyst, 1734) was as follows: 

For when it is said, let the increments vanish, i.e., let the increments be nothing, or let 
there be no increments, the former supposition that the increments were something, or 
that there were increments, is destroyed, and yet a consequence of that supposition, 
i.e., an expression got by virtue thereof, is retained. Which is a false way of reasoning. 
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Speaking of Newton's "fluxions," or derivatives, Berkeley wrote, 

What are these fluxions? The velocities of evanescent increments. And what are 
these same evanescent increments? They are neither finite quantities, nor quantities 
infinitely small, nor yet nothing. May we not call them the ghosts of departed 
quantities? 

Bishop Berkeley was being a literalist, as usual. As we have seen, there is al- 
ways a metaphor involved in differentiation — which we have called the BMI— - 
whether in the form of limits or of infinitesimal numbers. Literally — that is, 
without accepting any use of the BMI — Berkeley was right. Differentiation does 
require ignoring certain differences — infinitely small differences. Using limits 
to define infinite sums also involves ignoring infinitely small differences. Thus, 
accepting 0.9999. . . « 1 also requires ignoring infinitely small differences. If 
you think the very definition of mathematics requires absolute precision— 
never ignoring differences, no matter how small — then you, too, with Berkeley, 
should reject calculus as a form of mathematics. 

But calculus is central to mathematics, as is the study of infinite series, as are 
dozens of uses of the BMI. Let us think for a moment about what would be lost 
to mathematics if infinitesimal differences were not ignored, at least in certain 
well-defined situations. 

We can see this most clearly with the granular numbers. Suppose the deriva- 
tive — the rate of change of a function — were still defined by the metaphor that 
Instantaneous Change Is Average Change Over an Infinitely Small Interval. But 
now suppose that instead of taking the real approximation of the resulting ex- 
pression, we leave in the d's. Let us call this the cumulative derivative in 
contrast to the normal derivative f. 


Normal Derivative f 

f ' lv \ n pi/lx + d) -/(*)) 

Cumulative Derivative fl 
Plx\ * /i* + a )-/W 


r-w - a 

fix*) = 2x 

fl{x 2 ) = 2x +3 

/'(x 3 ) = 3x 2 

/Ijx 3 ) - 3x 2 + 3x3 + 3 2 

f (sin(x)J = cos(x) 


f (e*J - e* 

m . 



Infinitesimals 


253 


First, with cumulative derivatives of polynomials, the d expressions accumu- 
late. Second, there is no function that is its own cumulative derivative, since 
the d terms keep accumulating. For example, e* would no longer be a function 
that is its own derivative. Indeed, there would be no such function! Third, con- 
sider periodic functions like sine and cosine. Whereas the derivative of sin(x) = 
cos(x), the cumulative derivative of sin(x) * cos(x), but equals a much longer ex- 
pression. Moreover, while the second derivative of sin(x) - -sin(x), the second 
cumulative derivative of sin(x) * -sin(x), but equals another very long expres- 
sion. And the fourth cumulative derivative of sin(x) is not sin(x) itself but an ex- 
tremely long expression. Thus, the values of sine and cosine do not repeat after 
four derivatives but become increasingly complex. 

If there were only cumulative derivatives, a great many of the beauties of 
classical mathematics would cease to exist, as would the usefulness of classical 
calculus in actual computation. In short, ignoring infinitesimal differences of 
the right kind in the right place is part of what makes mathematics what it is. 


The Gosure Engine 

Calculus is ubiquitous in advanced mathematics curricula. But calculus with 
infinitesimals is barely taught anywhere, despite the fact that calculus was first 
formulated with infinitesimals and infinitesimals were used for doing calculus 
for two hundred years. Imaginary and complex numbers are a commonplace in 
high school mathematics classes. Infinitesimal numbers are not. Hardly anyone 
has ever heard of them. Why? 

The main impetus for extending our number system over centuries has come 
from the demands of closure (see Chapter 4). Zero and negative numbers were 
needed for closure under addition, rational numbers for closure under multipli- 
cation, the real numbers for closure under self-multiplication, and the complex 
numbers for closure with the square roots of negative numbers. In each case, 
closure was needed to solve basic polynomial equations: x+l = l;x + 5=3; 
7x = 2,- x 2 - 2: x 2 + 1 = 0. 

The infinitesimal numbers are not needed to solve basic polynomial equa- 
tions. They are not necessitated by the drive for closure. Indeed, they are not 
needed for any practical mathematical purpose such as solving equations and 
doing calculations. Moreover, they have a certain stigma. Given the construc- 
tion of natural numbers by the successor operation — the successive addition of 
1 starting with 1 — you cannot reach the infinite integers, which are inverses of 
certain infinitesimals. This is counterintuitive for most people. How can there 
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be an "integer" that you can't count up to? If you don't admit the existence of 
the infinitesimals, you don't have to face this problem. 

What about the granulars? We invented the granulars by applying the BMI as 
shown. In our search through the literature, we could not find any mention of a 
number system generated by a "first infinitesimal" and fully symbolizable by the 
addition of one numeral, in which all of calculus could be done as arithmetic 
Why not? Certainly the remarkable mathematicians who have worked on the hy- 
perreals could have developed such a number system easily. Why didn't they? 

We believe that the reason has to do with the formal Foundations of mathe- 
matics movement and its values (see Chapter 16). Technically, the hyperreals 
arise within the confines of formal foundations because of an important techni- 
cal property of model theory: namely, the existence of nonstandard models— mod- 
els that happen to satisfy a set of axioms even though you didn't intend them to. 
Henkin found in the late 1940s that there was a model containing all the hyper- 
reals, which unexpectedly satisfied the first nine axioms for the real numbers. 

But suppose you don't want a model containing all the hyperreals. Suppose 
you want a model containing the granulars and you want to use the techniques 
of model theory to get it. Your model would have to contain a particular en- 
tity — the "first infinitesimal," which we have called d. The way that mathe- 
maticians generate such particular entities is via additional axioms. But what 
was attractive about the hyperreals was that you could get all infinitesimals 
without adding any extra axioms. Why add extra axioms to get some infinitesi- 
mals when you can get them all for free? 

Nonstandard models are, of course, things that classical mathematicians tend 
not to want to talk about, and calculus has been one of the most classical of the 
classical subject matters of mathematics. 

These are some of the reasons that infinitesimals are generally not taught. We 
will discuss others in the next chapter. 


Two Types of Infinite Numbers 

Cantor's transfinite cardinals and ordinals are infinite numbers. So are the huge 
numbers in the granulars and the infinite numbers in the hyperreals. Do they 
have anything to do with each other? They appear to be two different types of 
infinite numbers. What does it mean for there to be two different types of infi- 
nite numbers? 

The answer is quite interesting: The different types of infinite numbers differ 
in their conceptual structures. The transfinite numbers have a conceptual 
structure that is imparted by 
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• the BMI applied to the formation of sets of natural numbers to form the 
set of all natural numbers, 

• Cantor's metaphor, and 

• the results that power sets have "more" members (in Cantor's sense) 
than the sets they are formed from. 

The huge granulars and the infinite hyperreals have structure imparted to them 
by first using the BMI to form infinitesimal numbers and then taking the in- 
verses of the infinitesimals — which are guaranteed to exist, since the infinites- 
imals must satisfy the first nine axioms for the real numbers. 

Conceptually, these are two utterly different structures, leading to two ut- 
terly different notions of "infinite numbers." It is not surprising that Cantor did 
not believe in infinitesimals. After all, the infinitesimals provided a different 
notion of infinite number than his transfinite numbers — one that characterized 
i nfini ty and degrees of infinity in a completely different fashion. 

How can there be two different conceptions of "infinite number," both valid 
in mathematics? By the use of different conceptual metaphors, of course — in 
this case, different versions of the BMI. 


Some Contributions of Mathematical Idea Analysis 
to the Discussion of Infinitesimals 

As we observed, Abraham Robinson characterized infinitesimals in formal 
mathematical terms. What is different in the mathematical idea analysis of in- 
finitesimals? 

First, it makes the whole idea much less mysterious. Mathematical idea 
analysis shows that the concept is grounded in our everyday experience with 
specks. And via the use of the BMI, it shows how the infinitely small is linked 
to the infinitely large. Moreover, it shows explicitly how huge numbers differ 
from transfinite numbers. It provides a characterization of the granular numbers 
with an explicit notation that turns calculus into simple arithmetic. Finally, the 
analysis shows how ordinary human ideas give rise naturally to such an appar- 
ently abstruse notion. 




Part IV 

Banning Space and Motion: 
The Discretization Program That 
Shaped Modem Mathematics 
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Points and the Continuum 


Y ou might think that POINTS, lines, and space are simple concepts. 

They aren't. There are no deeper concepts in mathematics. The complex- 
ity of these concepts are reflected in three results that we will discuss in the 
course of this chapter. 

1. "The real-line" is not a line. 

2. "Space-filling curves" do not fill space. 

3. "The Continuum hypothesis" is not about the continuum. 

These results are not in any way paradoxical or contradictory. The expressions 
in quotes all refer to concepts that are characterized using conceptual metaphors 
horn within mathematics. Those concepts are at odds with our ordinary concepts 
of curves, lines, and space as expressed by the language not in quotes. There is 
nothing surprising about this; any technical discipline develops metaphors that 
are not in the everyday conceptual system. In order to teach mathematics, one 
must teach the difference between everyday concepts and technical concepts, 
making clear the metaphorical nature of the technical concepts. 

This chapter is about the role of the Basic Metaphor of Infinity in the mod- 
em conceptualization of space, lines, and points in mathematics. The BMI, as 
we shall see, is the crucial link between discrete mathematics (set theory, logic, 
arithmetic, algebra, and so on) and "continuous" mathematics (geometry, topol- 
ogy, analysis, and so on). This relationship is profound and anything but obvi- 
ous. Indeed, it is the source of a great deal of confusion not only among students 
and the lay mathematical public, but in the philosophy and epistemology of 
mathematics itself. We will try, from the perspective of cognitive science, to 
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sort out those conceptual confusions as we look into how the BMI has permit- 
ted a reconceptualization of the continuous in terms of the discrete. 


Two Conceptions of Space 

Space has been conceptualized in two very different ways in the history of 
mathematics. Prior to the mid-nineteenth century, space was conceptualized as 
most people normally think of it — namely, as naturally continuous. Here is 
how we all think about space in everyday life. 

Naturally Continuous Space 

Space is absolutely continuous. Space does not consist of 
objects. Rather, it is the background setting that objects are 
located in. Space exists independently of, and prior to, any 
objects located in space. Planes, too, are absolutely contin- 
uous. They, too, are not made up of objects but have loca- 
tions on them where objects can be situated. Similarly, a 
line or curve is absolutely continuous, like the path traced 
by a moving point. Lines and planes also exist independ- 
ently of, and prior to, any objects located on them. 

Points are locations in space, on lines, or on planes. They 
are not objects that can exist independently of the line, 
plane, or space where they are located. Dimensionality is a 
property of a space, a plane, or a line. 


Why Naturally Continuous Space 
Became a ” Problem ” for Mathematics 

Descartes's invention of analytic geometry changed mathematics forever. His 
central metaphor, Numbers Are Points on a Line (see Case Study 1), allowed one 
to conceptualize arithmetic and algebra in geometric terms and to visualize 
functions and algebraic equations in spatial terms. The conceptual blend of the 
source and target domains of this metaphor lets us move back and forth con- 
ceptually between numbers and points on a line, and between n-tuples of num- 
bers and points in n-dimensional spaces. Just as it lets us visualize functions as 
curves, it lets us conceptualize higher-dimensional spaces in terms of n-tuples 
of numbers. Ultimately, it led to a precise calculus of change — especially of 
movement and acceleration — which began with a geometric visualization of 
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change in spatial terms (tangents of curves) and resulted in calculus, the arith- 
metization of the idea of change. 

Two mental constructs were crucial in this development: the association of 
discrete numbers with discrete points, and the association of discrete symbols 
with discrete numbers. Arithmetization and symbolization allowed for precise 
calculation and the constructions of algorithms for differentiation and integra- 
tion. The study of change became arithmetizable and therefore formalizable. 
Calculus became as precise and calculable as arithmetic. 

What made this possible was Descartes's Numbers-As-Points metaphor, 
which matched discrete numbers (having discrete symbols) to discrete points on 
lines and in space. Thus began what we will call the program of discretization. 
Analytic geometry and calculus began the process of reconceptualizing natu- 
rally continuous space and naturally continuous change in terms of the dis- 
crete: points, numbers, symbols, and algorithmic rules for calculation. 

As we shall see, much of modern mathematics has been defined as the pro- 
gressive discretization of mathematics. 

The Discretization Program Since 
the Late Nineteenth Century 

1 . The arithmetization program, which sought to fully 
arithmetize calculus to eliminate any notion of naturally 
continuous space. 

2. The formalization program, which sought to reconceptu- 
alize mathematics as the manipulation of discrete sym- 
bols. 

3. Symbolic logic, which sought to discretize reason itself, 
using discrete symbols and precisely formulated algo- 
rithms that employed only discrete symbols. 

4. Logicism, which sought to discretize all of mathematics 
through the claim that mathematics could be "reduced" 
to symbolic logic and the theory of sets, where sets and 
members of sets are both discrete. 

5. Point-set topology, which sought to reconceptualize all 
understanding of naturally continuous space in terms of 
discrete points, sets of points, and discrete, symbolizable 
operations on sets of points. 

What propelled the discretization program was the success of analytic geom- 
etry and calculus and the idea that anything not formalizable was "vague," "in- 
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tuitive" (as opposed to "rigorous"), and imprecise. In late-nineteenth-century 
Europe, mathematics had gained an important stature: the discipline that de- 
fined the highest form of reason, with precise, rigorous, and indisputable meth- 
ods of proof. The discretization program was seen as crucial to preserving that 
stature for mathematics. 

Even so-called intuitionists and constructivists were part of the discretiza- 
tion program. Indeed, they were even more radical discretizers, since they in. 
sisted on "constructive" methods alone: algorithmic proofs that were "direct" 
(disallowing reductio ad absurdum proofs, which use a negative of a negative to 
"prove" a positive) and finite algorithms (rather than those using what we have 
called the BMI). This was a further discretizing, in the direction of an even more 
constrained formalization and an even narrower concept of "rigor." 

The discretization program not only made sense in social and historical 
terms, but it made important mathematical sense as well. It could be seen as 
asking: What are the limits of discretization? How far can one go in discre tizing 
naturally continuous space? How many naturally continuous concepts (like 
change or likelihood) can be reasonably discretized and brought into the realm 
of discrete algorithmic processes? After Codel, this became the question "What 
is computable by discrete algorithmic processes?" — a vitally important ques- 
tion in the age of digital computers. 


Conceptualizing the Naturally Continuous 
in Terms of the Discrete 

From the perspective of cognitive science, the discretization program is fraught 
with difficulty from the outset. The continuous and the discrete are conceptual 
opposites. To conceptualize the continuous — naturally continuous space, mo- 
tion, and change — in terms of its opposite, the discrete, is at the very least a for- 
midable metaphorical enterprise. It is at worst conceptually impossible, and at 
best extremely challenging. What we, as cognitive scientists, have been partic- 
ularly impressed by is how far the mathematical community has come with 
this program. As we shall see, the discretization program has not been com- 
pleted and may not be computable. But the progress it has made is stunning. 
Through the remarkably creative use of conceptual metaphors, a huge amount 
of new discretized mathematics has been created. Our task in this chapter and 
the next two will be to give some detailed initial understanding of what the cog- 
nitive processes implicit in the program have been, what the triumphs are, and 
what has been left out or left undone, possibly because it is undoable. 
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Carrying Out the Discretization Program 
There is a central metaphor at the heart of the discretization program: 

A Space Is a Set op Points 

Source Domain Target Domain 

A Set with Elements Naturally Continuous Space 

with Point-Locations 

An n-dimensional space — 
for example, a line, a plane, 
a 3-dimensional space 

Points are locations in the space. 

Point-locations are inherent to 
the space they are located in. 

Two point-locations are distinct if 
they are different locations. 

Properties of space 

This is a radical departure from the commonplace concepts of lines, planes, 
and space. Here is a description of it. 

The Set-of-Points Conception of Space 

A space is just a set of elements with certain relations hold- 
ing among the elements. There is nothing inherently spatial 
about a "space." What are called "points" are just elements 
of the set of any sort. They are discrete entities, distinct 
from one another. 

Like any members of sets, the points exist independently of 
any sets they are in. Spaces, planes, and lines — being sets — do 
not exist independently of the points that constitute them. 

A line is a set of points with certain relations holding 
among the points. A plane is a set of points with other rela- 
tions holding among the points. A geometrical figure, like a 
circle or a triangle, is a subset of the points in a space, with 
certain relations among the points. There is thus nothing 
inherently spatial about a circle or triangle. For example, a 
circle is just a subset of the elements of the space with cer- 
tain relations to one another. 


Aset -» 

Elements are members 
of the set. 

Members exist independently 
of the sets they are members of. 

Two set members are distinct 
if they are different entities. 

Relations among members ^ 

of the set 
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What we ordinarily understand as the properties of spaces and figures are charac- 
terized, according to this metaphor, as relations among elements in the set, or as 
functions that assign numbers to elements or n-tuples of elements. For example 
the dimension of a space is a number assigned by a "dimension function" to a set 
of elements called "points." A distance between "points" is a number assigned by 
a function to pairs of set elements. The definitions of "dimension" and "length" 
are given by formal statements characterizing these functions. 

What is the curvature of a line or curve at a point? If the curve is a set of 
points, then the degree of "curvature" at each point is a number assigned by a 
function to each point in the set. For example, each point in a circle has the 
same curvature assigned to it — namely, the number equal to 1/r, where r is the 
radius. A "straight" line is a set of points meeting the axioms for a line, where 
the curvature function assigns the number 0 to each point. 

Since a "point in space" is metaphorically conceptualized as just an element 
of a set, any kind of mathematical entity that can be a member of a set can be 
seen as a "point," provided that an abstract "distance function" can be defined 
over the set. For example, there are "function spaces" in which a set of functions 
is seen as a set of "points" constituting a "space" with a distance "metric" — 
a function assigning a nonnegative real number to each pair of "points" (i.e., 
functions). 

Given the metaphor A Space Is a Set of Points, "points" are not necessarily spa- 
tial in nature but can be any kind of mathematical entities at all. Spaces, lines, 
and planes are therefore not inherently spatial in nature. They are sets of elements 
that meet certain axioms and to which certain functions apply, like those assign- 
ing numbers indicating metaphorical "dimensionality" and "curvature," which 
are also formal mathematical notions and not conceptually spatial notions. 

To see what this means, consider what a circle is, given these metaphors. A 
"circle" is a set of "points" in a "plane" that are all at the same distance from a 
single point C called the "center. " That is, for every point P in the set of points 
constituting a "circle," there is a "distance" function that maps the ordered pairs 
of points (C, P) onto a single real number, called the "radius." The "points" con- 
stituting the "circle," the "center," and the "plane" need not be spatial at all; they 
can be any entities whatever, provided they bear the appropriate relations. 

Comparing the Two Conceptions of Space 

The Space-As-Set-of-Points metaphor, which is ubiquitous in contemporary 
mathematics (but which did not exist two centuries ago) provides a conception 
of points, lines, planes, and space that is quite different from our ordinary one 
and anything but obvious to unsophisticated students of mathematics. Indeed, 
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the two conceptions are inconsistent. In one, spaces, lines, and planes exist in- 
dependently of points, while in the other they are constituted by points. In one, 
properties are inherent; in the other they are assigned by relations and functions. 
In one, the entities are inherently spatial in nature,* in the other, they are not. 

The first — naturally continuous space — is our normal conceptualization, one 
we cannot avoid. It arises because we have a body and a brain and we function 
in the everyday world. It is unconscious and automatic. The second has been 
consciously constructed to suit certain purposes. It is a reconceptualization of 
the first, via conceptual metaphor. 

Even professional mathematicians think using the naturally continuous con- 
cept of space when they are functioning in their everyday lives and communi- 
cating with nonmathematicians. It takes special training to think in terms of 
the Set-of-Points metaphor. Moreover, one must learn which kinds of mathe- 
matical problems require which metaphors. 

The set-of-points conception is the one taken for granted throughout con- 
temporary mathematics. When you are thinking about mathematics, you are 
dealing simultaneously with two utterly different conceptualizations of our 
most basic geometrical concepts. It is crucial to keep them straight. Failing to 
do so may lead to apparent paradoxes. Becoming a professional mathematician 
requires learning how to operate in this dual fashion. 

Indeed, one of the most paradoxical-sounding concepts in twentieth-century 
mathematics is a result of just such a confusion: the concept of so-called space- 
filling curves. We shall see shortly that such "curves" do not "fill space" at all. 
But in order to see exactly why, we will have to look at what a point is and how 
points are related to lines, planes, and numbers. 


How Is a Point Conceptualized? 

To understand how modern mathematics differs from classical mathematics, 
we must understand how points, lines, and spaces are conceptualized in the dis- 
cretization program, where spaces are conceptualized as being sets of points. Let 
us begin with the question of how points are commonly conceptualized, and 
later turn to the question of what conceptualization is needed to understand 
discretized mathematics. 

Euclid defined a surface as "that which has length and breadth only," a line 
as "breadthless length," and a point as "that which has no part." Euclid used 
the ordinary concept of a lack : A surface lacks thickness, a line lacks breadth 
and thickness, and a point (which is made up of no parts) lacks all of these. 

In modern mathematics, the lack of a feature is conceptualized metaphorically 
as the presence of that feature with value zero. Thus, a lack of length is conceptu- 
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alized as a particular length — zero. From the perspective of the modem discretized 
mathematics, a "point" is an abstract object. Three functions — length-, width- 
and thickness-functions — might each assign the number 0 to the "point." This is 
one way to render Euclid's idea in terms of the Properties Are Functions metaphor. 

How are we to understand a point as an object with length, width, and depth 
equal to zero? Or, to make it simpler, a point in a plane as an object with length 
and width equal to zero? A common way to conceptualize points is to start with 
a blob, or a disc, and then make it smaller and smaller and smaller until it is as 
small as it can get. That's how most people learn to think about what a point is. 
In other words, a point is infinitely small. And to conceptualize infinite small- 
ness, one needs to make use of the Basic Metaphor of Infinity (see Chapter 8). 

Start with a disc of some unit radius 1. Keep shrinking the size of the disc to 
half its previous diameter. The result is an indefinitely large set of discs: 

Shrink the disc from diameter 1 to diameter 1/2 1 . 

Shrink the disc from diameter 1/2* to diameter 1/2 2 . 

Shrink the disc from diameter 1/2®- 1 to diameter 1/2". 

This is an unending process. It produces an infinite sequence of discs, each 
smaller than the previous one. Let it be the unending process in the BMI. The 
BMI supplies a metaphorical completion to the process and a metaphorical final 
result: a "disc" of diameter "0." Such a "disc" is a point in the plane. Of course, 
instead of nested discs in the plane, we could have used nested intervals on the 
line (see Chapter 9). 

This is a common way to conceptualize a point, and every such conceptual- 
ization uses some such version of the BMI to create an infinitely small entity. 
But this application of the BMI produces a conceptual problem. Here is the 
frame semantics for a disc. 


The Frame for a Disc 

Roles: Center, Circumference, Interior, Diameter, where 
Center * Circumference * Interior 
Parts: Interior, Center, Circumference 
Constraints: (a) Center is in Interior, (b) Distance from Cen- 
ter to the Circumference is the same for all points of the 
Circumference. 


Conceptually, a disc has the following parts: a center, a circumference, and an 
interior, with the center in the interior and distinct from the circumference— 
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and both center and circumference distinct from the interior. For this to be true, 
the diameter has to be larger than zero. If the diameter is zero, the center, inte- 
rior, and circumference are no longer distinct. They collapse into the same en- 
tity, violating the frame semantics for what a disc is. Literally, a disc cannot be 
a disc and have diameter zero. 

But one of the interesting things about human conceptual systems is that we 
can form metaphorical blends (as discussed in Chapter 2). That is how we typi- 
cally use the BMI applied to discs. We form a blend of the Disc frame and a Line- 
Segment frame (see Figure 12.1). At each stage of the BMI, we have a pair of 
frames (Disc, Line-Segment), where the length in the Line-Segment frame is set 
identical to the diameter in the Disc frame. 

This linking of the two frames forms a conceptual blend. In the BMI, the length 
in the Line-Segment frame gets shorter and shorter, resulting in the diameter of 
the disc getting smaller and smaller. At the final resultant state of the BMI, the 
length in the Line-Segment frame is zero. At this final stage, there are still a pair 
of frames (Disc, Line-Segment), with the diameter in the Disc frame still set equal 
to the length in the Line-Segment frame. That is, we are conceptualizing a "disc" 
with zero diameter, even though, if we consciously put together all that we know, 
the constraints of the Disc frame are violated. However, as human beings, we do 
not always put together all that we know; we can focus our attention separately 
on the Disc frame (a point is a disc) and the Line-Segment frame (the length is 
zero). What is logically a contradiction may not be recognized by a functioning 
human being unless attention is focused on both at once. 

Notice that the following table has two-headed arrows. This is to differenti- 
ate the tables for blends from the tables we have used to characterize concep- 
tual metaphors which have unidirectional arrows. 

The Disc/Line-Segment Blend 

Element 1 Element 2 

The Disc Frame The Line-Segment Frame 

A disc, with roles: center, 
circumference, interior, and 
diameter, where center * 
circumference * interior 

Diameter 
Center 

Opposite points on 
circumference 


A line segment, with roles: 
endpoint A, endpoint B, center, 
<-> interior, and length, where 
endpoint A * endpoint B * 
center * interior 

<-> Length 
Center 


«-» Endpoints A and B 
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FIGURE 12.1 The Line-Segment frame (top left) and the Disc frame (top right) form a con- 
ceptual blend (bottom) in which the line segment is made identical to the diameter of the 
disc, while the center of the line segment is made identical to the center of the disc. In the 
blend there are new inferences that weren't available in the frames taken separately. 

A point, as we conceptualize it, is a metaphorical entity. It is conceptualized 
via the Basic Metaphor of Infinity and the Disc/Line-Segment blend. If you try 
to think of it as a literal entity — one you could encounter in the world — con- 
tradictions will arise. 


The Infinitesimal Point 

Points in textbooks are very often drawn as little discs (see Figure 12.2). This is 
not a coincidence. It is common to think of a point as a disc made as small as 
possible. 

This is a special case of the Basic Metaphor of Infinity, which applies to pro- 
duce something infinitely small. But as we have seen, there are two kinds of 
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FIGURE 12.2 Points as discs. Here are examples from mathematics books in which points 
are represented as small discs. Drawings (a) and (b) are taken from a text on the topology of 
plane sets of points (Newman, 1992); (c), from Hilbert's (1971) famous Foundations of Geom- 
etry,- (d), from Courant and Robbins's (1941) classic What Is Mathematics i; and (e), from an 
Eastern European handbook of mathematics (Bronshtein & Semendyayev, 1985). 

things that are "infinitely small": things of size zero and things of an infinites- 
imal size. To understand the concept of a point better, it is useful to contrast a 
point of zero diameter with a point that has an infinitesimal diameter. This can 
be produced by the BMI as follows. 

Let us start again with a disc of diameter 1. Again we shrink the disc to half 
its diameter. But we do one thing different in the process: We keep the diame- 
ter greater than zero at all stages in this special case of the BMI. The unending 
process, then, is: 

Shrink the disc from diameter 1 to diameter 1/2, which is > 0. 

Shrink the disc from diameter 1/2"- 1 to diameter l/2 n , which is > 0. 

The BMI completes the process, producing a disc not with diameter zero but 
with an infinitesimal diameter (the granular 1/2 H as discussed in Chapter 11), 
which is smaller than any real number! We now have a disc that has an infinitely 
small diameter but is still a normal disc, with its center distinct from its circum- 
ference and interior. If we call this a "point," it will have radically different prop- 
erties from Euclid's "point." 
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Child psychologists Jean Piaget and Barbel Inhelder, in experiments as far 
back as the 1940s, established the following for children around the age of seven 
or younger. When you tell a child to imagine a disc (or a dot or circle) and mafe 
it smaller and smaller and smaller until it's as small as it can get, the child will 
conceptualize something that is as small as it can be but is still a bona fide disc 
with a center separate from the circumference (Piaget & Inhelder, 1948). Sup- 
pose a child is told: Start with one of various figures — a circle, triangle, or 
square — and make it as small as it can get. What the child gets is a point. Now 
make the point larger and larger. What does it look like? The answer is the same 
figure the child started with — the circle, triangle, or square. The figures do not 
lose their integrity and collapse to the mathematical point. Moreover, when 
children were asked to shrink an object with volume — say, a ball — to a point, 
they said that points had volume (see Nunez, 1993c). 

We can now see why many children are confused about what a point is. The 
procedure they are told to use to understand a point leads to a contradiction. 
They avoid the contradiction and come up with something like the infinitesi- 
mal point. This is not the Euclidean point at all. 

Does this matter? Is the infinitesimal point all that different from Euclid's 
point? As long as both are infinitely small, what difference can it make? 

All the difference in the world. 

If points conceptualized as infinitesimal discs touch, then they must touch 
at a point. What is that point? Well, you could say that that point is an infini- 
tesimal disc at the next smallest level of infinitesimals — what we called *3 in 
the previous chapter. But then the same problem arises again at that level of in- 
finitesimals. It's turtles all the way down. There is no final characterization of 
a point, if it is an infinitesimal point. 

It is very hard not to think of a point in one of these two ways — either as a 
zero-diameter disc or as an infinitesimal disc. There are two immediate prob- 
lems. Either there is a contradiction between the very concept of a disc and the 
length of its diameter being zero, or there is no way to characterize a point with- 
out infinite regress. 

Yet people do think in these ways, as we shall see immediately. 

Do the Points on a Line Touchi 

We have received two kinds of answers to this question. The most common 
answer, sometimes from professionals who have studied college mathematics, 
is something like, "Yes. Of course they touch. If they didn't touch, the line 
wouldn't be continuous. There would be gaps between the points." 
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fhe other answer, usually given by mathematicians, is, "Of course not. If two 
points on a line touched, there would be no distance between them and so they 
would be the same point." 

Those in the first group seem to be thinking of points as being like either 
zero-diameter discs or infinitesimal discs — infinitesimal discs visualized as lit- 
tle dots or beads on a string. If the line is to be continuous — if it is not to have 
gaps — then the points have to touch, don't they? The image is of a line made up 
of discs of zero or infinitesimal diameter, with the circumference of one disc 
bumping up against the circumference of the next. Such an image of points is 
inconsistent with a conception of points of zero diameter, which are indeed the 
same point if they "touch." 

But the image of points of zero diameter raises a problem: If two such points 
touch, they are the same point, but if they don't, there must be a gap between 
them. And if there is a gap, isn't the line discontinuous — not just in a place or 
two, but everywhere?! 


What Is “Touching!" 

Suppose a friend touches your shoulder with his hand. Then there is some lo- 
cation on your shoulder where the distance between your shoulder and his hand 
is zero. Does this mean that your shoulder and his hand share a common part? 
No, of course not. Your shoulder and his hand are distinct. There is just no dis- 
tance between them. Using the metaphor for arithmetizing the concept of "no 
distance," the distance between shoulder and hand is zero. 

Is this what is meant in discretized mathematics by two geometric entities 
"touching" — that the distance between them is zero? The answer is no. 

Imagine two circles touching "at one point." If one adopts the Spaces Are Sets 
of Points metaphor, then each circle is a set of points. Let us call it a circle-set. 
When two circles "touch," they are sharing a point in common. That is, there 
is a single object — a point P — that is a distinct, existent entity (independent of 
any sets it is a member of) and a member of both circle-sets. That point plays a 
role in constituting both circle-sets. 

In other words, when two circles "touch," it is not the case that the two cir- 
cles are distinct sets of points, with zero distance between two points — Point A 
in the first circle and Point B in the second. Points A and B are the same point — 
the same object in both circle-sets. 

This brings us to another way in which discretized space differs from our or- 
dinary conception of space. We normally conceptualize geometric figures as if 
they were objects in space; for example, it is common to think of a circle in the 
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plane as if it were something like a circle painted on the floor. The floor exists 
independently of the circle; you can erase the circle and the floor is still there- 
with not one point of the floor changed. The circle is painted on top of the floor 
and is distinct from the floor. 

But this is not the case in discretized geometry. There, geometric figures are 
sets of points that ate part of the space itself! The circle "in" the plane consists 
of a subset of the same points that make up the plane. Discretized space is not 
something to be "filled"; it is constituted by point-objects. Figures are not "in" 
space,- they are part of space. For this reason, the only way in discretized math- 
ematics to model our ordinary idea of figures "touching" is for a point on one 
figure and a point on the other figure to be the same point. The same is true for 
points on a line. The only way two points can "touch" is if they are the same 
point. 

This is not like our ordinary notion of touching at all. It would be like saying 
that two lovers' lips can touch only if they shared common skin. The image is 
a bit creepy. But that's the metaphor that mathematicians are forced to use in 
order to carry out the program of discretizing space. 

When we think or speak of figures as "touching," we are using our ordinary 
everyday, naturally continuous notion of space, where geometric figures are 
metaphorically thought of as objects "in" space and points are conceptualized 
in their normal way as locations. This is what we are doing, for example, when 
we think of a tangent line as "touching a curve at one point." In thinking this 
way, we are using the commonplace everyday conceptual metaphor that Geo- 
metric Figures Are Objects in Space,- we are using our normal metaphor system, 
which was not developed for discretized mathematics. To think in terms of dis- 
cretized space is to think using metaphors developed for technical reasons in 
the discretization program. 

This is why mathematicians tend to wince when asked if two points on a line 
can touch and then say, no. They wince because, in the discretized mathemat- 
ics in which they are trained, "points" are not the kinds of things that can ei- 
ther touch or not touch. Since they take the Set-of-Points metaphor as the 
correct way of conceptualizing space, they see the question as an improper 
question to ask. If points are just elements of sets that can be taken as anything 
at all — if they are not inherently spatial and not seen technically as objects in 
space — then the idea of their touching or not touching makes no sense. 

As noted, it is common for people who first approach the study of mathematics 
to conceptualize points as infinitesimally small discs, either zero-diameter 
discs or infinitesimal discs. Indeed, this is how most students are taught what 
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a point is, and how diagrams in textbooks represent points — namely, as small 
disclike dots. Yet this conception of a point is radically at odds with the dis- 
cretization program. From the perspective of that program, points are very dif- 
ferent entities — entities that cannot literally touch. 

For this reason, many mathematics educators consider the understanding of 
points as infinitely small discs — either zero or infinitesimal — as a "misconcep- 
tion." Yet this "misconception" is a perfectly natural concept — indeed, an un- 
avoidable one. It is the only natural way that most people have of understanding 
what a point is. If you are going to teach what a point is in discretized mathe- 
matics, you will have to cope with this aspect of normal human cognition. Your 
students will inevitably understand a point in this way initially. It is important 
that you and they both understand that such a conception of a point is natural, 
but that it does not fit the metaphors defining discretized mathematics — 
metaphors that defy our ordinary intuitions about space. 


How Can We Conceptualize a Point 
in Discretized Mathematics? 

It is not the job of mathematics to characterize how people think, or how peo- 
ple conceptualize (or should conceptualize) mathematical ideas. That is the task 
of the cognitive science of mathematics as a subject matter. The job of mathe- 
maticians taking part in the discretization program is to provide precise sym- 
bolic expressions "defining" all the notions used in discretizing space: limit 
points, accumulation points, neighborhoods, closures, metric spaces, open sets, 
and so on. Our job as cognitive scientists is to comprehend how these "defini- 
tions" in symbols are conceptualized, to give an account in terms of human cog- 
nition of the ideas that the symbols are meant to express. The question we turn 
to now is how a point, given the metaphor Spaces Are Sets of Points, is con- 
ceptualized within discretized mathematics. 

The key to understanding how space is conceptualized in the discretization 
program is the BMI. The reason is that the strategy of the discretization program 
was to replace naturally continuous space with infinite sets of points. The the- 
oretical mechanisms that were used all make implicit use of the BMI. 

Let us look at the details. 

The Centrality of the BMI in the Discretization of Space 

1116 program for discretizing naturally continuous space had a strategy: 
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1 . Pick out the necessary properties of naturally continuous space that can 
be modeled in a discretized fashion and model them. 

2. Model enough of those necessary properties to do classical mathemat- 
ics as it was developed using naturally continuous space. 

3. Call the discretized models "spaces," and create new discretized math- 
ematics replacing naturally continuous space with such "spaces." 

For this strategy to be successful, there have to be some small number of such 
necessary properties that can be successfully modeled in a discretized fashion. 
The remarkable thing about the discretization program is that such a smal l 
number of discretizable properties of naturally continuous space were found 
and precisely formulated. 

This does not mean that such properties completely model the everyday con- 
cept of naturally continuous space. As far as we can tell, it would be impossible 
to model a naturally continuous concept completely in terms of its opposite. 
But complete modeling is not necessary for mathematical purposes. All that is 
necessary is sufficient modeling to achieve a purpose: in this case, being able to 
discretize classical mathematics with a new notion of a "space" and then cre- 
ate new discretized mathematics using that notion. 

Let us now look at the small number of necessary properties of naturally con- 
tinuous space that have successfully been discretized and are sufficient for the 
purposes of classical mathematics. 

Consider the following properties of naturally continuous space as we nor- 
mally conceptualize it: 

1. The metric property: Our everyday concept of "distance" in naturally 
continuous space has the following necessary properties: 

• The distance between any two distinct locations is greater than zero. 

• If the distance between two locations is zero, "they" are the same 
location. 

• The distance from location A to location B is the same as the dis- 
tance from B to A. 

• The distance from A to B is less than or equal to the distance from 
A to another location C plus the distance from C to B. 

2. The neighborhood property: "Nearness" implicitly uses the concept of 
distance. Though nearness is relative to context, in any context, one 
can pick a distance that is "near." Call that distance epsilon. Everything 
that is closer than epsilon to a point is "near" that point. A "neighbor- 
hood" of a point P is the collection of all points near P, in that sense of 
"near." 
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3. The limit point property: Near every point, there are an infinity of other 
points, no matter how close you take "near" to be. 

4. The accumulation point property: Given any point, you can find at least 
one other point near it. 

5. The open set property: In any naturally continuous space, there are 
bounded regions (conceptualized via the Container schema, as dis- 
cussed in Chapter 2). The interior of such a bounded region (the con- 
tainer minus the boundary) is an open set containing all the spatial 
locations in that bounded region. 

Within discretized mathematics, each of these properties is made precise, 
starting with the Spaces Are Sets of Points metaphor. These properties have 
been picked out by mathematicians for the purpose of constructing a discretized 
mathematics; as such, they are not necessarily the properties that most of us 
would ordinarily think of. 

Given the metric property, the other properties can all be conceptualized via 
the BMI. Our strategy in demonstrating this will be to construct a special case 
of the BMI that can be used to characterize all these concepts at once, showing 
their relationships and just how they implicitly make use of the BMI. We will 
do this by defining the infinite nesting property for sets in terms of a special 
case of the BMI, and then showing that these concepts can all be characterized 
using the infinite nesting property. 

The basic idea of the infinite nesting property is this. 

• Consider a set S with a distance metric — that is, a relation d[x,y ) hold- 
ing among all the members of the set. The distance metric has the fol- 
lowing properties: d[x,y) = d[y, x)-, d(x,y ) = 0 if and only if x - y ; and 
d[x,y) + d(y,z ) > d[x,z). 

• Consider an element C, which may or may not be in S but to which the 
distance metric applies. 

• Characterize an "epsilon disc" around C as a set of points in S within a 
distance epsilon of C. 

* Using the BMI, construct an infinity of nested epsilon discs around C 
containing members of S. 

If this is possible for S and C, we will say that 5 has the infinite nesting prop- 
erty with respect to C. The main objectives are: 

* First, to show how this property can be seen as a special case of the BMI. 

* Then, to show how limit points and accumulation points can be 
straightforwardly defined as special cases of this special case of the BMI. 
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We begin by characterizing the concept of an epsilon disc in terms of a con- 
ceptual frame, with the semantic roles "distance function," epsilon, and C, the 
center of the disc. 


The Epsilon-Disc Frame 

A set S with a distance function, or "metric," d. 

An element C, either in S or not, to which the distance met- 
ric applies. 

Epsilon: a positive number. 

An epsilon disc around C: a subset of members, x, of S such 
that d(C, x) < epsilon. 

We then characterize what it means for a set S to have the infinite nesting prop- 
erty with respect to an element C, using a special case of the BMI. 


Nested Discs 

Target Domain Special Case 

Iterative Processes A Set of Elements with 

That Go On and On the Infinite Nesting Property 


The beginning state (0) => 

State (1) resulting from the 
initial stage of the process 

The process: From a prior 
intermediate state (n-1), =* 

produce the next state (n). 

The intermediate result 
after that iteration of the 
process (the relation ^ 

between n and n-1) 

"The final resultant state" 
(actual infinity "«*>”} 


The Eg-disc: the epsilon-disc frame, 

with epsilon = Eg 

D x \ the set with the Eg-disc as a 

member 

Choose Ej arbitrarily smaller than Eg. 
Result: the set D 2 - Dj u (the E,-disc] 

Given an E n _,, choose e n arbitrarily 
smaller than E n _,. Form D ntl = D n u 
(the E n -disc). 

The set D n+1 , containing all e^-discs, 
for 0 £ e, £ n 

The set containing all e^discs, for 
0 < e y < n, where n is finite. 

Property 1: Every Ey-disc in D. 
contains an infinite number of 
members of S. 

Property 2: Every Ey-disc in D m 
contains both C and a member x of 
S such that x # C. 
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Let us now look at a set S that has the infinite nesting property with respect to 
clement C, which may or may not be in S. 

• Being an 6,-disc in D_ characterizes the notion of being "a neighborhood 
of C in S." That is, it characterizes the neighborhood property. 

• Property 1 characterizes the limit point property. 

• Property 2, when C is in S, characterizes the accumulation point 
property. 

• An open set is a subset, O, of S such that every member of O is the cen- 
ter C of an e,-disc in D m . 

A neighborhood of an element C is usually characterized simply as an epsilon 
disc around C. However, the prototypical uses of neighborhoods are in 9t n , the 
ii-dimensional Cartesian space with points as n-tuples of real numbers. As we 
saw in Chapter 9, the real numbers are defined relative to some use of the BMI — 
either least upper (greatest lower) bounds, infinite intersections, infinite 
decimals, infinite polynomials, or some other use. These uses of the BMI to 
characterize real numbers all impose the infinite nesting property on 9t n , since 
the infinite nesting property can be seen as a generalization over all those cases: 
They all involve infinite nesting of some sort. Suppose one takes into account 
these uses of the BMI in characterizing the reals, as one should. The conceptu- 
alization of a neighborhood of C in 9 1° will then implicitly involve a use of the 
infinite nesting property. Any such neighborhood of C in 9t n will therefore be an 
epsilon disc — that is, an e,-disc in £)_, as defined above. Such an epsilon disc will 
contain an infinity of other epsilon discs around C in 91”, which is just the prop- 
erty that neighborhoods of a point C have in 9t n . That is why the BMI is implicit 
in the concept of a neighborhood in 9l n . 

The infinite nesting property is a conceptual property intended to show how 
the BMI is used in the cognitive characterization of all the other properties we 
have given. It is intended not to be part of discretized classical mathematics as 
formulated in contemporary mathematics but, rather, to characterize a cogni- 
tively plausible account of how such properties can be characterized using the 
mechanisms of human conceptual systems — for example, frames, conceptual 
metaphors, conceptual blends, image schemas, and so on. 

We will delay until the next chapter an account of how the properties just dis- 
cussed are used to characterize central notions like continuity in discretized 
mathematics. For the sake of the remainder of this chapter, there are a number 
of morals to bear in mind. 
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The Morals So Far 

Here's what we can conclude at this point in our discussion. 

• Don't confuse the ordinary, naturally continuous concept of space with 
the discretized concept characterized by the Spaces Are Sets of Points 
metaphor. 

• Don't confuse the discretized notion of a point with either a spatial lo- 
cation, an infinitesimal disc, or a zero-diameter "disc." 

• The discretized notion of a geometric figure (e.g., a circle) contradicts 
our ordinary notion of a geometric figure in naturally continuous space. 
The discretized concept of a geometric figure — the one used in contem- 
porary formal mathematics — is therefore not a generalization over the 
concept of a figure used in our ordinary conceptualization. It is a very 
different kind of conceptual entity, with very different properties. 

• Both our ordinary concept of a point and the concept of a point in 
discretized mathematics make implicit use of the Basic Metaphor of 
Infinity. 

• Conceptualizing a point metaphorically as a disc of zero diameter or an 
interval of zero length contradicts our everyday conceptual system. 

• In thinking about contemporary discretized mathematics, be aware that 
your ordinary concepts will surface regularly and that they contradict 
those of discretized mathematics in important ways. 

• Trying not to think about your ordinary concepts is like trying not to 
think of an elephant. You just can't do it when words like "point," 
"line," and "space" are used. Just be aware that your everyday concepts 
are there unconsciously and can interfere with your understanding of 
the metaphorical mathematical concepts. 


What Is a Number Line l 

Actually, there are two number lines. There is the one you learn in grammar 
school, where the line is just the ordinary, everyday, naturally continuous con- 
cept of a line. This is the line you understand when you examine graphs in the 
newspaper for temperature readings or stock fluctuations, say. This number line 
is conceptualized via the metaphor Numbers Are Points on a Line. 
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Numbers Are Points on a Line 
(for Naturally Continuous Space) 

Source Domain Target Domain 

Points on a Line A Collection of Numbers 


A Point P on a line 
A point O 

A point I to the right of O 

Point P is to the right of 
point Q 

Point Q is to the left of point P 
Point P is in the same 
location as point Q 

Points to the left of O 
The distance between O and P 


A Number F 

Zero 

One 

Number P' is greater than 
number Q' 

Number Q' is less than number P' 

Number F equals number Q' 

Negative numbers 

The absolute value of number P' 


This metaphor constitutes our nontechnical understanding of numbers as points 
on a line. The number line we learn in elementary school is a conceptual blend — 
the Number-Line blend — of the source and target domains of this metaphor, in 
which the entities are simultaneously numbers and points (see Figure 12.3). 

But there is a second number line as well, one requiring a technical under- 
standing of mathematics, where space is fully discretized — that is, conceptual- 
ized using the Spaces Are Sets of Points metaphor. Those with such a technical 
understanding have a conceptual blend of the source and target domains of that 
metaphor, which we will call the Space-Set blend. 


The Space-Set Blend 

Target Domain Source Domain 

Naturally Continuous Space 

with Point-Locations A Set with Elements 

Special Case: The Line 


The line <-» 

Points are locations on the line. «-» 

Point-locations are inherent to 
the line they are located on. 


A set 

Elements are members of the set. 

Members exist independently of 
the sets they are members of. 
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Two point-locations are 

distinct if they are different <-» 

locations. 

Properties of the line 


Two set members are distinct if 
they are different entities. 

Relations among members 
of the set 


In the Space-Set blend, space is conceptualized as a set of elements in which 
necessary properties of natural continuous space are conceptualized as formal 
relations on elements of the set. 

Those who conceptualize space in this way have a more technical version of 
the metaphor that Numbers Are Points on a Line. In their metaphor, the source 
domain is the Space-Set blend, where space is discretized. That more technical 
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FIGURE 123 The Number-Line blend. The metaphor Numbers Are Points on a Line sets 
up a correspondence between points on a line and numbers. When the source and target do- 
mains of this metaphor are both active, the result is a conceptual blend in which the corre- 
sponding elements of the metaphor become single entities — number-points. The figure 
illustrates the source domain of points on a line at the top left and the target domain of num- 
bers (ordered and with a metric) at the top right. The resulting blend is shown at the bottom. 
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metaphor can be stated as follows, taking the real numbers as special cases of 
numbers and the line as a special case of a space. 


Numbers Are Points on a Line (Fully Discretized Version) 


Source Domain 
The Space-Set Blend 


Target Domain 


Naturally Continuous 

Space: The Line Sets 


Numbers 


The line 

Point-locations 

Points are locations 
on the line. 

Point-locations are 
inherent to the line 
they are located on. 

Two point-locations 
are distinct if they are 
different locations. 


<-» A set 

Elements 
** of the set 

Elements are 
<-> members of 
the set. 

Members exist 
<-» independently 
of the sets they 
are in. 

Two set members 
<-> are distinct if 
they are different 
entities. 


A set of numbers 
Numbers 

Individual numbers are 
members of the set of 
numbers. 

Numbers exist 
independently of the 
sets they are in. 

Two numbers are 
distinct if there is a 
nonzero difference 
between them. 


Properties of the line 


<-» Relations among -» 
members of the set 


Relations among 
numbers 


A point O 

A point I to the 
right of O 

Point P is to the right 
of point Q. 


Points to the left of O «-» 

The distance between 
O and P <-» 


An element "0" -» 

An element "1" -» 

A relation -» 

"P > Q" 

The subset of 
elements x, -» 

with 0 > x 

A function d 
that maps (0,P) -> 

onto an element 
x, with x > 0 


Zero 

One 

Number P 
is greater than 
number Q. 

Negative numbers 

The absolute value of 
number? 


H 

«-> 

<-> 
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This is a complex metaphor (or conceptualizing numbers in terms of discretized 
space. The discretized number line is a conceptual blend of the source and tar- 
get domains of this metaphor. Since the source domain is a metaphorical blend 
itself, the complete blend is a blend of three domains. One can see why this is 
not so easy to teach or to learn. 

It is crucial for what is to follow that the reader understand the vast difference 
between these two metaphorical conceptions of the number line. In the dis- 
cretized version based on the Space-Set blend, the source domain is fully dis- 
cretized. The "points" in "space" are discrete elements in a set. In the naturally 
continuous version, the source domain contains point-locations in a naturally 
continuous space — a continuous medium. Change in the discretized version can 
be represented only as a sequence of discrete set elements, while change in the 
first is a naturally continuous, holistic path with discrete point-locations on it. 


Why the "Real line” Is Not a Line 

When mathematicians speak technically of the "real line," they do not mean 
our ordinary, naturally continuous line with real numbers sprinkled along it; 
that is the nontechnical "real line." The technical "real line" is fully dis- 
cretized, via the Space-Set blend. The "real line" is a set of discrete elements (of 
an unspecified nature) constrained by various relations among the elements. 
There is no naturally continuous line in the technical "real line." From the per- 
spective of our ordinary concept of a line as naturally continuous, the "real 
line" of discretized mathematics is not a line. 

A Crucial Property of Naturally Continuous Number Lines 

There is a crucial difference between the two conceptions of the number line. 
In the Discretized Number-Line blend, there is a one-to-one correlation be- 
tween the point-elements of the set in the source domain and the numbers in 
the target domain. In this mapping, everything in the source domain is mapped: 
All the elements of the set are mapped onto all the numbers. 

This is not true in the naturally continuous Number-Line blend. There, only 
certain point-locations on the naturally continuous line are mapped onto num- 
bers. But the whole naturally continuous line — the medium in which the points 
are located — is not mapped. Since the point-locations are zero-dimensional and 
have no magnitude, no point-location "takes up" any amount of that medium. 
Point-locations don't take up space. (Recall that in the Space-Set blend, the 
points constitute the space. That is not true here.) This means that no matter 
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yrhat number systems point-locations are mapped onto, the medium of space 
that is left unmapped will have an unlimited supply of point-locations "left." 
The point-locations of a naturally continuous number line are never exhausted. 

This is not true of the discretized number line, which is a conceptual blend 
of three conceptual domains — space, sets, and numbers. The set domain plays 
the central role in the blend. Because sets constitute the source domain of the 
Spaces Are Sets of Points metaphor, the target domain of space is structured by 
the ontology of sets. In the Numbers Are Points on a Line metaphor, the 
"points" are set elements. The kind of number system that the set maps onto 
depends on the formal relations (e.g., the axioms for the real numbers in Chap- 
ter 9) that constrain what the members of the set can be and how they are re- 
lated to one another. 

The real-number system is "complete." Once the reals are characterized, the 
members of the set are completely determined. This means that the "points" 
constituting the line are fully determined by the axioms that define the real 
numbers. For this reason, it is true of the Discretized Real-Number-Line blend 
that the zeal numbers exhaust it. Of course they do. Since there can be a point 
in this blend only if a real number maps onto it, the real numbers determine 
what the points in this blend can be. 

But in the naturally continuous real-number line, the real numbers do not 
exhaust the points on the line. The point-locations that map onto the real num- 
bers are not all the possible point-locations on the line. The reason is that this 
line is a naturally continuous background medium. There is no limit at all to 
the number of zero-length point-locations that can be assigned to such a back- 
ground medium. For example, in the case of the naturally continuous hyperreal 
line, the real numbers are relatively sparse among the hyperreals on that line. 
On the hyperreal line, a huge number of points surround each real number. The 
naturally continuous line has no problem whatsoever accommodating all the 
hyperreal numbers in excess of the real numbers. 

Thus, the question of whether or not the real numbers "exhaust the line" is 
not formulated precisely enough; it depends, unsurprisingly, on what you take 
the "line" to be. 

The Real, Granular, and Hyperreal-Number-Line Blends 
Here are two statements one might be tempted to make: 

• It is only with the nontechnical, nondiscretized, naturally continuous 
number line that the real numbers do not exhaust the points on the 
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line. Since the line is naturally continuous, there are always more 
points of zero length. 

• On the line as understood technically by professional mathemati- 
cians — the discretized number line, which is a set of points — the real 
numbers always do exhaust the points on the line. 

Tempting as such a pair of claims might be, they are not true. 

The reason is quite simple. The hyperreal and granular numbers (see Chapter 
11) form linearly ordered sets (since they satisfy the first nine axioms for the 
real numbers). Consider the hyperreals once more. The sets that model the hy- 
perreals are linearly ordered. For this reason, there can be a discretized hyper- 
real-number line. Just let a set modeling the hyperreals be the set in the 
metaphor that Spaces Are Sets. Then there will be a discretized hyperreal-num- 
ber line. On this number line, the real numbers are incredibly sparse. Therefore, 
the real numbers do not exhaust even a discretized number line — the technical 
number line used by mathematicians. 


Why "Space-Filling Curves" Do Not Fill Space 

Just what is a "space-filling curve"? 

Imagine a function with the following properties. 

• Its domain is the closed interval [0, 1] of the discretized real-number 
line (i.e., SR 1 ). 

• Its range is the unit square of SR 2 , that portion of the Cartesian plane 
with x- and y-coordinates both within [0, 1). 

• The mapping is surjective (onto, but not one-to-one) and is "continuous." 

Looking ahead to Chapter 13, we will take "continuity" for discretized func- 
tions to mean that the function preserves closeness. This can technically be 
achieved by a condition like the following: The inverse image of the function 
f~ l maps open sets in the range onto open sets in the domain. Since neighbor- 
hoods are open sets, what this conditions says is that neighborhoods around 
each f\x) come from neighborhoods around x. 

In other words, the "continuous" discretized line [0, 1] is to be mapped via a 
"continuous" function onto a "continuous" curve in the square. (Technically, a 
"curve" can be a straight line.) 

Now the question arises: Can such a mapping from the unit line to a curve in 
the unit square "fill" the entire square? Giuseppe Peano constructed the first such 
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FIGURE 12.4 Hilbert's "space-filling" curve, as described 
la the text. Shown here are some of the first few members 
of the sequence of curves, which the interval [0, 1] on the 
jeal line is mapped onto. As the sequence gets longer, the re- 
sulting curves are said to "fill" more and more of the real- 
valued points in the unit square. Since the function is 
real-valued, the points with hyperreal values remain "un- 
filled." Hilbert's curve, characterized via the BMI, "fills" 
only the real-valued points in the unit square. The moral 
here is that when spaces are understood as sets of points, the 
term "space-filling" means "mapping onto every member of 
the relevant set of points." "Space" does not mean naturally 
continuous space. Therefore, Hilbert's "space-filling" curve 
doesn't fill space. 


curve in 1890, with others following: David Hilbert 
in 1891, E. H. Moore in 1900, W. Sierpinsky in 1912, 
and George P6lya in 1913 (for details, see Sagan, 
1994). To give you an idea of what such a "curve" is 
like, Hilbert's "space-filling" curve is shown in 
Figure 12.4. Hilbert's curve, like Peano's and all the 
others, is constructed via an infinite sequence of 
ordinary curves, as follows. Consider the simple 
curve in the top box — the first step in the construc- 
tion of the function. The mapping at this step has the 
following parts: 

1. When x varies from 0 to 1/3 in the interval [0, 
1/3], f[x) varies continuously along the left 
vertical line going from top to bottom. 

2. When x varies from 1/3 to 2/3 in the interval 
(1/3, 2/3], f{x ) varies continuously along the 
horizontal line from left to right. 

3. When x varies between 2/3 and 1 in the inter- 
val (2/3, 1], /(x) varies continuously along the 
right vertical line from bottom to top. 

At stage 2, the square is divided into 1 6 smaller 
squares. The line [0, 1] is divided into 15 subinter- 
vals: [0, 1/15], (1/15, 2/15] (14/15, 1]. 
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1. When x varies from 0 to 1/15 in the interval [0, 1/15), f[x) varies con- 
tinuously along the upper left horizontal line going from left to right. 

2. When x varies from 1/15 to 2/15 in the interval (1/15, 2/15), f(x) varies 
continuously along the connecting vertical line from top to bottom. 

And so on. 

At each stage n, there are 4" subsquares and 4° - 1 divisions of the unit line 
[0, 1] mapped continuously onto 4 a - 1 connected line segments going from the 
center of one subsquare to the center of the adjacent subsquare. At each stage 
the mapping is "continuous." 

As we go from stage to stage, the curve gets longer and longer, with the in- 
terval (0, 1] being mapped onto more and more points of the square "filling up" 
progressively more of the square. 

The limit of this sequence of functions is defined in the following way. 

• The process defines a sequence of functions /,, f v ... from [0, 1] onto 
the square. 

• Notice that a given point p in the domain [0, 1) will be mapped onto dif- 
ferent points /j(p), f 2 [p), ... at successive stages of the process. 

• For each such point p, there will therefore be a sequence of points /,(p), 
/ 2 (p), ... in the square. 

• Each such sequence will converge to a limit. Let us call that limit fjp). 
(Of course, this can be conceptualized via the BMI.) 

• Now consider the set of all fjx), for all x in [0, 1). It is a function from 
[0, 1] to the unit square. (This is the set of final resultant states of the 
BMI.) 

• It is "continuous" since every open set in the unit square is mapped by 
the inverse function f~[x) onto an open set in (0, 1). 

• Finally, fjx ) "fills" the unit square. That is, for every point in the unit 
square, there is at least one point in [0, 1] that maps onto it. 

This is what Hilbert proved. 

Note that as the subsquares get smaller, the boundaries of the subsquares get 
closer and closer to the center of each subsquare. Consequently, as n gets larger, 
the points in each subsquare not on the curve get closer and closer to points on 
the curve. As n approaches infinity, what happens? Look at the distance within 
each subsquare between points in the subsquare on the curve and points in the 
subsquare not on the curve. As n approaches infinity, that distance approaches 
zero. At limit stage, where we have the function /_, that distance is zero. The 
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subsquares have zero area, so that no subsquare can have a point in the plane 
that is not on the curve. In other words, every point in the square is a point on 
the curve, because the subsquares have become the points on the curve! 

At first, this seems bizarre. A curve is one-dimensional. It is infinitely thin. A 
plane is two-dimensional. How can a one-dimensional curve fill a two-dimen- 
sional space? 

First, notice that the curve is a metaphorical "curve." Each limit operation 
for each point in [0, 1 ] is an instance of the Basic Metaphor of Infinity. The range 
of the function /_ is an infinite set, each member of which is conceptualized via 
the BMI. In that sense, the function is infinitely metaphorical— every one of its 
infinity of values arises via the Basic Metaphor of Infinity. 

Second, notice that the domain and range of the function are metaphorical, 
since they are not a naturally continuous line segment and a naturally contin- 
uous square but, rather, are discretized — produced via the Spaces Are Sets of 
Points metaphor. 

Third, notice that the "continuity" of each f t and of /_ is also metaphorical. 
It is not the natural continuity of a path of motion. It is die metaphorical "con- 
tinuity" for discrete "space" characterized in terms of preservation of closeness, 
as noted. (We will give a detailed analysis of continuity in chapters 13 and 14.) 

Fourth, notice that from the perspective of natural continuity, the space of 
the unit square is not "filled." A naturally continuous square is a holistic back- 
ground medium. The range of the function is only the set of points in the unit 
square with real-valued coordinates. 

However, the naturally continuous unit square must be able to accommodate 
not just points with real-valued coordinates but also points with hyperreal- 
valued coordinates. Thus, the real-valued point-locations do not exhaust the 
naturally continuous holistic background space of the unit square and therefore 
the "space-filling curve" does not "fill" the naturally continuous unit square. 

Fifth, suppose that we rule out the naturally continuous plane and think only 
in terms of the discretized plane. Suppose further that we assume that the func- 
tion maps the real numbers within the hyperreal interval [0, 1] onto the real- 
valued coordinates within the hyperreal unit square. 

In this case, the function f m is exactly the same as it was before. It maps the 
same real numbers in the interval [0, 1) onto the same points with real-valued 
coordinates in the unit square. The difference is that now most points in the 
hyperreal unit square have coordinates that are not real- valued but hyperreal- 
valued. Since the function /_ (as we have defined it) does not apply to hyperreal 
values in the interval [0, 1], it does not "HU" any of the points in the unit square 
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with hyperreal coordinates. Indeed, since the real- valued points in the hyperreal 
unit square are incredibly sparse, most of the square is not "filled." 

In summary, the so-called space-filling curve f m does not "fill space" at all. It 
only maps discrete real- valued points in the interval [0, 1] onto discrete points 
with real-valued coordinates in the unit square. That's all. 

Moreover, it does not "fill space" under either assumption of what "space" 
is — naturally continuous space or discretized space. 


What Is “The Continuum”? 

Before the nineteenth century, the continuum referred to the naturally contin- 
uous line. The discretization program changed the meaning of the term. In 
discretized mathematics, "the continuum" became a discretized "line" charac- 
terized via the Spaces Are Sets of Points metaphor; that is, it became a set of ab- 
stract elements. Given the discretized number line, "the continuum" was seen 
as a set of numbers. 

The question as to whether the real numbers "exhaust" the continuum is the 
same question as whether the real numbers exhaust the points on a line. It is 
not a well-put question. It depends on what you mean by "the continuum." The 
term can mean all of the following: 

1) A naturally continuous line. 

2) A discretized line — a "line" conceptualized via the Spaces Are Sets of 
Points metaphor, consisting of a set of elements that characterize all 
the points on the line. 

3) A Discretized Number-Line blend, where the "points" are elements of 
sets, which in turn correspond one-to-one to numbers. The numbers 
then determine what the metaphorical "points" are. Suppose the num- 
ber system is "complete," as the real numbers are; that is, they are 
closed under arithmetic operations and contain the limits of all the in- 
finite sequences. Since the numbers determine what the points are, a 
complete set of numbers exhausts all the points defined by those num- 
bers. And since the real numbers are complete and define what a 
"point" is in a Discretized Number-Line blend, they, of course, exhaust 
all the points in that blend. That does not mean that they exhaust all 
the points on a naturally continuous line. 

The claim dating from the late nineteenth century that the real numbers "ex- 
haust the continuum" is usually a claim about case 3. However, many people as- 
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sume that the claim is about case 1 and somehow true of case 1 . This is, of course, 
a mistake arising from the confusion about what "the continuum" means. 

Unfortunately, the mathematical community has done little to disabuse their 
students and the public of this misunderstanding. As a result, many people have 
been led to believe (incorrectly) that it has been proved mathematically that the 
naturally continuous line — taken to be the continuum — can somehow be ex- 
hausted by the real-number points, which are discrete entities without any 
length. This seems a wondrous, even mystical idea. Indeed, it is. But it isn't 
true. And the continued used of the term "continuum" doesn't help clarify the 
situation, since it suggests the line that most people understand in their ordi- 
nary lives — the naturally continuous line. 

This misunderstanding can be traced back at least to the German mathe- 
matician Richard Dedekind (1831-1916), one of the founders of the discretiza- 
tion program. When he conceptualized a real number as a cut on the line, the 
line he had in mind was naturally continuous (case 1 ), not just a set of elements. 
(For cognitive evidence of this claim, see the next chapter.) On the other hand, 
it was Dedekind who defined real numbers in terms of sets. The image of the 
"cut" and the definition in terms of sets do not give a consistent picture. It leads 
to a confusion between case 1 and case 2. 

As far as we can tell, that misunderstanding has continued to the present day, 
even in some segments of the mathematical community (see Weyl, 1918/1994; 
Kramer, 1970; Longo, 1998). 

Is the “Continuum Hypothesis ” About the Continuumi 

George Cantor, as we saw in Chapter 10, used the term "C" for "continuum" 
to name the cardinality of the real numbers. Most likely, he did this because he 
took it for granted that the real numbers exhausted the points on the contin- 
uum. This meant to him that the real numbers could be put in one-to-one cor- 
respondence with the points on the continuum and, by Cantor's metaphor, 
implied that there were the same number of real numbers as there were points 
on the continuum — strongly suggesting that even Cantor believed (incorrectly) 
that the real numbers exhausted the points on the naturally continuous line. 

Suppose that you take "the continuum" to mean the naturally continuous 
line. And suppose you then ask the question, "How many points can fit on the 
continuum?" The answer, as we have seen, is "As many as you like." If by "the 
continuum" you mean the one-dimensional, naturally continuous, holistic 
background space, and if by "point" you mean a location in that background 
medium with zero length, then you don't have to stop with the real numbers; 



190 Where Mathematics Comes From 

you can go into the hyperreals. The number of such potential point-locations is 
unlimited. 

Cantor's Continuum hypothesis was about the cardinality of the set of real 
numbers — the transfinite number of real numbers. He had proved that there 
were "more" reals than rationals or natural numbers (in the Cantor-size sense). 
As we saw, he had named the cardinality of the natural and rational numbers 
"K 0 " and the cardinality of the reals "C". He called the next largest transfinite 
number "K,". The Continuum hypothesis said that there was no set of cardi- 
nality larger than that of the natural numbers ( K 0 ) and smaller than that of the 
reals (C). That, if true, would mean that the cardinality of the reals was K ,. In 
other words, the Continuum hypothesis can be stated as: C - K r 

Is the Continuum hypothesis about the continuum? It is certainly about the 
real numbers. It is not about the naturally continuous line. For those people 
who believe that the term "the continuum" refers to the naturally continuous 
line, the Continuum hypothesis is not about the continuum. 

There is nothing strange or paradoxical or wondrous about this. It is simply 
a matter of being clear about what you mean. 

Closure and the Continuum 

The passion for closure pushed the mathematical community to find all the lin- 
early ordered numbers that could be solutions to polynomial equations — that is, 
the system of all the linear numbers closed under the operations of addition and 
multiplication, including all the limits of sequences of such numbers. 

The principle of closure then had another effect. It tended to keep the math- 
ematical community from looking further at ordered number systems that were 
not required for closure — systems such as the hyperreals. Though infinitesimals 
were used successfully in mathematics for hundreds of years, the drive for clo- 
sure of a linear number system led mathematicians to stop with the reals. Clo- 
sure took precedence over investigating the infinitesimals. 

Achieving closure for the real numbers meant "completing" the integers and 
the rationals. Since numbers were seen as points on the line, that meant "com- 
pleting" the line — the entire "continuum," finding a "real" number for every 
possible point. The cardinality of the real numbers — the numerical "size" as 
measured by Cantor's metaphor — became the "number of points on the line." 
And the Continuum hypothesis, which is about numbers, was thought of as 
being about points constituting the naturally continuous line. 

What was hidden was that "completeness" — closure with limit points — 
under the discretization program wound up defining what a "point" on a "line" 
was to be. 
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The Difference That Mathematical Idea Analysis Makes 

All this becomes clear only through a detailed analysis of the mathematical 
ideas involved. Without such an analysis, false interpretations of crucial ideas 
are perpetuated and mystery reigns. 

• The naturally continuous line is not clearly distinguished from the line 
as a set of discrete "points,'' which are not really points at all but arbi- 
trary set members. 

• The real numbers are not clearly distinguished from the points on the 
line. 

• The so-called real line is misnamed. It isn't a line. 

• So-called space-filling curves are also misdescribed and misnamed. 
They do not "fill space." 

• What is called the continuum is not distinguished adequately from a 
naturally continuous line. 

• And perhaps most important, the discretization program goes unde- 
scribed and taken as a mathematical truth rather than as a philosophi- 
cal enterprise with methodological and theoretical implications. The 
myth that the discretization program makes classical mathematical 
ideas more "rigorous" is perpetuated. That program abandons classical 
mathematical ideas, replacing them with new, more easily symboliz- 
able but quite different ideas. 

What suffers isn't the mathematics itself but the understanding of mathe- 
matics and its nature. 

Mathematical idea analysis removes the mystery of "space-filling" curves. It 
clarifies what is meant by the "real line" and the "continuum." And most im- 
portant, it places in clear relief the mathematical ideas used in the philosophi- 
cal program of discretizing mathematics — a program that introduces new ideas, 
rather than formalizing old ones, as it claims to do. 

Students of mathematics — and all of us who love mathematics — deserve to 
have these mathematical ideas made clear. 



Continuity for Numbers: 
The Triumph of 
Dedekind's Metaphors 


T he Basic Metaphor of Infinity, as we have just seen, is at the heart 
of the discretization program for reconceptualizing the continuous in 
terms of the discrete. From the cognitive perspective, it is the BMI that permits 
the appropriate conceptualization in purely discrete terms of infinite sets, infi- 
nite sequences, limits, limit points, points of accumulation, neighborhoods, 
open sets, and (as we shall see in this chapter) continuity. 

To appreciate the remarkable achievement of this enterprise and the funda- 
mental role of metaphor in it, let us turn to a historic moment in modem math- 
ematics. The turning point came in the early 1870s, with the classic work of 
Richard Dedekind and Karl Weierstrass. They successfully launched the move- 
ment toward discretization, a reaction against the use of geometric methods via 
analytic geometry. Descartes had seen the real numbers as points on a naturally 
continuous line. Newton, linking physical space with naturally continuous 
mathematical space, had created calculus in a way that depended on geometric 
methods. 

Dedekind showed, through a dramatic use of conceptual metaphor, that the 
real numbers did not have to be seen as points on a naturally continuous line. 
And through an implicit use of the Basic Metaphor of Infinity, he showed how 
to construct the real numbers using sets (infinite sets, of course) of discrete el- 
ements. Weierstrass, making another implicit use of the BMI, showed how to 
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make calculus discrete, eliminating all naturally continuous notions of space 
and movement. 

An important dimension of the discretization program was the concept of 
"rigor." This meant the use of discrete symbols and precisely defined, system- 
atic algorithmic methods, allowing calculations that were clearly right or 
wrong. They could be written down step by step and checked for correctness. 
The prototypical cases were the methods of calculation in arithmetic. Those 
methods of calculation provided for certainty and precision, which were taken 
as the hallmarks of mathematics in nineteenth-century Europe. 

Geometry involved visualization and spatial intuition. But mathematics in 
nineteenth-century Europe increasingly became a field that valued certainty, 
order, and precise methods over imagination and visualization. Indeed, visuali- 
zation and spatial intuition were eventually disparaged. By the end of the cen- 
tury, they were regarded negatively — that is, not for what they could contribute 
but for how they threatened certainty, objectivity, precision, and the sense of 
order those mathematical virtues brought. Geometric methods came to be seen 
as vague, imprecise, not independently verifiable, and therefore unreliable. 
What could be worse than unreliability in a field that valued certainty, reliable 
methods, and objective truth? 

It was thus imperative in nineteenth-century European mathematics to arith- 
metize calculus and eliminate geometry from the idea of number in arithmetic. 
Calculus had to be rescued from geometric methods and "put on a secure foun- 
dation" — a discrete and fully symbolizable and calculable foundation. If Weier- 
strass could arithmetize calculus — reconceptualize calculus as arithmetic — he 
could eliminate from calculus all visualization and spatial intuition, and 
thereby bring it into the realm of "rigorous" methods. 

This meant conceptualizing naturally continuous space in terms of discrete 
entities and holistic motion in terms of stasis and discreteness. From a cogni- 
tive perspective, the task required conceptual metaphor — a way to conceptual- 
ize the continuous in terms of the discrete. Combined with other fundamental 
metaphors, the Basic Metaphor of Infinity permitted the understanding of nat- 
urally continuous space in discrete terms. 

The central issue was continuity. The place and time were Germany in 1872. 

Dedekind Cuts and Continuity 

Like many other mathematicians of his era, Dedekind was profoundly dissatis- 
fied with the way calculus had been developed— namely, through geometric no- 
tions like secants and tangents. Calculus was, after all, part of the subject 
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matter of arithmetic functions and so ought properly to be understood in terms 
of arithmetic alone and not geometry. But continuous functions were under- 
stood at the time in geometric terms, as naturally continuous curves. How, he 
asked, could continuity be understood in arithmetic terms? The key, he be- 
lieved, was the real numbers. 

Here is Dedekind writing in his 1872 classic, Continuity and Irrational 
Numbers (translated into English in 1901). 

The statement is so frequently made that the differential calculus deals with continu- 
ous magnitude, and yet an explanation of this continuity is nowhere given; even the 
most rigorous expositions of the differential calculus do not base their proofs upon con- 
tinuity but, with more or less consciousness of the fact, they either appeal to geomet- 
ric notions or those suggested by geometry, or depend upon theorems which are never 
established in a purely arithmetic manner, (p. 2) 

Dedekind further assumed that all arithmetic should come out of the natural 
numbers. The arithmetic of the rational numbers had been characterized in 
terms of the arithmetic of the natural numbers. 

I regard the whole of arithmetic as a necessary, or at least natural consequence of the 
simplest arithmetic act, that of counting. . . . The chain of these numbers . . . presents 
an inexhaustible wealth of remarkable laws obtained by the introduction of the four 
fundamental operations of arithmetic, (p. 4) 

The idea here is that the full development of arithmetic should come from the 
same laws governing the natural numbers. 

Just as negative and fractional rational numbers are formed by a new creation, and as 
the laws of operating with these numbers must and can be reduced to the laws of op- 
erating with positive integers, so we must endeavor completely to define irrational 
numbers by means of the rational numbers alone, fp. 10) 

In other words, irrational numbers must be understood in terms of rationals, 
which in turn must be understood in terms of the natural numbers. 

. . . [Njegative and rational numbers have been created by the human mind; and in the 
system of rational numbers there has been created an instrument of even greater per- 
fection (T]he system R (the rational numbers] forms a well-arranged domain of one 

dimension extending to infinity on two opposite sides. What is meant by this is suffi- 
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ciently indicated by my use of expressions from geometric ideas; but just for this rea- 
son it will be necessary to bring out clearly the corresponding purely arithmetic prop- 
erties in order to avoid even the appearance as if arithmetic were in need of ideas 
foreign to it (p. 5) 

Even though numbers were at that time understood in geometric terms, the 
geometry had to be eliminated in order to characterize the essence of arith- 
metic. Dedekind then describes in great detail (pp. 6-8) what we have called the 
Number-Line blend (see Chapter 12), and goes on to say, 

This analogy between rational numbers and the point of a straight line, as is well known, 
becomes a real correspondence when we select upon the straight line a definite origin or 
zero-point and a definite unit length for the measurement of segments, (pp. 7-8) 

Dedekind's notion of "real correspondence" is fateful. He means a one-to-one 
correspondence — not merely that there is a point for every number but also that 
there must be one and only one number for every point! What Dedekind has de- 
scribed is essentially what we have called the Discretized Number-Line blend, 
which is a conceptual blend that uses two metaphors: Spaces Are Sets and 
Numbers Are Points on a Line. The blend, as we saw in the previous chapter, 
contains three domains precisely linked by these metaphorical mappings: 
Space, Sets, and Numbers. 

Here we see Dedekind in the process of constructing this metaphorical blend. 
In the process, he goes back and forth, attending first to one domain and then 
another: first to space and then to numbers and sets. Back and forth. If naturally 
continuous space is to be "eliminated," the crucial elements of space must be 
picked out and modeled by corresponding entities in the domains of numbers 
and sets. 

Dedekind's activity in constructing his version of the Discretized Number- 
Line blend is taken for granted in his reasoning from here on. He observes that 
when the rational numbers are associated with points on the line, there are 
points not associated with numbers, which creates a problem. 

Of the greatest importance, however, is the fact that in the straight line 1 there are in- 
finitely many points that correspond to no rational number. If the point p corresponds 
to the rational number a, then, as is well-known, the length op is commensurable with 
the invariable unit of measure used in the construction, i.e., there exists a third length, 
a so-called common measure, of which these two lengths are integral multiples. But the 
ancient Greeks already knew and had demonstrated that there are lengths incommen- 



296 


Where Mathematics Comes From 


surable with the given unit of length. If we lay off such a length from the point o upon 
the line, we obtain an endpoint which corresponds to no rational number. Since it fur- 
ther can be easily shown that there are infinitely many lengths that are incommensu- 
rable with the unit of length, we may affirm: The straight line 1 is infinitely richer in 
point-individuals than the domain R of rational numbers in number-individuals. 

If now, as is our desire, we try to follow up arithmetically all phenomena in the 
straight line, the domain of rational numbers is insufficient and it becomes absolutely 
necessary that the instrument R constructed by the creation of the rational numbers be 
essentially improved by the creation of new numbers such that the domain of all num- 
bers shall gain the same completeness, or as we may say at once, the same continuity, 
as the straight line. (p. 9} 

Here we have the heart of Dedekind's link between the real numbers and con- 
tinuity. The line is absolutely continuous. When arithmetic functions are char- 
acterized in the Cartesian plane, continuous functions are represented, 
metaphorically, by continuous lines (see Case Study 1). A function maps num- 
bers (which are discrete) onto other numbers. If a function in the Cartesian 
plane is a continuous curve, then the collection of numbers corresponding to 
points on a line must be continuous, too. This is a metaphorical inference in the 
version of the Discretized Number-Line blend that Dedekind was constructing. 
The naturally continuous line is part of the space domain in the blend. The line 
in the blend is (naturally) continuous. Points on the line are mapped one-to-one 
to numbers via the metaphors that Numbers Are Points on a Line and A Line Is 
a Set of Points. The inference in Dedekind's developing version of the blend is 
clear: If the line, seen as made up of points, is continuous, then the set of num- 
bers must be continuous, too. 

The above comparison of the domain R of rational numbers with a straight line has led 
to the recognition of the existence of gaps, of a certain incompleteness or discontinu- 
ity of the former, while we ascribe to the straight line completeness, absence of gaps, 
or continuity, (p. 10) 

This is a crucial inference! The rational numbers, by themselves, have no gaps. 
In the set of rational numbers, rational numbers are all there is. Rational num- 
bers are ratios of integers. Among the ratios of integers, there are no gaps; that 
is, every ratio of integers is in the set of rational numbers (see Figure 13.1). 

Where does the very idea of a "gap" in the rational numbers come from? The 
answer is metaphor and conceptual blending. When the Number-Line blend is 
formed on the basis of the metaphor that Numbers Are Points on a Line, a 
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FIGURE 13.1 The set of all rational numbers — and nothing but rational numbers. Within 
this set, by itself, there are no "gaps" between the rational numbers, since there are no other 
entities being considered. For there to be a "gap," other entities must be under consideration. 
So-called gaps between the rational numbers appear under two additional conditions: (1) in 
the Number-Line blend, where all points on a line are assumed to correspond to a number; 
and (2) with the added idea of closure, where arithmetic operations (e.g., taking the square 
root) must yield a number as output (when such a number can be well-defined). 

metaphorical correspondence is set up between numbers and points. Since this 
conceptual blend of space and arithmetic is used for measurement and built into 
measuring instruments (like rulers), it is taken for granted as objectively true: 
There is a true correspondence between points and numbers, as seen in the act 
of measuring and in the instruments for doing so. 

Dedekind accepts this metaphorical conceptual blend as a truth — as many 
mathematicians have since the Greeks — because it is instantiated in physical 
measuring instruments. Those instruments have been (for centuries) con- 
structed in order to be consistent with that conceptual blend. The instrument 
and the conceptual blend are, of course, different things. The instrument — as a 
measuring instrument — makes no sense in the absence of the conceptual blend 
of lines and numbers. And of course, there are things in the blend that are not 
in the instrument. For example, real numbers are not on any physical measur- 
ing tape or thermometer. Measuring tapes and thermometers are physical in- 
struments in the world, conceived to be consistent with, and interpreted 
through, conceptual metaphorical blends. But that does not mean that all the 
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entities in the conceptual blend (like the real numbers, in this case) are in the 
instrument or in the world. To believe so is to impute reality to something con- 
ceptual. That is just what Dedekind was doing when he concluded that there 
was a "gap" in the rational numbers. It is only in the Number-Line blend that 
a "gap“ exists — a "gap" in points on a naturally continuous line that are paired 
with numbers. The "gap" is in the space domain, where there are points on a 
naturally continuous line that are not paired with rational numbers. This "gap" 
makes sense only in the metaphorical conceptual blend that Dedekind was con- 
structing and we have inherited. 

Measurement and Magnitude 

As we have just seen, the Number-Line blend is not an arbitrary blend. It arises 
from an activity that has a physical as well as a conceptual part — the activity of 
measuring real objects in the world. In measuring, numbers are associated with 
pointlike locations in the physical world. Those physical points are not like 
metaphorical geometric points of length zero. They are physical positions of 
small but positive physical dimensions. And in measuring along a line, two dis- 
tinct physical positions correspond to two different distances from a chosen ori- 
gin point. Those distances are measured by numbers, and so each distinct 
"point" corresponds to a different number. This intuitive understanding is char- 
acterizable as a folk theory. 

The Folk Theory of Measurement and Magnitude 

• A line segment from one point to another has a magni- 
tude. 

• When a line segment is assigned as a unit of measure and 
set equal to the number 1, then any magnitude can be 
measured by a positive number. 

• The Archimedean principle: Given numbers A and B 
(where A is less than B) corresponding to the magnitudes 
of two line segments, there is some natural number n 
such that A times n is greater than B. 

Notice that the Archimedean principle is built into our everyday folk theory of 
measurement and magnitude. It entails that, given a measuring stick, even a 
very small one, you can measure a magnitude of any finite size by marking off 
the length of the measuring stick some finite number of times. This folk the- 
ory, including the Archimedean principle, is implicit in Dedekind's account of 




The Triumph of Dedekind's Metaphors 


299 


the ancient Greek ideas about number lines, as well as in his version of the 
Number-Line blend. 

All this is taken for granted when Dedekind says, "we ascribe to the straight 
line completeness, absence of gaps, or continuity." Here he is creating yet an- 
other metaphor — one that has come down to us today: Continuity Is Gapless- 
ness — or, more precisely, Continuity for a Number Line Is Numerical 
Completeness, the absence of gaps between numbers. Not gaps between points 
per se, but gaps between numbers! 

Here is the great break with the everyday concept of natural continuity, the 
concept that had been used in mathematics for two millennia! Dedekind's new 
metaphor, Continuity Is Numerical Completeness, represented a change of enor- 
mous proportions. The "natural" continuity imposed by motion is gone. The 
metaphor that A Line Is a Set of Points is implicitly required. Continuity no 
longer comes from motion but from the completeness of a number system. Since 
each number is discrete and each number is associated one-to-one with the points 
on the line, there is no longer any naturally continuous line independent of the 
set of points. The continuity of the line — and indeed of all space— is now to come 
from the completeness of the real-number system, independent of any geometry 
or purely spatial considerations at all. Dedekind asks. 

In what then does this continuity consist? Everything must depend on the answer to 
this question, and only through it shall we obtain a scientific basis for the investigation 
of all continuous domains. By vague remarks on the broken connection in the smallest 
parts, obviously nothing is gained; the problem is to indicate a precise characteristic of 
continuity that can serve as a basis for valid deductions. ... It consists in the follow- 
ing (E)very point p of the straight line produces a separation of the same into two 

portions such that every point on one portion lies to the left of every part of the other 
portion. I find the essence of continuity in the converse, i.e., in the following principle: 

"If all points of the straight line fall into two classes such that every point of the first 
class lies to the left of every point of the second class, then there exists one and only 
one point which produces this division of all points into two classes, this severing of 
the straight line into two portions." (p. 11} 

This is Dedekind's celebrated characterization of the real numbers in terms 
of what has come to be called the Dedekind cut. This is a profound mathemat- 
ical idea! It seems obvious at first, but as we shall see, it isn't. To show the true 
richness of Dedekind's idea, we need to apply the tools of mathematical idea 
analysis. 
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Dedekind's Idea of the Cut is built out of three conceptual parts: the Cut frame 
the Geometric Cut metaphor, and the Arithmetic Cut metaphor. Dedekind be- 
gins with the Number-Line blend for the rational numbers and defines a new 
and original structure on it, which we will call Dedekind’s Cut frame. 

Dedekind's Cut Frame 

The Number-Line blend for the rational numbers, with a 
point C (the "cut") on the line, dividing all the rationals 
into two disjoint sets, A and B, such that every member of 
A is to the left of, and hence less than, every member of B. 

Given this precise notion of a "cut" defined relative to the Rational-Number- 
Line blend, Dedekind goes on to propose a new geometric metaphor for irra- 
tional numbers. By this means, he extends the Rational-Number-Line blend to 
metaphorically create the Real-Number-Line blend. 

Dedekind's Geometric Cut Metaphor 

Source Domain Target Domain 

The Rational-Number-Line The Real-Number-Line Blend, 

Blend, with the Cut Frame with the Cut Frame 

Case 1: A has a largest rational R, 
or B has a smallest rational R. 

C (the "cut") 

Case 2: A has no largest rational 
and B has no smallest rational. 

C (the "cut") 

The idea here is this: Either the "cut" will fall at a rational point or it will not. 
If it falls at a rational point, that rational number will either be the smallest 
number in B or the largest number in A. In that case, we conceptualize the ra- 
tional number R as being the cut C. This is not really anything new. The inno- 
vation of the metaphor comes in case 2, where A has no largest rational and B, 
no smallest rational. The "cut" in the rational number line then falls "be- 
tween" the rationals. The great innovation is to metaphorically "define" an ir- 
rational number as being the "cut" between the two sets of rationals. Notice 
that there are no irrational numbers in the source domain of the metaphor but 
only a "cut" — a point on the line in the blend. The irrationals are conceptual- 
ized metaphorically as being such cuts. 


-» R 

-» i, an irrational number 
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The brilliance of Dedekind's Geometric Cut metaphor is that the cut charac- 
terizes a unique irrational number. The uniqueness is not obvious. It follows 
from three assumptions: 

• Assumption 1: Dedekind's Number- Line blend, in which there is a one- 
to-one correspondence between points and numbers. This guarantees 
that there will be a number for every point. 

• Assumption 2: the Archimedean principle, which holds in his version 
of the Number-Line blend. This guarantees that the number will not be 
infinitesimal. 

These two assumptions guarantee that if there are two irrational points char- 
acterized by (A, B ), then there has to be a finite distance between them. 

• Assumption 3: the denseness property for the rationals — namely, that 
there is a rational number on every finite interval in the Rational-Num- 
ber-Line blend. 

Assumption 3 guarantees that if there were two distinct irrational points de- 
fined by (A, B ) and separated by a finite distance, then there would be a rational 
point between them, and hence not in either A or B. But this contradicts the as- 
sumption that A and B jointly contain all the rational points. Given this con- 
tradiction, it follows that the irrational point / must be unique. 

Notice that it is only by making assumptions 1 and 2 that this conclusion fol- 
lows. Assumptions 1 and 2 are not necessary assumptions for doing mathemat- 
ics, as we have seen in previous chapters. Dedekind thus got his uniqueness 
result by making assumptions that others do not, and need not, make. 

But Dedekind achieved only half his job with the Geometric Cut metaphor. 
What he did was to extend the Rational-Number-Line blend to the Real-Num- 
ber-Line blend, creating the reals from the rationals using only one frame and 
one metaphor. But his ultimate goal was to define the real numbers in terms of 
the rationals, using no geometry at all. Having constructed the Real-Number- 
Line blend, which has geometry in it, he now had to construct a metaphor to 
eliminate the geometry — that is, to conceptualize his Real-Number-Line blend 
only in terms of numbers and sets. Below is the conceptual metaphor with 
which he did so. The basic idea here is to conceptualize the cut C in the Num- 
ber-Line blend in terms of the ordered pair of sets of rational numbers (A, B ). 
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Dedekind's Arithmetic Cut Metaphor 

Source Domain Target Domain 

Rational Numbers and Sets The Real-Number-Line Blend, with 

the Geometric Cut Metaphor 
Defining Irrationals 


An ordered pair [A, B ) of sets of 
rational numbers, where Aufi 
contains all the rationals and 
every member of A is less than 
every member of B 

Case 1: A has a largest rational R, 
or B has a smallest rational R. 

[A, B)~R 

Case 2: A has no largest rational, 
and B has no smallest rational. 

[A, B) - 1, not a rational. 


The point C (the "cut") on the 
line dividing all the rationals 
into two sets A and B, such that 
every member of A is to the left 
of, and hence less than, every 
member of B 

Case 1: A has a largest rational R, 
or B has a smallest rational R. 

C (the "cut") = R 

Case 2: A has no largest rational, 
and B has no smallest rational. 

C = 7, an irrational number. 


Here the geometric cuts are "reduced" via the metaphor to sets and rational 
numbers alone. In each case, the set (A, B) is mapped onto the geometric cut C. 
The cut C is therefore conceptualized in terms of sets and numbers alone. Irra- 
tional numbers, which were shown to be uniquely characterized via the Geo- 
metric Cut metaphor, are now also uniquely characterized via the Arithmetic 
Cut metaphor. 

In short, the Dedekind Arithmetic Cut metaphor states: A real number is an 
ordered pair of sets (A, B) of rational numbers, with all the rationals in A being 
less than all the rationals in B, and all the rational numbers are in Au B. 

Here is the triumph of metaphor at a crucial moment in the birth of the dis- 
cretization program. We can see in its full beauty the depth and subtlety of 
Dedekind's metaphorical idea of the cut. 


The Geometric Basis of Dedekind's 
Completeness for the Real Numbers 

Dedekind's two cut metaphors, taken together, have an extraordinary entail- 
ment: The real numbers characterized in this way constitute all the real num- 
bers! This entailment does not come from arithmetic alone; it relies on the 
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Geometric Cut metaphor. This is an important point and is worth going into in 
some detail. 

Dedekind assumed that for each point on a line, there was a real number that 
could measure the distance of that point from an origin point (given the choice 
of a unit). This defines what we will call the Measurement Criterion for Com- 
pleteness of the real numbers. If you can characterize numbers for all such 
points, then you have characterized all the real numbers. The Measurement 
Criterion for Completeness is a geometric criterion. 

Dedekind sought an arithmetic characterization of the real numbers — a char- 
acterization that would meet this geometric criterion. If he could find it, he 
could be sure he had characterized all the real numbers. To meet this geomet- 
ric criterion, Dedekind needed both the Geometric and Arithmetic Cut 
metaphors. 

It is important to realize that the Measurement Criterion for Completeness 
of the real numbers uses assumptions 1 and 2 above: Dedekind's Number-Line 
blend and the Archimedean principle. It is the Number-Line blend that gets you 
from (a) assigning numbers to all the points measured to (b) characterizing all 
the real numbers. It is the Archimedean principle that guarantees that two 
points will not be separated by an infinitesimal. 

Thus, Dedekind's characterization of the completeness of the real numbers 
depended on geometry after all, since he took a geometric criterion to define 
what "completeness" was to be. Notice that he did not use the algebraic crite- 
rion explicitly in arguing for completeness, though he knew from the work of 
Carl Friedrich Gauss and others that the real numbers constituted a complete 
ordered field. The algebraically complete real numbers are those that are both 
(1) roots of polynomial equations and (2) linearly ordered. Apparently, algebraic 
completeness was not enough for Dedekind. He did not argue for the complete- 
ness of the real numbers on algebraic grounds ( that had been proved by Gauss) 
but only on geometric grounds. 

It is somewhat ironic that the man given credit for arithmetizing the com- 
pleteness of the real numbers did so using a geometric criterion and a geomet- 
rically based metaphor. 


Continuity as Numerical Completeness 

Dedekind's Arithmetic Cut metaphor is stated in such a way as to guarantee 
that there will be no "gaps" in the real numbers. Every real number meeting the 
Measurement Criterion for Completeness will be characterized in terms of the 
rational numbers via the Arithmetic Cut metaphor. 
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"Continuity" for the real-number line can then be conceptualized purely i n 
terms of numbers, which are discrete entities, via the following metaphor: Con- 
tinuity for the Number Line Is Arithmetic Gaplessness. The result is a 
metaphorical "continuum" of discrete entities: the "real-number contin- 
uum"— that is, the "gapless" sequence of all real numbers defined metaphori- 
cally using only numbers and sets as "cuts" — with the geometry eliminated by 
the Arithmetic Cut metaphor. 

Continuity for space can now be characterized in terms of metaphorical 
“continuity” for numbers. Dedekind adds, 

The assumption of this property of the line is nothing else than an axiom by which we 
attribute to the line its continuity, by which we find continuity in the line. If space has 
at all a real existence, it is not necessary for it to be continuous; many of its properties 
would remain the same even were it discontinuous. And if we knew for certain that 
space was discontinuous, there would be nothing to prevent us from filling up its gaps, 
in thought, and thus making it continuous; this filling would consist in the creation of 
new point-individuals and would have to be effected in accordance with the above prin- 
ciple. (p. 12) 

It is remarkable that he says, “If space has at all a real existence. ..." If he can 
eliminate space from mathematics, maybe it doesn't exist. He goes on, “If space 
has at all a real existence, it is not necessary for it to be continuous; many of its 
properties would remain the same even were it discontinuous ." Here it is clear 
that by "continuous" space he means our ordinary concept of naturally continu- 
ous space. If he can create a mathematics that does as well as the old mathemat- 
ics, but is discrete rather than naturally continuous, maybe real space (if it exists!) 
is also discrete. Maybe the world fits the mathematics he is creating 

The bottom line for Dedekind is this: Continuity for space in general is now to 
be conceptualized in terms of continuity for numbers. Space must therefore be 
made up of discrete points, which are not mere locations in a naturally contin- 
uous medium. The points constitute the space, the plane, the line, and all 
curves and surfaces and volumes. What makes lines and planes and all space 
continuous is their correspondence to numbers in a complete, “continuous” 
number system. 

And what do Dedekind's metaphors — his continuity metaphor and his two 
cut metaphors — imply about infinitesimal numbers? The metaphorical entail- 
ment is immediate: Infinitesimal numbers cannot exist! If the real numbers use 
up all points on the line, and if the real numbers form a complete system — with 
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the principle of closure and the measurement criterion requiring no further ex- 
tensions — then there is no room in the mathematical universe, either the uni- 
verse of arithmetic or that of geometry, for infinitesimals. As we have seen, this 
comes from the Archimedean principle, which is built into the folk theory of 
measurement and magnitude, which in turn is implicit in Dedekind's concept 
of the number line. The Archimedean principle was absolutely necessary both 
to guarantee the uniqueness of the real numbers as Dedekind constructed them 
and to guarantee the completeness of the real numbers according to the meas- 
urement criterion. 

Infinitesimal numbers had been used for two centuries by hundreds of math- 
ematicians to do calculus. But the arithmetization of calculus that Dedekind 
envisioned could not make use of infinitesimal numbers, because it used a ver- 
sion of the Number-Line blend with an implicit Archimedean principle. If cal- 
culus was to be arithmetized in terms of numbers alone and not geometry, only 
the real numbers would do. Moreover, Dedekind's Continuity metaphor did not 
even leave room for infinitesimals in space. All space was to be structured by 
the real numbers alone. 

What we see in these pages from Dedekind is one of the most important mo- 
ments in the history of modern mathematics. Not only is arithmetic freed from 
the bonds of the Cartesian plane, but the very notion of space itself becomes 
reconceptualized — and mathematically redefined! — in terms of numbers and 
sets. In addition, the real-number line becomes reduced to the arithmetic of ra- 
tional numbers, which had already been reduced to the arithmetic of natural 
numbers plus the use of classes. This sets the stage for the Foundations move- 
ment in modem mathematics, which employs the Numbers Are Sets metaphor 
to reduce geometry, the real line, the rational numbers, and even the natural 
numbers to sets. All mathematics is discretized — even reason itself, in the form 
of symbolic logic. 

All that was needed was the reduction of calculus to arithmetic. Such a pro- 
gram of reduction had begun with the work of Augustin-Louis Cauchy in 1821. 
Cauchy had given preliminary accounts of the real numbers, continuity, and de- 
rivatives in purely arithmetic terms using what has come to be called the ep- 
silon-delta characterization of a limit. It remained for Karl Weierstrass to 
complete the job. 
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Calculus Without Space 
or Motion: Weierstrass's 
Metaphorical Masterpiece 


B etween 1821 and the 1870s, the need for an arithmetization of calcu- 
lus had reached crisis proportions. The reason had to do with the discov- 
ery of a number of functions called monsters. What made these functions 
"monsters" was a common understanding of arithmetic functions and calculus 
in terms of three interlocking ideas forming a conceptual paradigm, which we 
will call the Geometric Paradigm. 

We will discuss the "monsters" below. In order to appreciate them and their 
effect on the mathematical community, it is important first to have a clear idea 
of the geometric paradigm, and then to understand the arithmetization of cal- 
culus that came to replace it. Here is an outline of the geometric paradigm. 

The Geometric Paradigm 

• The Cartesian plane, with Descartes's metaphor that 
A Mathematical Function Is a Curve in the Cartesian 
Plan 

• Newton's geometric characterization of calculus in 
terms of a sequence of secants with a tangent as a limit 
• The understanding of a curve in terms of natural conti- 
nuity and motion 
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Central to the geometric paradigm was the notion of a curve. An excellent 
characterization was given by James Pierpont, professor of Mathematics at Yale, 
in addressing the American Mathematical Society. Pierpont correctly and in- 
sightfully listed what a cognitive scientist would now refer to as eight "proto- 
typical" properties of what he called a curve — that is, a line in 
three-dimensional space that is either straight or curved (Pierpont, 1899, p. 397): 

Pierpont's Prototypical Properties of a Curve 

1. It can be generated by the motion of a point. 

2. It is continuous. 

3. It has a tangent. 

4. It has a length. 

5. When closed, it forms the complete boundary of a region. 

6. This region has an area. 

7. A curve is not a surface. 

8. It is formed by the intersection of two surfaces. 

Take note of the year: 1899 — a quarter of a century after the successful launch- 
ing of the discretization program by Dedekind and Weierstrass. Pierpont, as we 
shall see shortly, was both attracted and repulsed by the program — attracted by 
the prospect of increased rigor, repulsed by the loss of the tools of visualization 
and spatial intuition. Pierpont's reaction was like that of many of his colleagues. 
The discretization program was still controversial, but it had won. 

The geometric paradigm had formed the intuitive basis of what mathematicians 
of that era took for granted as being the characterization of algebraic and trigono- 
metric functions. It characterized the conceptual framework of mathematicians of 
the day ; the assumption was that all functions should fit this paradigm. 


Discretization and 'Triumph” over the Monsters 

Part of the reason why discretization won out over the geometric paradigm had to 
do with what were called monster functions. What made a monster function a 
"monster" was that it violated the geometric paradigm, which characterized the 
idea of what a function should be. The monsters violated the very conceptual 
framework that mathematicians had learned to think in. That framework was 
very largely geometric, while the functions themselves were functions from num- 
bers to numbers. In the functions themselves, there was no inherent geometry. 

The geometric paradigm allowed mathematicians of the day to use their geo- 
metric intuitions in the study of functions from numbers to numbers. The mon- 
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sters were cases where the geometric paradigm failed. The failure was falsely 
we believe, attributed to the failure of "intuition" — geometric intuition. The 
"failure" was one of expecting too much of a particular paradigm — one that 
works perfectly well for the cases it was designed to work for, but which can- 
not be generalized beyond those. What made the geometric paradigm appear to 
be a failure was a search for essence — for a single unitary characterization of all 
numerical functions. 


1872 Again, Elsewhere in Germany: 

Weierstrass and the Arithmetization of Calculus 

The person usually credited with devising an acceptable replacement for the 
geometric paradigm was Karl Weierstrass, whose ideas from lectures are cited 
by H. E. Heine, in his Elemente in 1872. This was the same year that Dedekind 
published his Continuity and Irrational Numbers. Weierstrass's theory was an 
updated version of Cauchy's earlier account (which had certain flaws). 

Weierstrass, like Dedekind and Cauchy, sought to eliminate all geometry 
from the study of numbers and functions mapping numbers onto numbers, in- 
cluding derivatives and integrals in calculus. This project required many 
changes in the geometric paradigm, essentially the same changes proposed by 
Dedekind for pretty much the same reasons: 

• Natural continuity had to be eliminated from the concepts of space, 
planes, lines, curves, and geometric figures. Geometry had to be recon- 
ceptualized in terms of sets of discrete points, which were in turn to be 
conceptualized purely in terms of numbers: points on a line as individ- 
ual numbers, points in a plane as pairs of numbers, points in n-dimen- 
sional space as n-tuples of numbers. 

• The idea of a function as a curve defined in terms of the motion of a 
point had to be completely replaced. There could be no motion, no di- 
rection, no "approaching" a point. All these ideas had to be reconcep- 
tualized in purely static terms using only real numbers. 

• The geometric idea of "approaching a limit" had to be replaced by static 
constraints on numbers alone, with no geometry and no motion. This 
is necessary for characterizing calculus purely in terms of arithmetic. 

• Continuity for space was to be reconceptualized as "continuity" for 
numbers. 

• Continuous functions also had to be reconceptualized purely in terms 
of numbers. 
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• Calculus had to be reformulated without either geometric secants and 
tangents or infinitesimals. Only the real numbers could be used. 


How Weierstrass Did It 

How do you accomplish such a complete paradigm shift? How do you utterly 
change from one mode of thought to another, from one system of concepts to 
another? The answer is, via conceptual metaphor. 

Implicit in Weierstrass's theory are some of the conceptual metaphors and 
blends we have already discussed: Spaces Are Sets of Points, Numbers Are 
Points on a Line, The Number-Line blend (including the folk theory of meas- 
urement and magnitude), Continuity for a Number Line Is Arithmetic Gapless- 
ness. Like Dedekind, Weierstrass metaphorically conceptualized the real 
numbers as aggregates of rationals, though in a way that was technically differ- 
ent than Dedekind's cuts or Cantor's infinite intersections of nested intervals 
(see Boyer, 1968, p. 606; also see Chapter 9). 

Weierstrass's achievement was to add to these conceptual metaphors and 
blends a new metaphor of his own, a way to metaphorically reconceptualize the 
continuity of naturally continuous space itself and continuous functions in it. 
That is, he had to come up with a remarkable metaphor, one conceptualizing 
the continuous in terms of the discrete. Via this metaphor, he had to be able to 
redefine what "continuity" could mean for sets of discrete elements. 


Continuity 

Weierstrass's redefinition of continuity for a function over sets of discrete num- 
bers was perhaps his greatest metaphorical magic trick. Think of the job he had 
to do. He had to eliminate one of our most basic concepts — the natural conti- 
nuity of a trajectory of motion — and replace it with a concept that involved no 
motion (just logical conditions), no continuous space (just discrete entities), no 
points (just numbers), with functions that are not curves in a plane (but, rather, 
sets of ordered pairs of numbers). And in the process he had to convince the 
mathematical community that this was the real concept of "continuity." 

Weierstrass's strategy was this: 

Look at continuous functions, conceptualized as motions through continu- 
ous space. Look at what is true of discrete point-locations along those continu- 
ous paths of motion. Try to reformulate in discrete, static terms what is true of 
the discrete point-locations on the continuous paths. Using the Number-Line 
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blend, think of points converging to a spatial limit as numbers converging to a 
numerical limit. 

Weierstrass saw that, with continuous functions, points that are close in the 
domain of the function tend to be close in the range of the function, though 
what counts as "close" might be different in the range than in the domain, and 
different at different values for the function. His idea was this: 

• For a given point /jo ) in the range, pick a number that defines a standard 
of closeness for f[a). Call it epsilon. 

• Then, for the corresponding point a in the domain, pick another num- 
ber that defines a standard of closeness for a. Call it delta. 

• Suppose the function is naturally continuous over point-locations in 
naturally continuous space. Then points that are "close" to f[a) (within 
distance epsilon) in the range will have been mapped from points that 
are "close" (within a corresponding distance delta) in the domain. 

That is, for every standard of closeness in the range (epsilon) there will be cor- 
responding standard of closeness in the domain (delta), and this will be true for 
every point-location f[a) in the range and its corresponding point-location a in 
the domain. This is where the classical quantification statement "For every ep- 
silon, there exists a delta" comes from and why it is important. 

The Weierstrass program for discretizing continuity came with a minimal 
standard of adequacy: Begin with all of the prototypical classical continuous 
curves in the geometric paradigm. Replace these curves with sets consisting of 
the discrete points on each curve. To be minimally adequate, Weierstrass's new 
"definition" of "continuity" had to assign the judgment "continuous" to each 
set of points corresponding to a classical naturally continuous curve. 

Weierstrass now used the Number-Line blend, in which there is a correspon- 
dence between point-locations and numbers, based on the metaphor Numbers 
Are Points on a Line. In the Number-Line blend, every choice of point-locations 
corresponds to a choice of numbers, and every distance between point-loca- 
tions corresponds to an arithmetic difference between numbers. Using these 
metaphorical correspondences, Weierstrass observed that the idea of continuity 
itself, the defining property of naturally continuous space, could be stated in en- 
tirely discrete terms, using numbers in place of their corresponding point-loca- 
tions in the Number-Line blend. 

Weierstrass's observation that naturally continuous functions preserved 
closeness for point-locations, via the Number-Line blend, is characterized by 
the following conceptual metaphor: 
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Weierstrass's Continuity Metaphor 


Source Domain 

Numbers 

Discrete numbers -» 

Sets of numbers -> 

Numbers in sets of numbers -» 

Functions seen as mapping 
discrete numbers within sets -» 

to discrete numbers within sets 

Preservation of numerical 
closeness for functions over -» 

discrete numbers 


Target Domain 

Naturally Continuous Space 

Discrete point-locations 
Curves 

Point-locations on continuous 
curves 

Functions seen as mapping points 
on continuous curves to points 
on continuous curves 

Continuity for functions 
over continuous curves 


Weierstrass’s Implicit Use of the BMI: 

Epsilon-Discs and Infinite Nested Intervals 

The discerning reader will note that these ideas can be conceptualized using the 
Epsilon-Disc frame and the special case of the BMI for infinite nested intervals, 
discussed in Chapter 12. Each number defines a standard of closeness, which is 
the radius of an epsilon disc. The full range of standards of closeness for the real 
numbers is infinite. This infinity can be conceptualized via the BMI using the spe- 
cial case of the infinite nesting property (see Chapter 12). The connection between 
the epsilon and delta standards of closeness can be conceptualized by a corre- 
spondence between the epsilon discs on the /(x)-axis and those on the x-axis. 

Thus, using the Number-Line blend, the Epsilon frame, and two linked in- 
stances of the BMI for infinite nested intervals, we have the cognitive apparatus 
necessary to characterize Weierstrass's basic idea for redefining continuity in 
terms of arithmetic alone. 


limits for Functions 

To arithmetize calculus, Weierstrass next had to arithmetize the concept of a 
limit for functions. We have already seen continuity defined in terms of linked 
standards of closeness across the x- and /(x)-axes. And we have seen how these 
can be conceptualized using the linked version of the BMI for infinite nested in- 
tervals. With this apparatus, the notion of a limit follows immediately. 
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The Limit I of a Function fix ) As x Approaches a 


• An infinite set of nested discs with 1 as a center on the 
fix)-axis. 

• A corresponding infinite set of nested discs with a as a 
center on the x-axis. 

• The radius of each disc on the /(x)-axis is I L - £,1. 

• The radius of each corresponding disc on the x-axis is I a - 8 f l. 

• As each radius gets smaller on the fix) axis, the corre- 
sponding radius gets smaller on the x-axis. 

We are now in a position to see how these ideas were written down by Weier- 
strass in common mathematical notation. 

The Translation into Common Mathematical Notation 

• The infinite nested sequence of discs around L is covered 
by the quantifier expression "For every e > 0." 

• The correspondence across the two nested sequences of 
discs is given by the expression "There exists a 8 > 0" fol- 
lowing the above quantifier expression. 

• The radius of each disc on the fix)-axis around L is "Ifixj - Ll." 

• The radius of a corresponding disc on the x-axis around a 
is "lx - al". 

Given these translations, the concepts just discussed can be understood as cov- 
ered by the following formal definition. 

Weierstrass's Notation for His Concept of Limits 

Let a function / be defined on an open interval containing a, 

except possibly at a itself, and let L be a real number. The 

statement 


limfix) = L 

means that for every e > 0, there exists a 8 > 0, such that if 
0 < lx - al < 8, then Ifix) - LI < e. 

Given this notation for Weierstrass's concept of the limit, we can use it to pro- 
vide a statement expressing Weierstrass's notion of Continuity in common 
mathematical notation. 
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Weierstrass's Notation for His Concept of Continuity 

A function f is continuous at a number a if the following 

three conditions are satisfied: 

1. / is defined on an open interval containing a, 

2. lim f(x) exists, and 

3. ton /(*) = /(, 4 

Here Weierstrass is exploiting the linkage between his concept of continuity 
and his concept of a limit. Note that the "function / [is] defined on an open set 
of real numbers containing a, except possibly at a itself." The assumption of an 
open set of real numbers presupposes something crucial. It builds in a hidden 
case of the BMI, as we saw in Chapter 12. The reason is that the open set of reals 
containing a has the nested interval property with respect to a. In other words, 
an open set containing a presupposes the concept of an infinite nested sequence 
of epsilon discs around a — conceptualized, of course, via the BMI. 

The Result 

Weierstrass's characterization of limits for functions and of continuity is a state- 
ment "redefining" what was meant by limits and continuity in the geometric par- 
adigm. In the redefinition, there is no motion, no time, no "approach," no "limit." 
There are only numbers, "a" and "I" are numbers; "x," "8" and "e" are variables 
over numbers. There are no points or variables over points. Instead of motion 
through space, we have only sets of pairs of numbers. In the notation for the con- 
cept of a limit, there is no motion, no approaching, no endpoint; there is only a 
static logical constraint on numbers, a constraint of the form: 

For every u, there exists a v such that, if G(v), then H(u). 

Take this statement and make the following replacements: u - e, v « 8, G(v ) - 0 
< lx - a\ < v, and H(u) = l/[x) - LI < u. The result will be Weierstrass's discretized 
account of continuity. Just numbers and logic. There is nothing here from geom- 
etry — no points, no lines, no plane, no secants or tangents. In place of the natural 
spatial continuity of the line, there is just the numerically gapless set of real num- 
bers. There are no infinitesimals, just static real numbers. The function is not a 
curve in the Cartesian plane; it is just a set of ordered pairs of real numbers. 

How does Weierstrass replace Newton's geometric idea of approaching a 
limit, if there is no motion, no space, no approach, and no limit? Weierstrass's 
work of genius was a clever use of conceptual metaphor. 
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Having reconceptualized "limit" and "continuity" in purely arithmetic 
terms without any geometry, Weierstrass had no difficulty characterizing a de- 
rivative in the same way. The Newtonian derivative was characterized using 
the metaphor that Instantaneous Speed Is Average Distance Traveled over an In- 
finitely Small Interval of Time. Newton had conceptualized this metaphorically 
in geometric terms: Taking the derivative (the instantaneous rate of change) of 
a function as a tangent, he conceptualized the tangent as a secant cutting across 
an infinitely small arc of the curve. That metaphor allowed him to calculate the 
tangent as the limit of an infinite series of values of the secant. Newton had 
arithmetized the tangent as: 


w -fea. fr tM z M 

Given his new metaphor for approaching a limit, Weierstrass simply appropri- 
ated Newton's arithmetization of the idea of average change over an infinitely 
small time, jettisoning the idea and keeping the arithmetic. 

Weierstrass's static, purely arithmetic idea of the derivative is as follows. 

The derivative function y - f[x) is a set of pairs (x, y) meeting the condition: 

For every neighborhood of size e around y, there is a neighborhood of size 

8 around x such that - fl xl is in the neighborhood of size £ around y. 

In other words, y - f[x) if y preserves closeness to fl* * for arbitrarily 

small values of 8. "Neighborhood" here is defined in arithmetic and set-theo- 
retic terms as an open set of numbers. The ingenuity here is that y is defined 
not directly but in terms of what it is indefinitely close to. 

Here again, there is no geometry, no motion, no curves, no secants or tan- 
gents, no approaching, and no limit. There are just numbers and logical con- 
straints on numbers. + the arithmetic expression of Newton's idea of 

instantaneous change as average change over an infinitely small interval. But 
the idea and the geometrization are gone. Only the arithmetic is left. The e-S 
condition expresses preservation of closeness. 


The Hidden Geometry in Weierstrass's Arithmetization 

Weierstrass is given credit for having arithmetized calculus — and in a very im- 
portant way, he did. Yet the geometry is still there. Calculus is about the con- 
cept of change. Change, in conceptual systems around the world as well as in 
classical calculus, is conceptualized in terms of motion. Motion in mathemat- 
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ics is conceptualized in terms of the ratio of distance to time. Time, in turn, is 
metaphorically conceptualized in terms of distance. Ratios are conceptualized 
in terms of the arithmetic operation of division. The Newton-Leibniz metaphor 
for instantaneous change is average change of distance over an interval 
(time conceptualized as distance) of an infinitely small size. This is arithme- 
tized by the expression A * f -A~ ^ . It is this collection of metaphors that links 
the concept of change to 

In these metaphors, there is implicit geometry: the ratio of distance to time, 
where time is itself conceptualized metaphorically as distance. If mathematics 
is taken to include the ideas that arithmetic expresses — that is, if calculus is 
taken to be about something — namely, change — then Weierstrass did not 
eliminate geometry at all. From the conceptual perspective, he just hid it. From 
the perspective of mathematical idea analysis, no one could eliminate the 
geometry metaphorically implicit in the very concept of change in classical 
mathematics. 


Weierstrass arid the Monsters 

It is now time to discuss the monsters, those functions that did not fit the geo- 
metric paradigm. It was the monsters that created the urgent need for a new 
nongeometric paradigm — a need that the work of Dedekind and Weierstrass 
filled. Weierstrass was said to have "tamed the monsters." 

What makes a function a monster? Suppose you believed with Descartes, 
Newton, and Euler that a function could be characterized in terms of naturally 
continuous geometric curves in a classical Cartesian plane. Your understanding 
of a function would then be characterized by your understanding of curves. As 
Pierpont pointed out, the prototypical curve has the following properties: 

1. It can be generated by the motion of a point. 

2. It is continuous. 

3. It has a tangent. 

4. It has a length. 

5. When closed, it forms the complete boundary of a region. 

6. This region has an area. 

7. A curve is not a surface. 

8. It is formed by the intersection of two surfaces. 


Monsters are functions that fail to have all these properties. 
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Imagine yourself assuming that a function was a curve in the Cartesian plane 
with all these properties. Then imagine being confronted by the monster func- 
tions we are about to describe. What we will do in each case is 

• describe one or two monsters. 

• show how each does not fit the geometric paradigm. 

• describe what Weierstrass's paradigm says about each one. 

It is often said that Weierstrass's account of "continuity" is (1) a formaliza- 
tion and (2) a generalization of "continuity" in the geometric paradigm — that is, 
natural continuity. We will also ask, in each case, whether this is true. 

Here Come the Monsters 

_ . _ , - , fsin (1/x) for x * 0 

Monster 1: /W = | 0 for ,. 0 

^ . fx sin (1/x) forx*0 

Monster 2: /W - {„ forx . 0 

These are represented in Figures 14.1 and 14.2, respectively. 

As x gets close to zero, 1/x grows to infinity (when x is positive) and minus 
infinity (when x is negative). As x approaches zero and 1/x approaches positive 
or negative infinity, both monster functions oscillate with indefinitely increas- 
ing frequency. That is, there are more and more oscillations in the functions as 
x approaches zero from either the positive or negative side. 

Monster 1 oscillates between -1 and 1 all the way up to (but not including) 
zero (see Figure 14.1). Monster 2 is more constrained. It oscillates between two 
straight lines each at a 45-degree angle from the x-axis and intersecting at the 
origin. But since x gets progressively smaller as it approaches zero, the function 
goes through progressively smaller and smaller oscillations (see Figure 14.2). 

What happens when these monsters confront the geometric paradigm, in 
which all functions are supposed to be curves? Do monsters (1) and (2) have all 
the properties (1 through 8) of prototypical curves? Suppose we ask if the curves 
for these functions can be generated by the motion of a point. The answer is no. 
Such a point would have to be moving in a direction at every point, including 
zero. But as each function approaches zero, it oscillates — that is, changes direc- 
tion — more and more often. The definition of the function has been gerryman- 
dered a bit to artificially include a value at x = 0, because 1/x would not be 
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FIGURE 14.1 The graph of the function FIGURE 14.2 The graph of the function 
/(*) - sin (1/x). f[x) - x sin (1/x). 

defined for x = 0. The nongerrymandered part of the function does not "pass" 
through the origin at all. It just keeps getting closer and closer, changing direc- 
tion more and more, but never reaching the origin. The added point makes it 
seem as if the function "passes" through the origin, but there is no motion. It 
is just a point stuck in there. 

At the origin — the gerrymandered point — the oscillation, or change of direc- 
tion, approaches infinity. What direction is the curve going in as it "reaches" 
the origin? There is no well-defined direction. Does it approach from above or 
below? There is no answer, because at the origin it isn't coming from any one 
direction. For this reason, the function cannot be a curve traced by the motion 
of a point. 

Since no direction can be assigned to the function as it passes through zero, 
the function cannot be said to have any fixed tangent at zero. Additionally, con- 
sider an arc of each function in a region including zero — for example, an arc be- 
tween x * -0.1 and x » 0.1. What is the length of such an arc? Because the 
function oscillates infinitely, the arc does not have a fixed length. In short, mon- 
sters (1) and (2) fail to have properties 1, 3, and 4 of curves. 

What about property 2? Are the monster functions "continuous"? Continu- 
ity for a prototypical curve means "natural continuity." If natural continuity is 
characterized, as Euler assumed, by the motion of a point, then the answer is 
no. Since neither monster function can be so characterized, neither is naturally 
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continuous. Thus, they also fail to have property 2. Since they lack half the 
properties of prototypical curves, and since properties 5 and 6 don't apply to 
them, they lack four out of six of the relevant properties of curves. That is what 
makes them monsters from the perspective of the geometric paradigm. 

From the perspective of the Weierstrass paradigm, the purely arithmetic def- 
initions of "continuity" (i.e., preservation of closeness) and differentiability 
apply to such cases exactly as they would to any other function. In the geomet- 
ric paradigm, neither case has a derivative at the origin, since neither has a tan- 
gent there. On the Weierstrass account, there is no derivative at zero, either (the 
limit does not exist), but for an arithmetic reason: In neighborhoods close to 
zero, the value of 8i ° - and 1 «)•»»> -»•«?«* vary so w iidiy th at c i 08e . 

ness to any value at zero is not preserved. The condition "y = fix), if for every e 
> 0, there exists a 8 > 0, such that I - yl < e" is not met for any y at x 

= 0. 

But what about Weierstrass's continuity — that is, preservation of closeness? 
Here the two monsters differ. Monster 1 does not preserve closeness at the ori- 
gin. If you pick an epsilon less than, say, 1/2, there will be no delta near zero 
that will keep f[x) within the value 1/2. The reason is that as x approaches zero, 
/(x) oscillates between 1 and -1 with indefinitely increasing frequency — and so 
cannot be held to within the value of 1/2 when x is anywhere near zero. Since 
preservation of closeness is what Weierstrass means by "continuity," Monster 
1 is not Weierstrass-continuous. In this case, preservation of closeness matches 
natural continuity: Both are violated by Monster 1. 

Monster 2 is very different for Weierstrass. Because /(x) gets progressively 
smaller as x approaches zero, it does preserve closeness at zero. If you pick some 
number epsilon much less than 1, then for every delta less than epsilon, the 
value of f[x) for Monster 2 will stay within epsilon. Since preservation of close- 
ness is Weierstrass's metaphor for continuity, his "definition of continuity" des- 
ignates Monster 2 as "continuous" by virtue of preserving closeness. 

This does not mean that Monster 2 is naturally continuous while Monster 1 
is not. Neither is naturally continuous. It means only that Monster 2 preserves 
closeness while Monster 1 does not. 

What are we to make of this? In the geometric paradigm, Monster 2 is not 
continuous. In the Weierstrass paradigm, Monster 2 is "continuous." There is 
no contradiction here, just different concepts that have confusingly been given 
the same name. However, there are two very important theoretical morals here. 

• Weierstrass "continuity" is not just a formalization of the "vague" con- 
cept of natural continuity. If one were just a formalization of the other, 
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it could not be the case that one clearly holds but the other clearly 
doesn't. The two concepts of "continuity" are simply very different 
concepts. They have different cognitive structure. 

• Weierstrass "continuity" is not a generalization over the concept of nat- 
ural continuity. It cannot be a generalization in this case, since Monster 
2 is Weierstrass "continuous" but is not naturally continuous. 

" Space-Filling ” Monsters 

We discussed so-called space-filling curves, like the Hilbert curve, in Chapter 12 
|see Figure 12.4). The Hilbert curve — let us call it Monster 3 — and other curves 
like it were high on the list of monsters. 

Monster 3 violates properties 1, 2, 3, 4, 7, and 8 of the prototypical curve. 
(Properties 5 and 6 are inapplicable.) It cannot be generated by a moving point. 
The reason is that such a point must move in some direction at each point of 
the "curve," but in the Hilbert curve there is never a particular direction that 
the curve is going in. It changes direction at every point. Therefore, it can have 
no single direction of motion at any point. 

Since the Hilbert curve cannot be generated by a moving point, it is not nat- 
urally continuous in Euler's sense. Moreover, it has no direction at any point, 
nor does it have a tangent at any point. Additionally, it has no specific finite 
length for any arc. Every arc is of indefinitely long length. Thus it fails proper- 
ties 1 through 4. 

Suppose you take the geometric paradigm to include only real numbers and 
not infinitesimals. Since the Hilbert curve maps onto all the real points in the 
square, it maps onto the points on a surface, in violation of property 7. For the 
same reason, it cannot be formed by an intersection of surfaces, in violation of 
property 8. This monster is therefore even more monstrous than Monsters 1 and 
2. You can see why anyone brought up to think in terms of the geometric para- 
digm would find such cases "pathological." 

As we have just seen, the Hilbert space-filling curve is not a naturally con- 
tinuous one-dimensional curve; therefore, it is not "continuous" in the geo- 
metric paradigm. But what about the Weierstrass paradigm? Does the Hilbert 
curve preserve closeness? 

The Hilbert curve does preserve closeness. Points close to one another on the 
unit interval get mapped onto points close to one another in the unit square. 
Again, a monster that is not continuous in the geometric paradigm is "contin- 
uous" in the Weierstrass paradigm, showing once more that the two notions of 
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continuity are different concepts. Weierstrass continuity is neither a formaliza- 
tion nor a generalization of natural continuity. 


More Monsters 

Here are two well-known functions, which we will call Monsters 4 and 5. 


Monster 4: 



x is irrational 
x is rational 


Monster 5: g(x) 


{ 1 if x is irrational 
undefined if x is rational 


The geometric paradigm can make no sense of these functions, since they are 
nothing at all like a prototypical curve. As far as natural continuity is concerned, 
Monster 4 is nowhere naturally continuous. At every point p, there is a point infi- 
nitely close to p where the function "jumps." Monster 5, which is undefined over 
the rationals, is defined over a domain that is not naturally continuous— the irra- 
tional numbers with "holes" at the rational points. The graph of Monster 5 will 
therefore also have "holes" at rational points and not be naturally continuous. 

In the Weierstrass paradigm, Monster 4 is not "continuous," because it does 
not preserve closeness. No matter what point x you pick on the real-number line, 
if you take an e * 1/2 there will be no 5 that will keep the value of / within 1/2. 

But Monster 5 is "continuous" in the Weierstrass paradigm. The function g 
does preserve closeness. Even though the function is now defined over a natu- 
rally discontinuous domain, the values of the function do not "jump"; rather, 
they are always the same. Thus, for any e, g(x) will stay within e of 1, no mat- 
ter what 5 you pick. 

Again, this example shows that the two notions of "continuity" are very dif- 
ferent concepts. Weierstrass "continuity" is shown, once more, to be neither a 
formalization nor a generalization of natural continuity. 


Pierpont's Address 

The discretization program is more than a century old. But whereas it is now 
largely accepted without question, it was very much an issue of debate a cen- 
tury ago. It is instructive to see how an influential American mathematician ar- 
gued in favor of the Weierstrass paradigm a hundred years in the past. 
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In 1899, Professor Pierpont felt compelled to address the American Mathe- 
matical Society to try to convince his colleagues of the necessity of Weier- 
strass's arithmetization of calculus. The list we gave of the eight properties of 
curves is taken from Pierpont's address. Pierpont presented the list and went 
through his discussion of various monster functions, arguing, as we have done, 
that they cannot make sense as curves in the geometric paradigm. He also in- 
voked the rigor myth again and again. 

The notions arising from our intuitions are vague and incomplete . . . The practice of 
intuitionists of supplementing their analytical reasoning at any moment by arguments 
drawn from intuition cannot therefore be justified. (Pierpont, 1899, p. 405) 

He expressed the idea that only arithmetization is rigorous, while geometric in- 
tuitions are not suitable for "secure foundations." 

There are, however, a few standards which we shall all gladly recognize when it be- 
comes desirable to place a great theory on the securest foundations possible . . . What 
can be proved should be proved. In attempting to carry out conscientiously this pro- 
gram, analysts have been forced to arithmetize their science, (p. 395) 

The idea that numbers do not involve intuition comes through clearly. 

The quantities we deal with are numbers; their existence and laws rest on an arith- 
metic and not on an intuitional basis . . . and therefore, if we are endeavoring to secure 
the most perfect form of demonstrations, it must be wholly arithmetical, (p. 397) 

What was interesting about Pierpont is that he knew better. He knew that 
ideas are necessary in mathematics and that one cannot, within mathematics, 
rigorously put ideas into symbols. The reason is that ideas are in our minds; 
even mathematical ideas are not entities within formal mathematics, and there 
is no branch of mathematics that concerns ideas. The link between mathemat- 
ical formalisms using symbols and the ideas they are to represent is part of the 
study of the mind — part of cognitive science, not part of mathematics. For- 
malisms using symbols have to be understood, and the study of that under- 
standing is outside mathematics per se. Pierpont understood this: 

From our intuition we have the notions of curves, surfaces, continuity, etc No one 

can show that the arithmetic formulations are coextensive with their corresponding in- 
tuitional concepts, (pp. 400-401; original emphasis) 



322 Where Mathematics Comes Fro^ 

As a result he felt tension between this wisdom and the appeal of the arith- 
metization of calculus. 

Pierpont was torn. He understood that mathematics was irrevocably about 
ideas, but he could not resist the vision of total rigor offered by the arithmeti- 
zation program: 

The mathematician of today, trained in the school of Weierstrass, is fond of speaking of 
his science as "die absolut klare Wissenschaft" [the absolutely clear science]. Any at- 
tempts to drag in metaphysical speculations are resented with indignant energy. With 
almost painful emotions, he looks back at the sorry mixture of metaphysics and math- 
ematics which was so common in the last century and at the beginning of this. The 
analysis of today is indeed a transparent science built up on the simple notion of num- 
ber, its truths are the most solidly established in the whole range of human knowledge. 

It is, however, not to be overlooked that the price paid for this clearness is appalling; it 
is total separation from the world of our senses, [p. 406) 

This is a remarkable passage. Pierpont knows what is going to happen when 
mathematics comes to be conceived of mainly — or only — as being about "rigor- 
ous" formalism. Mathematical ideas — he uses the unfortunate term "intu- 
ition," which misleadingly suggests vagueness and lack of rigor — not only will 
be downplayed but will be seen as the enemy, a form of mathematical evil to be 
fought and overcome. He can't help himself. He has been converted and comes 
down on the side of "rigor," but he sees the cost and it is "appalling." 

What Weierstrass Accomplished 

Weierstrass's accomplishment was enormous. He achieved the remetaphoriza- 
tion of a major part of mathematics. With Dedekind, Cantor, and others, he 
played a major role in constructing the metaphorical worldview of most con- 
temporary mathematicians. His work was pivotal in getting the following col- 
lection of metaphors accepted as the norm: 

• Spaces Are Sets of Points. 

• Points on a Line Are Numbers. 

• Points in an 22-dimensional Space Are n-tuples of Numbers 

• Functions Are Ordered Pairs of Numbers. 

• Continuity for a Line Is Numerical Gaplessness 

• Continuity for a Function Is Preservation of Closeness 
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Where would contemporary mathematics be without these metaphors? 

Weierstrass was also responsible for the demise of the respectability of the 
geometric paradigm. As Pierpont understood, that was a shame. The problem 
was not that the geometric paradigm was vague. The problem was that its lim- 
its were not properly understood. It is a wonderful tool for understanding natu- 
rally continuous, everywhere differentiable functions — functions that can be 
conceptualized as curves in a plane. Its advantage is that for such functions it 
permits visualization and spatial understanding to inform arithmetic and vice 
versa. 

The existence of the monster functions shows that the geometric paradigm is 
not a fully general intellectual tool for studying all functions. It does not follow 
that it should be scrapped; all that follows is that it needs to be supplemented 
and its limits well understood. 

One of the wonderful effects of the Weierstrass revolution was that it made 
mathematicians break down the relevant properties of functions and spaces and 
study them independently: continuity, differentiability, connectedness, com- 
pactness, and so on. Weierstrass's preservation of closeness concept (mistakenly 
called "continuity") is at the heart of modern topology. The grand opening up 
of twentieth-century mathematics had everything to do with Weierstrass's 
remetaphorization of analysis. 

Continuity and Its Opposite, Discreteness 

The German mathematician Hermann Weyl (1885-1955) noted in his classic 
work The Continuum (1987, p. 24): 

We must point out that, in spite of Dedekind, Cantor, and Weierstrass, the great task 
which has been facing us since the Pythagorean discovery of the irrationals remains 
today as unfinished as ever) that is, the continuity given to us immediately by intuition 
(in the flow of time and in motion) has yet to be grasped mathematically as a totality 
of discrete "stages" in accordance with that part of its content which can be conceptu- 
alized in an "exact" way. 

Why should it, as Weyl says, be a "task" of mathematics to "grasp . . . the con- 
tinuity given to us immediately by intuition (in the flow of time and motion) 
... as a totality of discrete 'stages'"? Why does mathematics have to understand 
the continuous in terms of the discrete? 

Each attempt to understand the continuous in terms of the discrete is neces- 
sarily metaphorical — an attempt to understand one kind of thing in terms of an- 
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other kind of thing. Indeed, it is an attempt to understand one kind of thing—, 
the naturally continuous continuum — in terms of its very opposite — the dis. 
crete. We find it strange that it should be seen as a central task of mathematics 
to provide a metaphorical characterization of the continuum in terms of its op. 
posite. Any such metaphor is bound to miss aspects of what the continuum is 
and miss quite a bit. 

If "the great task" is to provide absolute, literal foundations for mathematics 
then the attempt to conceptualize the continuous in terms of the discrete is 
self-defeating. First, such foundations cannot be literal; they can only be 
metaphorical. Second, as Weyl himself says, only "part of its content" can be 
conceptualized discretely. The rest must be left out. If Weyl is right, the task 
cannot be accomplished. 

We believe there is a greater task: understanding mathematical ideas. 



Le trou nomnand: 

A Classic Paradox of Infinity 


I t is traditional in fine French cuisine to offer the diner a trou nor- 
mond — usually a kind of sorbet with calvados — after a number of heavy 
courses. The sorbet refreshes the palate. It is a gastronomically light interlude 
before more courses. At this point in the book, we offer you the following trou 
oormand. 

There is a classic paradox that involves the following mathematical con- 
struction, as given in Figure T.l. Start at stage 1 with a semicircle of diameter 
1, extending from 0 to 1 on the X-axis of the Cartesian plane. The perimeter of 
the semicircle is of length n/2. The center will be at x = 1/2, and the semicircle 
is above the Xaxis. 

At stage 2, divide the diameter in half and form two semicircles extending 
from 0 to 1/2 and 1/2 to 1. The two centers will be at x = 1/4 and x = 3/4 (see 
Figure T.2). The perimeter of each semicircle is x/4. The total length of both 
perimeters is n/2. The length of each diameter is 1/2. The total length of both 
diameters is 1 . 

At stage 3, divide the diameters in half again to form two more semicircles. 
There will now be four semicircles (see Figure T.3). The centers will be at x = 
1/8, x = 3/8, x = 5/8, and x = 7/8. The perimeter of each semicircle will be n/ 8. 
The total length of all four perimeters is n/2. The length of each diameter is 1/4. 
The total length of all four diameters is 1. 

Continue this process indefinitely. This is an infinite process without an end. 
At every stage n, there will be a bumpy curve made up of 2 n l semicircles, whose 
total length is n/2, and where all the diameters taken together correspond to a 
segment of length 1. As n gets larger, the bumpy curve gets closer and closer to 
the diameter line, with the area between the bumpy curve and the diameter line 
getting smaller and smaller. But the length of the bumpy curve remains n/2 at 
all stages, while the length of the diameter line remains 1 at all stages. As n ap- 
proaches infinity, the area between the bumpy curve and the diameter line ap- 
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semicircle. Each semicircle now has a perimeter of length n/4, and since there 
are two of them, the total perimeter is n/2, the same as the perimeter of the 
single semicircle in the previous stage (Figure T.l). 


le trou normand 

y\ 
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FIGURE T.3 The third stage of the construction: We now further divide each 
of the line segments of the second stage (Figure T.2) in half, yielding four line 
segments, each of length 1/4. We then make each of them a diameter of a semi- 
circle. Each semicircle is of length n/8. Since there are four of them, their total 
length is n/2, the same as the total lengths in the previous stages. As we pro- 
ceed with this process, the total length of the diameters remains constant at 1, 
while the total length of the perimeters remains constant at it/2. 


proaches zero, while the lengths of the curve and the line remain constant at 
jc/ 2 and 1 respectively. 

What happens at n - «o? 


The Length Paradox 

At n - oo, there is no area between the bumpy curve and the diameter line. They 
occupy the same place in space. Yet the bumpy curve is still of length n/2 and 
the diameter line is still of length 1. How is this possible? The bumpy curve and 
the diameter line appear to have become the same line, but with two different 
lengths! And as we know, a single line should have only a single length. 

A clearer statement of the problem will reveal why the apparent paradox 
arises. In the construction, there is an infinite sequence of curves approaching 
a limit. But sequences that have limits are sequences of numbers , as character- 
ized by the BMI in Chapter 8. How can one get from limits of sequences of num- 
bers to limits of sequences of curves? 

To do so, we will have to use the metaphor we have been discussing in which 
naturally continuous curves and lines are conceptualized as sets. Given an ap- 
propriate sequence of functions /j(x), / 2 (x), . . . , we can conceptualize the i tb 
bumpy curve as a set of ordered pairs of real numbers (x, f i (x)) .in the unit square 
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in the Cartesian plane. The first semicircle will be represented by the set of or. 
dered pairs of real numbers {(x, /,(x))}. This metaphor allows us to replace the se- 
quence of geometric curves with a sequence of sets of ordered pairs of real 
numbers. In short, we have gone, via metaphor, from the geometry of space to 
a different mathematical domain consisting of sets and numbers. 

Now that spaces, curves, and points have been replaced metaphorically by sets, 
ordered pairs, and numbers, we can use the characterization of limits of sequences 
of numbers as given by the BMI. For each number x between 0 and 1, there will be 
a sequence of numbers y— y„ y v y 3 , ... — given by the values of y in the functions 

/j(x) - y,, f 2 (x) - y 2 , / 3 (x) - y v Each of these sequences of y-values defined for 

the number x will have a limit as the y " s get smaller and smaller — namely, down 
to zero. Thus, for each real number x between 0 and 1, there will be a sequence of 
ordered pairs (x, y x \, (x, y 2 ), (x, y 3 ), . . . that converges to (x, 0) (see Figure T.4). 

But a subtle shift has occurred. We have replaced each bumpy curve by a 
bumpy-curve-set consisting of ordered pairs of numbers |x, y), with y - f{x), where 
x ranges over all the real numbers between 0 and 1. But what converges to a limit 
is not this sequence of bumpy-curve-sets. Instead, we have an infinity of conver- 
gent sequences of y-values— one from each member of the sequence of bumpy- 
curve-sets— for each number x between 0 and 1 . The limit of each such sequence 
is the pair (x, 0). The set of all such limits is the set of ordered pairs of numbers 
{(x, 0)), where x is a real number between 0 and 1 . This set of ordered pairs of num- 
bers corresponds, via the metaphors used, to the diameter line. 

But this set is a set of limits of sequences of ordered pairs of numbers. What 
we wanted was the limit of a sequence of curves — that is, the limit of a sequence 
of sets of ordered pairs of numbers. Those are very different things conceptually. 

To get what we want from what we have, we need a metaphor— one that we 
will call the Limit-Set metaphor: The Limit of a Sequence of Sets Is the Set of 
the Limits of Sequences. 

Only via such a metaphor can we get the diameter line to be the limit of the 
sequence of bumpy-curve-sets. Incidentally, this is the same metaphor used to 
characterize the so-called space-filling curves discussed in Chapter 12. 

We have used two conceptual metaphors: 

• Curves (and Lines) Are Sets of Ordered Fairs of Numbers, and 

• The Limit-Set metaphor. 

If we accept these two metaphors, then the sequence of bumpy curves can be 
reconceptualized as a sequence of bumpy-curve-sets consisting of ordered pairs 
of numbers. That sequence will have as its limit the set of ordered pairs {(x, 0)), 
where x is between 0 and 1. This is identical to the set of ordered pairs of num- 
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FIGURE T.4 The figure shows the bumpy curves obtained at each stage superimposed. Their max- 
imal heights get smaller and smaller, reduced by a factor of 2 at each stage. In the process, the curves 
get closer and closer to the line segment from (0, 0) to (1, 0), and the area under the curve approaches 
zero as the sequence progresses. For every point on the line (x, 0), there is a sequence of points, one 
on each bumpy curve: (x, y, ), (x, y 2 ), (x, y 3 ), ... . This sequence of points converges to (x, 0) as the se- 
quence of numbers (y 1( y v y y ...) converges to 0. 

Thus, for each point (x, 0) on the line segment between (0, 0) and (1, 0), there is a sequence of 
corresponding points (one on each bumpy curve) that converges to |x, 0). The set of all the limits 
of all file convergent sequences (x, y,), (x, y 2 ), ... is thus identical to the set of all the points on the 
line between (0, 0) and (0, 1). 

At each stage, the bumpy curve is a set of points with length x/2, while the line segment is a 
set of points with length 1. How can a sequence of curves of length x/2 converge point by point to 
a line segment of length 1 ? 

bers representing the diameter line under the metaphor Curves (and Lines) Are 
Sets of Ordered Pairs of Numbers. Here we can see that the Limit-Set metaphor 
is one of the sources of the apparent paradox. 


What Is the Length of a Set? 

In order to characterize the limit of a sequence of curves, we have had to 
metaphorically reconceptualize each curve as a set — a set of ordered pairs of 
numbers. The reason is that limits of sequences are technically defined only for 
numbers, not for geometric curves. But now a problem arises. What is "length" 
for such a set? 

In physical space as we experience it every day, there are natural lengths, like 
the length of your arm or your foot. Hence, we have units of measurements like 
"one foot." But when curves are replaced by sets, we no longer have natural 
lengths. Sets, literally, have no lengths. To characterize the "length" of such a 
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set, we will need a function from the set to a number called its "length." In gen- 
eral, curves in the Cartesian plane have all sorts of numerical properties — the 
area under the curve, the curvature at each point, the tangent at each point, and 
so on. Once geometric curves are replaced by sets, then all those properties of the 
curves will have to be replaced by functions from the sets to numbers. 

The Length Function 

The length of a line segment [a, b) along a number line is concept ualis ed 
metaphorically as the absolute value of the difference between the numbers, 
namely, \b - a\ (see Chapter 12). This is extended via the Pythagorean Theorem 
to any line segment oriented at any angle in the Cartesian Plane. Suppose its 
endpoints are [a v bj, and ( a 2 , b 2 ). Its length is V(|a 2 - a,| 2 + |b 2 - b,| 2 ). 

What about the length of a curve? Choose a finite number of points along the 
curve (including the end points). Draw the sequence of straight lines connect- 
ing those points. Call it a partition of the curve. The length of the partition is 
the sum of the lengths of the straight lines in the partition. Define the length of 
the curve via the BMI as the least upper bound of the set of the lengths of all 
partitions of the curve. This gives us a length function for every curve. 

Now think of the line segments as measuring sticks. As the measuring sticks 
get shorter and shorter, they measure the length of the curve more and more ac- 
curately. The length of the curve is the limit of measurements as the length of the 
measuring sticks approaches zero. Let us call this the Curve Length Metaphor. 


The Sources of the Apparent Paradox 

The appearance of a paradox comes from two sources: 

(1) A set of expectations about naturally continuous curves, and 

(2) The metaphors used to conceptualize curves in formal mathematics. 

It should come as no surprise that our normal expectations are violated by the 
metaphors of formal mathematics. 

Let us start with our normal expectations. 

• Length, curvature at each point, and the tangent at each point are in- 
herent properties of a naturally continuous curve. 

• Identical curves should have identical properties. 

• Nearly identical curves should have nearly identical properties. 

• If a sequence of curves converges to a limit curve, the sequence of prop- 
erties of those curve s should converge to the properties of the limit curve. 
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The reason we have these expectations is that we metaphorically conceptu- 
alize curves as objects in space and properties that are inherent to a curve as 
parts of the curve. For example, we take the curvature at a point in a curve as 
being part of the curve. If we think of a curve as being traced out by a point in 
motion, we think of the direction of motion at each point (mathematicized as 
the tangent to the curve) as part of the curve. If we think of curves as objects 
and their inherent properties as parts of those objects, then as the curves get 
very close, their properties should get correspondingly close. 

The metaphors that characterize formal mathematics, when taken together, 
violate these expectations. Here are the relevant metaphors. 

• Functions Are Ordered Pairs of Real Numbers. 

• Real Numbers Are Limits of Sequences of Rational Numbers (uses the BMI) 

• Curves (and lines) Are Sets of Points. 

• Points Are Ordered Pairs of Numbers (in the Cartesian Plane Blend) 

• The Limit Metaphor (uses the BMI for limits of sequences of numbers) 

• The Limit-Set Metaphor (defines the limit of a sequence of curves as the 
set of point-by-point limits, as in Figure T.4) 

• Properties of Curves Are Functions 

• Spatial Distance (between points a and bona line) Is Numerical Dif- 
ference (| b - a\) 

• The Curve Length Metaphor (uses the BMI) 

• Closeness (between two curves) Is a Number (defined by a metric, 
which assigns numbers to pairs of functions) 

It should be clear why such metaphors violate the expectations discussed above. 
Curves are not physical objects, they are sets. Inherent properties are not parts, they 
are functions from one entity to a distinct entity. When two "curves" (sets) are 
"close" (have a small number assigned by a metric), there is no reason to think that 
their "properties" (numbers assigned to them by functions) should also be "dose." 

Moreover, the Limit-Set Metaphor that defines limits for curves says nothing 
about properties (like curvature, tangent, and length). From the perspective of 
the metaphors inherent in the formal mathematics, there is no reason to think 
that properties like curvature, tangent, and length should necessarily converge 
when the curves converge point by point. 


Tangents and Length 

Imagine measuring the length of a semi-circle on one of the bumpy curves, 
using measuring sticks that get shorter and shorter. If there were n semi-circles 
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on that bumpy curve, the measurements of each semi-circle would approach 
it/2n as a limit. The total length, n times x/2n, is always n/2. 

As the measuring sticks get shorter, they change direction and event ual ly ap- 
proach the orientations of tangents to the curve. The Curve Length Metaphor thus 
provides a link between lengths of curves and orientations of tangents, which in 
turn are characterized by the first derivative of the function defining the curve. 

Compare the semi-circles with the diameter line. There the measuring sticks 
are always flat, with tangents at zero degrees. Correspondingly, the first deriva 
tive is zero at each point. 

The Bumpy Curves in Function Space 

A function space is defined by the metaphor that A Function Is a Point in i 
Space. The metaphor entails that there is a "distance" between the "points/ 
that is, the functions. By itself, that metaphor does not tell us how "close" tht 
"points" are to one another. For this, one needs a metric, a function from pain 
of functions to numbers. The numbers are understood as metaphorically meas 
uring the "distance" between the functions. 

All sorts of metrics are possible, providing that they meet three conditions oi 
distance d: d{a, a) = 0, d[a, b ) = d[b, a), and d(a, b) + d(b, c) < d[a, c). In the fielc 
of functional analysis , metrics are defined so as to reflect properties of func 
tions. To get an idea of how this works, imagine the bumpy curves and the di 
ameter line as being points in a space. Imagine the metric over that space a 
being defined in the following way. 

(1) The distance between any two functions f\x) and g[x) is defined as the sum of 

(i) the maximum difference in the values of the functions, plus 

(ii) the average difference in the values of the derivatives of the functions. 

Formally, this is written: 

i 

d(f, g) = sup |/|x) - g(x) | +J (\f (x) - g (x) \)dx 
* 0 

Via the metaphors Curves Are Sets of Points and Functions Are Ordered Pair 
of Real Numbers, let g(x) be the diameter line and let f\x) vary over the bump 
curves. As the bumpy curves get closer to the diameter line, the maximum dis 
tance (the first term of the sum) between each bumpy curve / f |x) and the diair 
eter line g(x) approaches zero. The second term of the sum does not, howeve 
approach zero. It represents the average difference between the values of tb 
tangents at each value (x). In the diameter line g|x) the tangents are always zen 
so g'(x) = 0 for all x. Since the tangents on each bumpy curve go through th 
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same range of values, the average of the absolute values of the tangents will be 
the same for each bumpy curve. Thus term (ii) will be a non-zero constant when 
g(x) is the diameter line and f(x) is any bumpy curve. 

Here's what this means: 

• Curves that are close in the Cartesian plane point-by-point, but not in their 
tangents, are not "close" in the function space defined by this metric. 

Id this function space, the metric given in (1) takes into account more than the 
difference between the values of the functions. It also considers the crucial fac- 
tor that keeps the length of the bumpy curves from converging to the length of 
diameter line, namely, the difference in the behavior of the tangents. In this 
metaphorical function space, the sequence of "bumpy curve" points do not get 
close to the diameter-line point as n approaches infinity. 

In Figures T.l-4, we represented the sequence of functions as curves — 
bumpy curves. This was a metaphorical representation of the functions, using 
the metaphors Points in the Plane Are Ordered Pairs of Numbers and Functions 
Are Sets of Ordered Pairs of Numbers, which are built into the Cartesian Plane 
Blend (see p. 385 below for details). This spatial representation of the function 
gave the illusion that, as n approached infinity, the bumpy curves "approached" 
(came indefinitely close to) the diameter line. But this metaphorical image ig- 
nored the derivatives (the tangents) of the functions, which are crucial to the 
question of length. In this sense, this particular metaphorical representation of 
these functions in the Cartesian Plane is degenerate: it leaves out crucial infor- 
mation. But in the function space defined by the metaphor Functions Are Points 
in Space and metric ( 1 ), this crucial information is included and it becomes clear 
that the bumpy curve functions do not come close to the diameter line func- 
tion. There is not even the appearance of paradox here. 

Under this metric, curves that are close both point-by-point and in their tangents 
will be represented by points that are close in this metaphorical function space. 

Continuity over Function Spaces: The Role of Metrics 

In the function space defined by this metric, the Length function will be "con- 
tinuous" in Weierstrass' sense of "preserving closeness" — mapping close points 
onto close points (see Chapter 14). For example, suppose we pick any bumpy 
curve, and consider a partition of this curve into line segments. Each such par- 
tition is itself a curve, represented by a point in this function space. As the line 
segments in the partitions of the bumpy curve get smaller and smaller, the 
points in the function space representing the successive partitions get closer 
and closer to the point representing the bumpy curve. Correspondingly, the 
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lengths of the partitions get closer and closer to the length of the curve. At the 
limit, the Length Function is continuous. 

Note that the Length Function would not be "continuous" in Weierstrass' 
sense if the metric were changed to omit term (ii) — the average difference be- 
tween derivatives, that is, slopes of tangents. Term (i) includes only the maxi- 
mum difference between the values of the functions. In a function space with 
this metric, the bumpy curve points converge to the diameter line point. Weier- 
strass continuity fails for the Length Function in this space, since it does not 
preserve closeness in all cases. Pairs of points that are close, e.g., the point for 
a bumpy curve for a large n and the point for the diameter line map via the 
Length Function onto a pair of numbers that are not close, n/2 and 1. 

Continuity as Normality 

Here we see formal mathematics capturing a mathematical intuition: Because 
the tangents of the bumpy curves do not converge to the tangents of the diam- 
eter line, the lengths of the bumpy curves should not converge to the length of 
the diameter line. Not only is there no paradox, but the behavior of the Length 
Function is normall 

In other words, the Length Function is acting normally if it is continuous over 
a function space defined by a metric that takes into account precisely the factors 
relevant to characterizing relative length. Here those factors are not just how 
close the points in the curves get to one another, but how the tangents behave. 

The Moral 

The appearance of paradox arose for the following reasons: 

(1) We took the functions as literally being the curves in the Cartesian 
Plane, when those curves were just metaphorical representations of the 
functions. 

(2) Those representations distorted the role of a crucial property of the 
functions and so misled us into thinking that the bumpy curves got 
"close" in all respects to the diameter line. 

(3) This was reinforced by our ordinary understanding of curves as objects 
with their properties as inherent parts of the objects. 

(4) Mathematics provides an alternative conceptual metaphor — Func- 
tions Are Points in Space — in which these issues can be conceived 
more clearly from a different metaphorical perspective. 

(5) The choice of conceptual metaphors matters. It is important to be 
aware of how metaphor choice affects our understanding of a problem. 



Part V 

Implications for the 
Philosophy of Mathematics 
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The Theory of 
Embodied Mathematics 


A s cognitive scientists, we have been studying mathematics as a 
k subject matter, asking certain basic questions: 

1. What are mathematical ideas from the perspective of cognitive science? 

What commonplace cognitive mechanisms do they use? 

2. Given that innate mathematics is minuscule — consisting of subitizing 
and a tiny bit of basic arithmetic— what cognitive mechanisms allow this 
tiny innate basis to be extended to generate all of advanced mathematics? 

3. How are mathematical ideas grounded in our experience? 

4. Which mathematical ideas are metaphorical and which are conceptual 
blends? 

To answer these questions, we've had to look at details: the laws of arithmetic, 
Boolean classes, symbolic logic, group theory, set theory, and hyperset theory. 
We've also had to look at various forms of infinity: points at infinity, infinite sets, 
mathematical induction, infinite decimals, infinite sequences, infinite sums, 
least upper bounds, infinite intersections, transfinite cardinals, transfinite ordi- 
nals, infinitesimals, points, and continuity. And in the case study to follow, we 
will try to answer how e™ is conceptualized, which will lead us to analytic geom- 
etry, trigonometry, logarithms, exponentials, and complex numbers. 

This hardly exhausts the details that cognitive science needs to look at. 
Though it is a bare beginning, we think it is a sufficiently rich range of topics 
to be representative of the kinds of questions that cognitive science will ulti- 
mately have to deal with. If any approach to cognitive science cannot answer 
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questions 1 through 4 (or at least these subject matters, then we would consider 
it inadequate as a theory of mind. 

That is why we have taken the time and trouble to write this book. 

A Short Advertisement for the 
Case Study of What e™' + 1 = 0 Means 

We realize that this is a long book and that you may not make it all the way 
through the case study in the last four chapters. But if you are at all interested 
in the power of mathematical idea analysis, then we heartily commend the case 
study to you. It is only in a study of that scope and length that we can show how 
really complex mathematical ideas get built up and how ideas are explicitly 
linked across subfields of mathematics. 

The case study goes systematically through dozens of central ideas that use 
conceptual metaphors and blends. It shows how these fit together in complex 
networks — how one is embedded within another, and within another. What 
emerges from the case study is the beginning of what might be considered the 
Mathematical Idea Genome Project— a study in detail of the intricate structure 
of sophisticated mathematical ideas. 

The purpose of mathematical idea analysis is to provide a new level of un- 
derstanding in mathematics. It seeks to explain why theorems are true on the 
basis of what they mean. It asks what ideas — especially what metaphorical 
ideas — are built into axioms and definitions. It asks what ideas are implicit in 
equations and how ideas can be expressed by mere numbers. And finally it asks 
what is the ultimate grounding of each complex idea. That, as we shall see, may 
require some complicated analysis: 

1. tracing through a complex mathematical idea network to see what the 
ultimate grounding metaphors in the network are; 

2. isolating the linking metaphors to see how basic grounded ideas are 
linked together; and 

3. figuring out how the immediate understanding provided by the individ- 
ual grounding metaphors permits one to comprehend the complex idea 
as a whole. 


Encounters with the Romance 

In doing the research for this book, we have talked to a lot of mathematicians, 
mathematics students, and mathematics educators and analyzed a lot of books 
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and articles. In the course of this research, we kept bumping up against a 
mythology — what we have called the Romance of Mathematics. As our re- 
search progressed, it became clear that our findings contradicted this mythol- 
ogy. This is not an unusual occurrence in cognitive science; it happens all the 
time when you study people's unconscious conceptual systems and value sys- 
tems. People's conscious beliefs about time, causation, morality, and politics 
are typically inconsistent with their unconscious conceptual systems. It is also 
not unusual for people to get angry when told that their unconscious concep- 
tual systems contradict their fondly held conscious beliefs, especially in sensi- 
tive areas like morality, religion, and politics. What we have found is that 
mathematics is one such sensitive area. Those who understand and use ad- 
vanced mathematics tend to hold strong views about what mathematics is. 

The discrepancies between the findings of cognitive science and the folk the- 
ories of the people whom cognitive scientists study is a particularly sensitive 
issue in the case of mathematics. The reason is that a great many of those who 
have a serious knowledge of mathematics not only tend to believe the mythol- 
ogy we call the Romance of Mathematics but tend to believe it fiercely. The Ro- 
mance of Mathematics is part of their worldview, their very identity. Since our 
findings in general contradict the romance, we would not be surprised to find 
that this book infuriated such people. 

We could just shrug our shoulders and say "Such is the lot of the empirical 
scientist" and ignore them. But we think it is wiser to confront the issue head- 
on, since, for the most part, these are people we deeply respect and like. In some 
cases, they are even heroes of ours. What we will do is state here again, at 
greater length than in the Preface, what the romance is and how our results con- 
tradict it, so that at least the points at issue will be clear. 

The Romance of Mathematics 

• Mathematics is an objective feature of the universe,- 
mathematical objects are real; mathematical truth is 
universal, absolute, and certain. 

• What human beings believe about mathematics there- 
fore has no effect on what mathematics really is. Math- 
ematics would be the same even if there were no human 
beings, or beings of any sort. Though mathematics is ab- 
stract and disembodied, it is real. 

• Mathematicians are the ultimate scientists, discovering 
absolute truths not just about this physical universe but 
about any possible universe. 
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• Since logic itself can be formalized as mathematical 
logic, mathematics characterizes the very nature of ra- 
tionality. 

• Since rationality defines what is uniquely human, and 
since mathematics is the highest form of rationality, 
mathematical ability is the apex of human intellectual 
capacities. Mathematicians are therefore the ultimate 
experts on the nature of rationality itself. 

• The mathematics of physics resides in physical phenom- 
ena themselves — there are ellipses in the elliptical orbits 
of the planets, fractals in the fractal shapes of leaves and 
branches, logarithms in the logarithmic spirals of snails. 

This means that "the book of nature is written in math- 
ematics," which implies that the language of mathemat- 
ics is the language of nature and that only those who 
know mathematics can truly understand nature. 

• Mathematics is the queen of the sciences. It defines 
what precision is. The ability to make mathematical 
models and do mathematical calculations is what makes 
science what it is. As the highest science, mathematics 
applies to and takes precedence over all other sciences. 

Only mathematics itself can characterize the ultimate 
nature of mathematics. 

Of course, not everyone who believes some of these statements believes them 
all. People vary in how much of the Romance they accept. But these themes are 
commonplace in popular writings about mathematics, and many of them are 
taken for granted in textbooks and mathematics courses, as well as in everyday 
discussions about mathematics. As you might guess, some mathematicians be- 
lieve none of this and say so loudly and forcefully. Yet the Romance provides 
the standard folk theory of what mathematics is for our culture. 

A Beautiful Story 

The Romance of Mathematics makes a wonderful story. It is the premise of most 
popular books on mathematics and many a science-fiction movie. It has attracted 
generations of young people to mathematics. It perpetuates the mystique of the 
Mathematician, with a capital "M," as someone who is more than a mere mor- 
tal-more intelligent, more rational, more probing, deeper, visionary. 
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It is a story that many people want to be true. We want to know that amid 
the uncertainties and doubts of life, something is certain and absolutely true — 
that amid all the irrationalities around us, some people are supremely rational, 
some order is possible, and that at least in doing mathematics we can be ra- 
tional, logical, and certain of our conclusions. 

The Romance of Mathematics is sexy. Wouldn't you want to be the mathe- 
matician in the romance, the hero of the story? And if you're not the hero yourself, 
don't you want such heroes to look up to? Don't you want to live in a world where 
such heroes exist? It is a beautiful and inspiring story. We grew up with it, and it 
still reverberates within us. But sadly, for the most part, it is not a true story. 

The Sad Consequences 

The Romance of Mathematics is not a story with a wholly positive effect. It in- 
timidates people. It makes mathematics seem beyond the reach of even excel- 
lent students with other primary interests and skills. It leads many students to 
give up on mathematics as simply beyond them. 

The Romance serves the purposes of the mathematical community. It helps 
to maintain an elite and then justify it. It is part of a culture that rewards in- 
comprehensibility, in which it is the norm to write only for an audience of the 
initiated — to write in symbols rather than clear exposition and in maximally ac- 
cessible language. The inaccessibility of most mathematical writing tends to 
perpetuate the Romance and, with it, its ill effects: the alienation of other edu- 
cated people from mathematics, and the inaccessibility of mathematics to peo- 
ple who are interested in it and could benefit from it. Socially, the 
inaccessibility of mathematics has contributed to the lack of adequate mathe- 
matical training in the populace in general. And that lack of adequate mathe- 
matical training contributes to an alarming trend — the division of our society 
into those who can function in an increasingly technical economy and those 
who cannot. We believe that the Romance of Mathematics is not an entirely 
harmless myth — that at least indirectly it is contributing to the social and eco- 
nomic stratification of society. 

Because the Romance of Mathematics is scientifically untenable and doing 
social harm, it is time to reconsider it. Our goal is to give a more realistic pic- 
ture of the nature of mathematical cognition, and in the process to make math- 
ematics more accessible as well. 

If you deeply believe the Romance of Mathematics, if it is part of your world- 
view and your identity, we ask you in the name of scientific understanding to 
put the Romance aside and be open to the possibility that it is false. 
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A Question of Faith: 

Does Mathematics Exist Outside Us? 

The central claim of the Romance, the one on which the entire myth depends, is 
that there is a transcendent mathematics — one that has an objective existence, 
external to human beings or any other beings. The unspoken assumption is thi s: 
Transcendent mathematics includes that portion of human mathematics that has 
been proved. This is a significant presupposition. The Romance would have no 
importance if it assumed that what has been proved by human mathematicians 
has no relation at all to any objectively true mathematics — that proofs by human 
mathematicians were not necessarily universal mathematical truths. 

Proof therefore plays a central role in the romance. It is through proof that 
human mathematicians transcend the limitations of their humanity. Proofs 
link human mathematicians to truths of the universe. In the romance, proofs 
are discoveries of those truths. 

Is there any scientific evidence that this is true — that what is proved in human 
mathematics is an objective universal truth, true of this physical universe or any 
possible universe, regardless of the existence of any beings? The answer is no. 
There is no such evidence! The argument is given in the Introduction to this 
book. 

Moreover, as far as we can tell, there can be no such evidence, one way or the 
other. There is no way to tell empirically whether proofs proved by human 
mathematicians are objectively true, external to the existence of human beings 
or any other beings. 

The Inherent Implausibility of Transcendent Mathematics 

We should point out that even on the basis of mathematics itself — without any 
scientific evidence — the claim that transcendent mathematics exists appears to 
be untenable. One important reason is that mathematical entities such as num- 
bers are characterized in mathematics in ontologically inconsistent ways. Here 
are some of the ways that natural numbers are characterized within modem 
mathematics: 

1. On the number line, all numbers are points on a line. The number line is 
as central to mathematics as any mathematical concept could be. On the 
number line, points are zero-dimensional geometric objects. If numbers 
are literally and objectively points on a line, then they, too — as abstract 
transcendent entities — must be zoo-dimensional geometric objects! 
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2. In set theory, numbers are sets. Zero is the empty set. One is the set 
containing the empty set. Two is the set containing (a) the empty set 
and (b) the set that contains the empty set. And so on. In set theory, 
numbers are therefore not zero-dimensional geometric entities. 

3. In combinatorial game theory (Berlekamp, Conway, & Guy, 1982), 
numbers are values of positions in combinatorial games. Combinatorial 
game theory is a normal, respectable (though not widely known) branch 
of mathematics. On the transcendent mathematics position, the enti- 
ties of combinatorial game theory and their properties should be real. 
Numbers, therefore, should really be values of positions in combinato- 
rial games, and not points on a line or sets. 

Since transcendent mathematics takes each branch of mathematics to be lit- 
erally and objectively true, it inherently claims that it is literally true of the 
number line that numbers are points, literally true of set theory that numbers 
are sets, and literally true of combinatorial game theory that numbers are val- 
ues of positions. None of these branches of mathematics has a branch-neutral 
account of numbers. 

But, again according to transcendent mathematics, there should be a single 
kind of thing that numbers are ; that is, there should be a unique ontology of 
numbers. Numbers should either be zero-dimensional geometric entities lined 
up in an order, or they should be sets of the appropriate structure, or they should 
be values of positions in games, or something else, or just numbers — but only 
one kind! That is an inherent problem in the philosophical paradigm of tran- 
scendent mathematics. 

But human mathematics is richer than the transcendent mathematics view 
allows. It simply has many ontologically distinct and incompatible notions of 
number. Scientific considerations aside, the transcendent mathematics view 
does not make sense within mathematics itself. To make sense of the ontology 
of number in mathematics, one has to give up on the idea that mathematics has 
an objective existence outside human beings and that human beings can have 
correct knowledge (via proof) of transcendent mathematics. 

For reasons both external and internal to mathematics, the transcendent 
mathematics position cannot work. 

Is Mathematics in the Physical World i 

There is another popular view close to transcendent mathematics but not iden- 
tical — the idea that mathematics is part of the physical world. This view is 
based on the enormous success that mathematics has had in physics, where 
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mathematics is used to describe phenomena and make correct predictions with 
great accuracy. In many cases, physical regularities can be stated briefly and suc- 
cinctly in terms of "laws" formulated in mathematical terms. This fact has 
often been misstated as "The universe runs according to mathematical laws " 
as if the laws came first and the physical universe "obeyed" the laws. Accord- 
ingly, the "truth" of physical laws formulated in mathematical terms is taken 
as indicating that the mathematics used in stating the physical laws is actually 
there in the physical universe. Since the regularities of the physical universe 
exist external to human beings, so mathematics itself must exist external to 
human beings as part of the physical universe. 

There is a great deal that is wrong with this argument. First, no one observes 
laws of the universe as such; what are observed empirically are regularities in 
the universe. Regularities in the universe exist independent of us. Laws are 
mathematical statements made up by human beings to attempt to characterize 
those regularities experienced in the physical universe. 

Physicists, having physical bodies and brains themselves, can comprehend 
regularities in the world only by using the conceptual systems that the body 
and brain afford. Similarly, they understand mathematics using the conceptual 
systems that the body and brain afford. 

What they do in formulating "laws" is fit their human conceptualization of 
the physical regularities to their prior human conceptualization of some form 
of mathematics. There is no unmediated fit between mathematics and physical 
regularities in the world. Ail the "fitting" between mathematics and the regu- 
larities of the physical world is done within the minds of physicists who com- 
prehend both. The mathematics is in the mind of the mathematically trained 
observer, not in the regularities of the physical universe. 

Moreover, there is no way to make sense of what it would mean for the math- 
ematics to literally be out there in the physical universe. Consider a few cases. 

1. Take the use of Cartesian coordinates in stating physical laws. There 
are no physical Cartesian coordinates literally extending out there into 
space, with an origin (zero-point) at some point in space and positive 
numbers extending off in one direction and negative numbers extend- 
ing off in the opposite direction. The idea of Cartesian coordinates is a 
human idea that human physicists impose upon space in order to use 
mathematics to do calculations. They are not physically out there. 

2. Consider the fact that baseballs move in parabolic trajectories, which 
can be calculated with numbers by the use of mathematical equations. 
Are the numbers that are used in the calculation actually out there in 
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space lined up along the parabola? When Mark McGwire hits a home 
run, are the numbers that would be used to calculate the trajectory lit- 
erally out there in the flight path of the ball, number by number? Ob- 
viously not. The ball is out there and people observe it. There is a 
regularity about how balls move in a gravitational field. The numbers 
are used by people to calculate the path of motion. The numbers are in 
people's minds, not out in space. 

3. The mathematics used to comprehend and calculate how electromag- 
netism works is complex analysis — calculus using complex numbers. 
Electromagnetic forces are periodic (they recur] and they systematically 
wax and wane; that is, they get stronger and weaker. As we shall see in 
Case Study 3, the mathematics of complex numbers is, among other 
things, the mathematics of periodicity, of recurrent systematic in- 
creases and decreases. The physical laws governing electromagnetism 
are therefore formulated using complex numbers, which have so-called 
real and imaginary parts. In those laws, the value of the "real" part of 
the complex numbers is used to indicate the degree of electromagnetic 
force. The imaginary part of those complex numbers is necessary in the 
calculation. Does this mean that the imaginary numbers used in the 
calculations are literally out there in the physical universe? Should we 
believe that there is an additional — imaginary — dimension to the phys- 
ical world because imaginary numbers are used in the calculation of the 
periodic waxing and waning of electromagnetic forces? There is no 
physical reason to believe this. 

The nature of the physical regularity is clear: Electromagnetic forces period- 
ically wax and wane in a systematic way. Human beings have come up with a 
mathematics that can be used to calculate such periodic variations. Human be- 
ings use the mathematics to calculate the physical regularities. The mathemat- 
ics is in the minds of the physicists, not in the physical regularities themselves. 
The imaginary numbers, in this case, are in the minds of the physicists, not in 
the universe. The same is true of the "real" numbers used in the calculations. 

In summary, 

1. There are regularities in the universe independent of us. 

2. We human beings have invented consistent, stable forms of mathemat- 
ics (usually with unique right answers). 

3. Sometimes human physicists are successful in fitting human mathe- 
matics as they conceptualize it to their human conceptualization of the 
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regularities they observe in the physical world. But the human mathe- 
matical concepts are not out there in the physical world. 

In addition, it should be observed that most of the mathematics that has been 
done in the history of the discipline has no physical correlates at all. There are 
no transfinite numbers in physical laws, no parallel lines that physically meet 
at infinity, no quaternions, no empty sets, no Diophantine equations, no Sier- 
pinski gaskets, no space-filling curves. For this reason alone, mathematics can- 
not be said to be external to human beings simply on the grounds that 
mathematics can be used as an effective tool for making accurate calculations 
and predictions in physics. 


Why the Only Mathematics 
Is Embodied Mathematics 

If the Romance of Mathematics were true, if mathematics had an objective ex- 
istence outside of human minds and brains, then the cognitive science of math- 
ematics would be relatively innocuous and uninteresting. The argument runs 
like this: 

• The study of mathematical cognition may tell us about how we human 
beings conceptualize and understand mathematics, how mathematics 
might be realized in the human mind and brain, how it might be 
learned, or how we make mathematical discoveries, but it cannot tell 
us anything about mathematics itself! 

• After all, if mathematics exists independent of human beings, studying 
the cognitive processes and neural structure of the human mind and 
brain won't get us any closer to the true nature of mathematics. 

But the only access that human beings have to any mathematics at all, either 
transcendent or otherwise, is through concepts in our minds that are shaped by 
our bodies and brains and realized physically in our neural systems. For human 
beings — or any other embodied beings — mathematics is embodied mathemat- 
ics. The only mathematics we can know is the mathematics that our bodies and 
brains allow us to know. For this reason, the theory of embodied mathematics 
we have been describing throughout the book is anything but innocuous. As a 
theory of the only mathematics we know or can know, it is a theory of what 
mathematics is — what it really is! 
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Because it is an empirical theory about the embodied mind, the theory of em- 
bodied mathematics is framed within the study of embodied cognition. The el- 
ements of embodied cognition are not axioms and proofs but image schemas, 
aspectual concepts, basic-level concepts, semantic frames, conceptual 
metaphors, conceptual blends, and so on. Because mathematics does not study 
the mind, it cannot study itself as a product of mind. The methods and appara- 
tus of embodied cognitive science are necessary. 


Weak and Strong Requirements for a 
Theory of Embodied Mathematics 

All conceptualization, knowledge, and thought makes use of the physical neu- 
ral structure of our brains. In the weak sense, embodiment means that every 
concept we have must somehow be characterized in the neural structure of our 
brains, and that every bit of thinking we do must be carried out by neural mech- 
anisms of exactly the right structure to carry out that form of thought. More- 
over, everything we leam can be learned only through a neural learning 
mechanism capable, by virtue of its structure, of learning that kind of thing. 

Everything we know either must be learned or must be built into the innate 
neural wiring of our brains. As we saw in Chapter 1, it appears that the most 
fundamental aspects of arithmetic — the apprehension of small numbers of 
things — is indeed innate. But most of mathematics is not. The concept of forty- 
nine is not innate, nor is the concept of zero, nor is the concept of infinity, nor 
are square roots, logarithms, convergent infinite series, the empty set, cosines, 
complex numbers, transfinite numbers, and so on for most of the concepts of 
advanced mathematics. The fact that these have been created and learned 
means that, from the perspective of cognitive science, there must ultimately be 
a biologically based account of the mechanisms by which they axe created, 
learned, represented, and used. When someone presents you with an idea, the 
appropriate brain mechanism must be in place for you to understand it and 
learn it. Language and the meanings conveyed by language do not come out of 
thin air. Every bit of the meaning of language must also be accounted for by neu- 
ral and cognitive mechanisms. 

These are the weak requirements imposed on the cognitive science of mathe- 
matics by what we know about the embodiment of mind. But there are even 
stronger requirements (for a discussion, see Nunez, 1999). Cognitive science must 
explain how abstract reason is possible and how it is possible to have abstract con- 
cepts and to understand them. This is anything but a trivial enterprise. The rea- 
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son is that abstract concepts cannot be perceived by the senses. You cannot see or 
hear or smell or touch the concepts of justice, responsibility, and honor, much less 
the concepts of ecological danger, evolution, due process, or entropy. It is a chal- 
lenge for cognitive science to explain — in terms of our bodies and brains — exactly 
how we can comprehend such concepts and think using them. 

The same is true of every concept in advanced mathematics: continuity, lim- 
its, fractals, open sets, infinite intersections, transfinite numbers, hypersets, 
logarithms, infinitesimals. The cognitive science of mathematics must do no 
less than cognitive science in general. The cognitive scientist must ultimately 
be able to account, in terms of neural and cognitive mechanisms, for how we 
understand abstract concepts, both concepts outside mathematics, like a 
healthy marriage and marginal utility, and concepts within mathematics, like 
the complex plane or function spaces. 

The theory of embodied mathematics is not, and cannot be, a theory wi thin 
mathematics. Rather, it is a special case of the theory of the embodied mind in 
cognitive science, where the subject matter happens to be mathematics. The an- 
swer to the question How do we understand complex numbers at allf cannot 
be a set of definitions, axioms, theorems, and proofs. That just pushes the ques- 
tion back one step further: What are the cognitive mechanisms involved in con- 
ceptualizing and learning those definitions, axioms, theorems, and proofs and 
all of the concepts used in them? 

Mathematics cannot adequately characterize itself! That is, it is not the 
kind of enterprise that is equipped to answer scientific questions about mathe- 
matical cognition. Cognitive scientists, of course, use mathematical tools, just 
as other scientists do. But that is different from trying to characterize the auto- 
matic and unconscious aspects of mathematical cognition using axiom systems 
and proofs, which is hopeless. 

The answer to questions about mathematical cognition must be given in 
terms of the kind of cognitive and neural mechanisms found in the automatic, 
unconscious, human conceptual system. As we saw in Chapter 2, a lot is known 
about the nature of human concepts and how they are embodied. Presumably 
the same mechanisms are at work in mathematical cognition as are at work in 
the rest of human cognition. Indeed, we have made that argument, chapter after 
chapter, throughout this book. There is not one analysis we have given that uses 
mechanisms that are specialized to mathematics alone. Every analysis in every 
chapter starting from basic arithmetic makes use of cognitive mechanisms 
found throughout the rest of our conceptual system: image schemas, frames, as- 
pectual schemas, conceptual metaphors, conceptual blends, and so on. 
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Strong Constraints 

What is known about the embodiment of mind additionally imposes strong con- 
straints on any would-be theory of embodied mathematics. First, it must make 
sense of variation and change within mathematics. Mathematics has changed 
enormously over time, and forms of mathematics often vary from community to 
community across the mathematical world. Mathematicians differ in their inter- 
pretations of mathematical results; for instance, what does the independence of 
the Continuum hypothesis really imply? Fashions come and go in mathematics. 
The Bourbaki program of deriving everything from the most abstract formal struc- 
tures was all the rage thirty or forty years ago. Today there is much more interest 
in studying specific details of specific subject matters: the relationship between 
modular forms and elliptic curves, the topology of four-dimensional spaces, non- 
linear dynamics and complexity, and questions of computability relevant to com- 
puter science. A cognitively adequate account of mathematical cognition must be 
flexible enough to characterize historical change, different forms of mathematics 
(e.g., standard and nonstandard analysis, well-founded and non-well-founded set 
theory), alternative understandings of results, and the characterization of all the 
fashions. And of course, much of mathematics remains stable and that must be 
accounted for too. The Pythagorean theorem hasn't changed in twenty-five hun- 
dred years and, we think, won't in the future. 

Next, a theory of embodied cognition applied to mathematics must answer 
the question of how, with pretty much the same kinds of brains and bodies, we 
are able to do all this. Given a very small amount of innate arithmetic, what ca- 
pacities, used both within and outside of mathematics, allow us to go so far be- 
yond the few mathematical capacities we are all bom with? 

The Challenge for an Embodied Mathematics 

Human mathematics is not a reflection of a mathematics existing external to 
human beings; it is neither transcendent nor part of the physical universe. But 
there are excellent reasons why so many people, including professional mathe- 
maticians, think that mathematics does have an independent, objective, exter- 
nal existence. The properties of mathematics are, in many ways, properties that 
one would expect from our folk theories of external objects. The reason is that 
they are metaphorically based on our experience of external objects and experi- 
ences: containers, continuous paths of motion, discrete objects, numerosity for 
subitizable numbers, collections of objects, size, and on and on. Here are some 
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of the basic properties of external objects as we experience them in everyday life 
that also apply to mathematics. 

Some Properties of External Objects 
That Are Characteristic of Mathematics 

• Universality: Just as external objects tend to be the same 
for everyone, so basic mathematics is, by and large, the 
same across cultures. Two plus two is always four, re- 
gardless of culture. 

• Precision: In the world of physical subitizable objects, 
two objects are two objects, not three or one. As an ex- 
tension of this, given a sack of gold coins there is a pre- 
cise answer to the question of how many there are in the 
sack. 

• Consistency for any given subject matter: The physical 
world as we normally experience it is consistent. A given 
book is not both on the desk and not on the desk at a 
given time. 

• Stability: Basic physical facts— that is, particular occur- 
rences at a given time and place— don't change. They 
are stable over time. If there was a book on your desk at 
10 a.m. this morning, it will always be the case that on 
this day in history there was a book on your desk at 
10 A.M. 

• Generalizability: There are basic properties of trees that 
generalize to new trees we have never encountered, 
properties of birds that generalize to birds yet unborn, 
and so on. 

• Discoverability: Facts about objects in the world can be 
discovered. If there is an apple on the tree in the back- 
yard, you can discover that the apple is there. 

Mathematics is a mental creation that evolved to study objects in the world. 
Given that objects in the world have these properties, it is no surprise that 
mathematical entities should inherit them. Thus, mathematics, too, is univer- 
sal, precise, consistent within each subject matter, stable over time, generaliz- 
able, and discoverable. The view that mathematics is a product of embodied 
cognition — mind as it arises through interaction with the world — explains why 
mathematics has these properties. 
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The Properties of Embodied Mathematics 

Recent research in neuroscience, cognitive science, and the history of mathe- 
matics points, we believe, in the direction of an embodied mathematics. The 
theory of embodied mathematics makes the following claims. 

1. Mathematics is a product of human beings. It uses the very limited and 
constrained resources of human biology and is shaped by the nature of 
our brains, our bodies, our conceptual systems, and the concerns of 
human societies and cultures. 

2. The parts of human cognition that generate advanced mathematics as 
an enterprise are normal adult cognitive capacities — for example, the 
capacity for conceptual metaphor. Such cognitive capacities are com- 
mon to all human beings. As such, the potential for mathematics, even 
advanced mathematics, is a human universal. 

3. Simple numeration is built into human brains. Like many other ani- 
mals, human beings can "subitize" — that is, instantly and accurately 
perceive the numbers of entities in a very small collection. This is 
clearly an embodied capacity. 

4. The subject matters of mathematics — arithmetic, geometry, probabil- 
ity, calculus, set theory, combinatorics, game theory, topology, and so 
on — arise from human concerns and activities: for example, counting 
and measuring, architecture, gambling, motion and other change, 
grouping, manipulating written symbols, playing games, stretching and 
bending objects. In other words, mathematics is fundamentally a 
human enterprise arising from basic human activities. 

5. The mathematical aspect of these concerns is precision — precise sums, 
measurements, angles, estimates, rates of change, categorizations, op- 
erations, and so on. Precision is made possible because human beings 
can make very clear and accurate distinctions among objects and cate- 
gories under certain circumstances and can fix in their minds and con- 
sistently recall abstract entities like numbers and shapes. 

6. Precision is greatly enhanced by the human capacity to symbolize. Sym- 
bols can be devised to stand for mathematical ideas, entities, operations, 
and relations. Symbols also permit precise and repeatable calculation. 

7. Conceptual metaphor is a neurally embodied fundamental cognitive 
mechanism that allows us to use the inferential structure of one do- 
main to reason about another. It allows mathematicians to bring to one 
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domain of mathematics the ideas and the methods of precise calcula- 
tion of another domain. 

8. Once established firmly within a community of mathematicians, 
mathematical inferences and calculations for a given subject matter 
tend not to change over time or space or culture. The stability of em- 
bodied mathematics is a consequence of the fact that normal human 
beings all share the same relevant aspects of brain and body structure 
and the same relevant relations to their environment that enter into 
mathematics. 

9. Mathematics is not monolithic in its general subject matter. There is 
no such thing as the geometry or the set theory or the formal logic. 
Rather, there are mutually inconsistent versions of geometry, set the- 
ory, logic, and so on. Each version forms a distinct and internally con- 
sistent subject matter. 

10. Mathematics is effective in characterizing and making predictions 
about certain aspects of the real world as we experience it. We have 
evolved so that everyday cognition can, by and large, fit the world as we 
experience it. Mathematics is a systematic extension of the mecha- 
nisms of everyday cognition. Any fit between mathematics and the 
world is mediated by, and made possible by, human cognitive capaci- 
ties. Any such "fit" occurs in the human mind, where we cognize both 
the world and mathematics. 

Given these properties, the theory of embodied mathematics is anything but 
radical. It yields a new understanding of why mathematics is universal (at least 
as far as human beings are concerned); consistent within each subject matter; 
able to generalize beyond humanly possible experience; precise symbolizable t 
stable in its inferences and calculations across people, cultures, and time; and 
effective for describing major aspects of the natural world. These are properties 
of mathematics that anyone in the community of practicing scientists and 
mathematicians will recognize. 

Several of these properties are not obvious and need further clarification. Ex- 
actly what makes inference and calculation stable in a view of mathematics as 
embodied? How can mathematics be consistent if there is no One True Geom- 
etry or no One True Set Theory or no One True Logic? If mathematics can be 
shaped by the concerns of culture, how can mathematical results be stable 
across cultures? 
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The Stability of Inference and 
the Appearance of Timelessness 

Mathematical inference tends to be stable across individuals, time, and culture 
because it uses basic cognitive mechanisms — mechanisms like category for- 
mation, spatial-relations concepts, conceptual metaphors, subitizing, and so 
on. Some of those mechanisms are innate, some have developed in all of us 
during childhood, and some develop only with special training of basic cogni- 
tive capacities. Once we learn a basic cognitive mechanism, it is stable in each 
of us (barring injury and pathology). For example, once we develop a system of 
categories, we keep on reasoning with that system consistently throughout 
our lives. 

Another source of stability are spatial-relations concepts. The primitive spa- 
tial-relations schemas used in mathematics are universal across human lan- 
guages — for example, the concept of containment, a path, or a center. What 
counts as a bounded region of space or a path in the spatial-relations system of 
any language in any culture is the same. Moreover, conceptual metaphors, such 
as Numbers Are Points on a Line, have been shown to have a property ex- 
tremely important for mathematics: namely, that they preserve inferences; that 
is, the inferential structure of one domain (say, geometry) can be used by an- 
other (say, arithmetic). Once a metaphorical mapping is established for a math- 
ematical community, the inferences are the same for anyone in that 
community, no matter what culture they come from. If that mathematical com- 
munity extends over generations or longer, the inferences are stable over those 
generations. 

Important consequences for mathematics follow from the fact that certain as- 
pects of human conceptual systems are universal and that they have inference- 
preserving mechanisms such as conceptual metaphor. 

1. Inferential stability. The first important consequence is that mathe- 
matical proof and computations are cognitively stable. Proofs made 
using inference-preserving cognitive mechanisms remain valid. Correct 
computations remain correct. 

2. The possibility of discovery. Once mathematical concepts and assump- 
tions are established within a mathematical community, it is possible 
to make discoveries by reasoning alone — that is, without recourse to 
empirical evidence. 
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3. Abstraction. Mathematics has general conceptual categories, such as 
integer, prime, circle, line, torus, parabola, and so on. Proofs about such 
categories can hold for all members of those categories, whether they 
have ever been, or could ever be, thought of by any real human beings 
or not. Proofs about all prime numbers, for example, are proofs about all 
members of a category,- they hold even for prime numbers so large we 
could never conceptualize them as individual numbers. 

4. Stable, natural connections among the branches of mathematics. As 
we have seen, conceptual metaphors such as Numbers Are Sets can be 
formulated precisely within a mathematical community. Such 
metaphors allow mathematicians to model one branch of mathematics 
using another. In the case of the metaphor Numbers Are Sets, arith- 
metic is modeled using set theory. Such mathematical models across 
branches of mathematics, once established, can remain stable. Since 
conceptual metaphors preserve inference, the consequences of such a 
metaphorical model can be drawn out systematically by mathemati- 
cians over the course of generations. 

5. The systematic evolution of mathematics over time. Generation after 
generation of mathematicians draw out the consequences of assumptions 
and models established by previous mathematicians. Once results are es- 
tablished, they are stable and take on a seemingly "timeless" quality. 


Equally Valid, Mutually Inconsistent 
Subject Matters in Mathematics 

The general subject matters of mathematics (arithmetic, geometry, probability, 
topology) arise from general human activities. However, differing versions of 
these subject matters can be created by mathematicians using normal concep- 
tual mechanisms. Thus, a specialist in geometry can choose to study one or an- 
other form of geometry defined by whatever axioms he or she is interested in 
(e.g., Euclidean or non-Euclidean, projective, inversive, differential, and so on). 

Each type of geometry is a separate subject matter, a human creation that is 
the product of human imagination, which in turn uses ordinary human cogni- 
tive mechanisms. Each subject matter is internally consistent, though there are 
inconsistencies across the subject matters. In projective geometry, for example, 
all parallel lines meet at infinity. In Euclidean geometry, parallel lines never 
meet. In spherical geometry, there are no two lines (great circles) that are paral- 
lel. These are not contradictory theories of a single subject matter but different 
subject matters defined by different assumptions. In some cases, they are 
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metaphorical assumptions, as when, in projective geometry, we conceptualize 
parallel lines as meeting at infinity. 

The same is true of set theory. There are lots and lots of set theories, each 
defined by different axioms. You can construct a set theory in which the Con- 
tinuum hypothesis is true and a set theory in which it is false. You can con- 
struct a set theory in which sets cannot be members of themselves and a set 
theory in which sets can be members of themselves. It is just a matter of which 
axioms you choose, and each collection of axioms defines a different subject 
matter. Yet each such subject matter is itself a viable and self-consistent form 
of mathematics. 

There are thus no monolithic subject matters in mathematics like the geom- 
etry or the set theory or the formal logic. For example, the theorems of non- 
Euclidean geometries are not absolutely true or false, as if there were only one 
true geometry, but only true or false relative to choices of axioms, which 
amounts to a choice among the kinds of geometry you want to talk about. The 
same is true of set theory. There is no one true set theory. Whether sets can be 
members of themselves depends on whether you want to talk about well- 
founded set theories (where sets cannot be members of themselves) or non-well- 
founded set theories (where sets can be members of themselves). 

It is important to remember that such alternative forms of mathematics — 
like well-founded versus non-well-founded set theory or Euclidean versus non- 
Euclidean geometry — evolve over time. A mere thirty years before this book 
was written, there was no non-well-founded set theory. It was invented by 
mathematicians responding to problems in modeling recursive mechanisms — 
problems that became important because of the expansion of computer science 
over those years. 

The moral here is that subject matters in mathematics tend to have multiple 
versions for historical reasons — at some point in our future history it may be- 
come important to certain mathematicians to have still another alternative ver- 
sion of set theory or of geometry or of calculus. Mathematicians, being a 
creative lot, will invent them, and there is no way to predict in advance just 
what new forms of mathematics mathematicians will invent. 

How Culture Gives Rise to 
Alternative Versions of Mathematics 

In the Romance of Mathematics, culture is assumed to be irrelevant. If mathe- 
matics is an objective feature of this or any other universe, mere culture could 
not have any effect on it. 
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Is mathematics really independent of culture? There is one sense in which 
mathematics is not culture-dependent and another in which it is culture- 
dependent. 

• Mathematics is independent of culture in the following very important 
sense: Once mathematical ideas are established in a worldwide mathe- 
matical community, their consequences are the same for everyone re- 
gardless of culture. (However, their establishment in a worldwide 
community in the first place may very well be a matter of culture.) 

• Mathematics is culture-dependent in another very important sense, a 
sense recognized by mathematicians such as Wilder (1952) and Hersh 
(1997). Historically important, culturally specific ideas from outside 
mathematics often find their way into the very fabric of mathematics 
itself. Culturally specific ideas can permanently change the actual con- 
tent of mathematics forever. 

Let us consider some examples where the permanent content of mathemat- 
ics has been shaped by culture. Here are some important cultural ideas from 
outside mathematics that arose at particular times in history and changed the 
content of mathematics itself. 

1. The idea of essence. Everything in the universe has an essence that defines 
what it is and is the causal source of its natural behavior. This is also true of 
subject matters — for example, geometry. What is the essence of geometry? The 
answer since Euclid has been that the essence can be given by a small number 
of obviously true postulates. Part of the idea of essence is that it is the causal 
source of the natural behavior of an entity. Euclid interpreted this idea as fol- 
lows for geometry: If the postulates constitute the essence of geometry, all 
truths of geometry should follow as logical consequences from the postulates. 

If you think about it, this is not a necessary truth. In fact, as a consequence 
of what Kurt Godel proved, it isn't even true of geometry. Yet the idea of a small 
set of axioms characterizing all the truths of a subject matter took hold through- 
out Europe, just as the idea of essence did. Both ideas are still with us today, 
Gddel notwithstanding. 

2. The idea that all human reason is a form of mathematical calculation 
called logic. Mathematical reasoning must therefore also be a version of logic, 
which can itself be mathematicized. 

Again, this is neither a necessary truth nor even a truth. Cognitive science 
has shown that people do not reason using mathematical logic. Metaphorical 
reasoning and spatial reasoning are obvious counterexamples. 
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3. The idea of foundations foi a subject matter. Every respectable subject 
matter is to be conceptualized metaphorically as if it were a physical structure 
like a building, which has to have secure, solid, permanent foundations if it is 
not to "collapse" or "fall apart." This includes mathematics. 

About this idea, too, there is nothing necessarily true nor even true: Biol- 
ogy and geology do not have such "foundations," but they are not likely to 
"collapse." 

Each of these notions is a case of a general idea — an idea that originated out- 
side mathematics, in a specific culture at a specific time in history. Each was 
then applied to mathematics as a special case. None of these was purely an idea 
about mathematics. When these ideas were applied to mathematics at particu- 
lar historical moments, mathematics was changed forever. 

As noted in Chapter 5, the idea of essence arose in Creek philosophy in pre- 
Socratic times. It was at the heart of just about all Creek philosophy, and it was 
applied to mathematics as a special case before Euclid by the Pythagoreans, who 
believed that the Essence of all Being was number (See Lakoff & Johnson, 1999, 
ch. 16). For example, the essence of a triangle was taken to be the number 3, 
while that of a square was the number 4. Similarly it was believed that every 
shape could be described in terms of some mathematics that characterized its 
essence. That idea has come down to us today in the folk belief that ellipses are 
in the orbits of the planets, that Fibonacci series are in flowers, that logarithms 
are in snails shaped like logarithmic spirals, and that n is in everything with a 
spherical shape, from bubbles to stars. 

The second idea — that thought is mathematical calculation — also arose with 
the Greeks and has come down to us through Enlightenment philosophers as di- 
verse as Descartes, Hobbes, and Leibniz. Hobbes believed that all thought was 
a form of "reckoning." He metaphorically thought of ideas as numbers and rea- 
soning as being like arithmetic operations such as addition and subtraction. 
This metaphor persists to the current day and can be seen in expressions about 
ideas in general, like "He put two and two together," "It just doesn't add up," 
and "What's the bottom line?" The idea that all human reasoning is logic, 
which can be precisely formulated in mathematical terms, came to fruition in 
the nineteenth century, with the invention of symbolic logic by George Boole 
and Gottlob Frege. Mathematical logic has been seen by philosophers from 
Bertrand Russell to Richard Montague as characterizing human reason. Even 
one of the present authors — George Lakoff— once held that view (but that was 
back in the 1960s, before cognitive science developed). 

The third idea — that theories, like buildings, must have secure, solid, perma- 
nent foundations on which all else is built — is at least as old as Aristotle. 
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Throughout the Western tradition, it has been the governing metaphor behind 
all philosophical theories that pretend to give an account of certain and absolute 
knowledge. In mathematics, the tradition goes back at least to Euclid. It, too, 
reached its full flowering in nineteenth-century Europe, with Frege's attempt to 
provide foundations for mathematics in formal logic. 

Indeed, the Foundations of Mathematics movement of the early twentieth 
century brought all three of these ideas together: 

1. The essence of a subject matter is to be given by a small set of axioms. 

2. Mathematical reasoning is a form of mathematical calculation, which 
allows all mathematical truths to be calculated (using mathematical 
logic). 

3. All respectable subject matters can and must have secure foundations 
on which everything in the subject matter is built. 

The Foundations movement itself collapsed. None of these ideas has stood 
the test of time within mathematics. All three have been found to be mathe- 
matically untenable. But they all shaped the structure of mathematics itself— 
not just how it was done but its very content. One cannot even imagine 
contemporary mathematics without these ideas. 

Where did these ideas come from? They are not part of the structure of the 
universe. They are not built into the brain structure of all human beings, as 
basic numeration is. And they are not cognitive universals. They are, rather, 
products of human culture and human history. They were not part of ancient 
Babylonian, Egyptian, Indian, Mayan, or Chinese mathematics. They are special 
cases of important general ideas that are part of European cultural history. 

Thus, the very idea that there must be absolute "foundations" for mathe- 
matics is itself a culture-dependent feature of mathematics! The irony in this is 
worthy of mention: Those who most vocally argue against the idea that culture 
plays a role in mathematics are the contemporary supporters of the Foundations 
movement, which is itself a cultural feature of the discipline. 

The moral is clear: Many of the most important ideas in mathematics have 
come not out of mathematics itself, but arise from more general aspects of cul- 
ture. The reason is obvious. Mathematics always occurs in a cultural setting. 
General cultural worldviews will naturally apply to mathematics as a special 
case. In some cases, the result will be a major change in the content of mathe- 
matics itself. 

The content of mathematics is not given in advance. Mathematics evolves. It 
is grounded in the human body and brain, in human cognitive capacities, and in 
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common human activities and concerns. Mathematics also has a cultural dimen- 
sion, which, from the perspective of embodied mathematics, is entirely natural. 
Since mathematical ideas are products of human beings with normal human cog- 
nitive capacities living in a culture, it is perfectly natural that general cultural 
ideas should be applied to many special cases, including mathematics. 


The Historical Dimension of 
Embodied Mathematics 

From the perspective of embodied mathematics, we would expect other effects 
of history and culture on mathematics. Since mathematicians all live at some 
specific time and base their work on that of previous mathematicians, we would 
expect mathematics to evolve over time, and it does. Even ideas in mathemat- 
ics as basic as what a number is have changed over time. Numbers were first re- 
stricted to the positive integers, then extended to include the rational numbers. 
Zero was added afterward. Later came the negative numbers, the irrationals, the 
transcendentals, the complex numbers, the quaternions, the transfinite num- 
bers, the hyperreal numbers, the surreal numbers, and so on. 

This development is not a matter of linear progress. There are inconsistencies 
between, say, the quaternions and the complex numbers, and between the 
transfinite and the hyperreal numbers. Thus, not only has our idea of number 
changed over time, but we now have equally mathematically valid but mutu- 
ally inconsistent versions of what numbers are. This should not be surprising. 
Such a nonlinear mathematical evolution is a natural by-product of the histor- 
ical dimension of the embodiment of mathematics. 

Similarly, the embodied nature of mathematics leads one to expect that there 
should be competing schools of mathematics, and there are. New mathematical 
ideas are invented by mathematicians, most of whom live in an academic cul- 
ture (a culture which has always been highly politicized); and there are equally 
valid mathematical ideas that are inconsistent with each other. 

Moreover, we would expect some forms of mathematics to be generally ac- 
cepted by "mainstream" mathematicians and other forms not to be. For exam- 
ple, in the Newton-Leibniz dispute over whether calculus should be formulated 
in terms of Leibniz's infinitesimals, Newton won out. Mainstream mathemati- 
cians do not accept infinitesimals, though nowadays there is a perfectly fine 
mathematics of infinitesimals formalized by Abraham Robinson (see Chapter 
1 1) and a small but active group of mathematicians working with them. Do in- 
finitesimal numbers exist? Your answer depends on which school of thought 
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you are in. Since both schools practice perfectly valid forms of mathematics 
there are different and equally valid answers to the question. This, too, is natu- 
ral and to be expected, given that mathematics is embodied. 

We would also expect, from the embodiment of mathematics, that major his- 
torical events and trends outside mathematics proper should have an important 
effect on the very content of mathematics itself. The recent development of 
computer science is a case in point. Computers have led to the creation of huge 
new branches of mathematics that would not otherwise have existed. 

Floating-Point Arithmetic: 

A Case of the Relevance of History in Mathematics 

Take a simple case. Consider versions of floating-point arithmetic, the form of 
arithmetic used in all computers. Many versions were developed for different 
computers — although through agreements across companies and countries, an 
international standard has finally been adopted by means of a political process. 
The standard version of floating-point arithmetic now used is not used because 
it is objectively true, or even truer than other forms. The version that is now 
standard was chosen for pragmatic reasons. It is now the form of arithmetic 
most used in the world by far. 

Floating-point arithmetic is a branch of mathematics on its own. As new 
computers develop, updated versions meeting the international standard will 
have to be invented and adopted. There is a whole field that studies the proper- 
ties of different floating-point arithmetics, which are invented regularly. 

Each version of floating-point arithmetic gives pretty much the same answers 
as ordinary arithmetic for numbers as large as most people are likely to care 
about, and with an accuracy that will satisfy most computer users. However, 
over the full range of real numbers, each floating-point arithmetic is somewhat 
different and gives different answers. 

Not all theorems of ordinary arithmetic hold for floating-point arithmetics, 
which can have two zeroes, one positive and one negative, and have +<» and -«» 
as numbers. Yet each is a form of the real thing: floating-point arithmetic, com- 
pletely precise and rigorous within itself. 

Note, incidentally, that it makes no sense to ask if there is really one zero or 
two in arithmetic in general. It depends on which kind of arithmetic one 
chooses, normal or one of the floating-point versions. One might decide to use 
the arithmetic most commonly used by scientists throughout the world to an- 
swer such questions. If one adopts that pragmatic criterion, then we must admit 
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that there are two zeroes, +0 and -0, in arithmetic. The reason is that most of 
the arithmetic done in the history of the world has been done on computers 
within the past fifty years. All of that arithmetic used floating-point, not stan- 
dard arithmetic. 

If one chooses one's arithmetic according to the version most used by scien- 
tists, floating-point arithmetic is the clear winner. A consequence of that would 
be the loss of the existence of real numbers. Infinite decimals cannot exist in 
floating-point arithmetic, since each number must be representable by a small 
finite number of bits. Infinite decimals take an infinite number of bits. 

There is an intriguing consequence of choosing to believe in the real exis- 
tence of the most commonly used arithmetic around, floating-point arithmetic: 
it, as a precise and unique infinite decimal, does not exist in floating-point arith- 
metic, which is finite. 

Now consider a common claim made about mathematics by true believers in 
the Romance of Mathematics: 

We know that mathematics is true in the physical world because it works 
for science. It follows that it therefore exists in the physical world. 

Since floating-point arithmetic is the form of arithmetic most used in scien- 
tific calculation, and since it (as an infinite decimal) does not exist in floating- 
point arithmetic, it follows that even if one accepted arguments of that form, it 
would not follow that the infinite polynomial n has an objective existence in 
the world! 

When thinking about the claim that mathematics exists independent of all 
beings and all culture and peculiarities of history, think about floating-point 
arithmetics. The field of floating-point arithmetic would not have existed with- 
out the explosive development of computers, which was made possible by the 
development of transistors and microchips. What better example could one 
have of a historical event outside mathematics proper, making possible the de- 
velopment of a form of mathematics that would not otherwise exist? 

There are, of course, other examples. The serious development of such fields 
of mathematics as complexity theory and fractal geometry was made possible 
only through the development of computers. And computers have even raised 
the question of what counts as a proof. Consider a proof done by a computer in 
millions of steps — a proof that no human being could possibly follow and that 
provides no human insight. Is this to be taken as a proof or not? Mathematicians 
disagree (Kleiner & Movshovitz-Hadar, 1997). There is no ultimate answer, as 
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you would expect from the embodiment of mathematics. The reason is that the 
very concept of a proof is a human concept involving evaluation, and such eval- 
uative concepts are what cognitive linguists call "essentially contested con- 
cepts" — concepts that necessarily have different versions, since people have 
different values. In this case, the bifurcation of the very concept of a proof is the 
result of a grand historical event, the development of computers. 


Why Embodied Mathematics 
Is Not a Form of Postmodernism 

As we have just noted, a significant part of mathematics itself is a product of 
historical moments, peculiarities of history, culture, and economics. This is 
simply a fact. In recognizing the facts for what they are, we are not adopting a 
postmodernist philosophy that says that mathematics is merely a cultural arti- 
fact. We have gone to great lengths to argue against such a view. 

The theory of embodied mathematics recognizes alternative forms of mathe- 
matics (like well-founded and non-well-founded set theories) as equally valid 
but about different subject matters. Although it recognizes the profound effects 
of history and culture upon the content of mathematics, it strongly rejects rad- 
ical cultural relativism on empirical grounds. 

In recognizing all the ways that mathematics makes use of cognitive univer- 
sal and universal aspects of experience, the theory of embodied mathematics 
explicitly rejects any possible claim that mathematics is arbitrarily shaped by 
history and culture alone. 

Indeed, the embodiment of mathematics accounts for real properties of math- 
ematics that a radical cultural relativism would deny or ignore: conceptual 
stability stability of inference, precision, consistency, generalizability, discover- 
ability, calculability, and real utility in describing the world. 

This distinguishes an embodied view of mathematics from a radical relativist 
perspective. The broad forms of postmodernism recognize the effects of culture 
and history. But they do not recognize those effects of embodiment that are not 
arbitrary. It is the nonarbitrariness arising from embodiment that takes mathe- 
matics out of the purview of postmodernism. 

Moreover, the embodiment of mind in general has been scientifically estab- 
lished by means of convergent evidence within cognitive science. Here, too, em- 
bodied mathematics diverges from a radically relativistic view of science as just 
historically and culturally contingent. We believe that a science based on con- 
vergent evidence can make real progress in understanding the world. 
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Why Transcendent Mathematics Is fust 
As Antiscientific as Radical Postmodernism 

Consider the radical form of postmodernism which claims that mathematics is 
purely historically and culturally contingent and fundamentally subjective. 
This is an a priori philosophical view. Scientific evidence is seen as irrelevant. 
No evidence from any science, including cognitive science, is given priority 
over that a priori view. Arguments based on empirical evidence have no weight 
for someone who comes to the discussion with such an a priori view. 

Now consider the radical version of the transcendent mathematics position. 
It adopts the Romance as a fundamental, unshakable truth. It accepts as an a 
priori philosophical position that mathematical entities have a real, objective 
existence and that mathematics is objectively true, independent of any beings 
with minds. 

This, too, is an a priori philosophical view. Scientific evidence is seen as ir- 
relevant. No evidence from any science, including cognitive science, is given 
priority over that a priori view. Arguments based on empirical evidence have no 
weight for someone who comes to the discussion with such an a priori view. 
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The Embodied Nature of Mathematics 

The cognitive science of mathematics has an immediate consequence for the 
philosophy of mathematics. It provides a new answer for perhaps the most basic 
philosophical question of all regarding mathematics: What is the nature of 
mathematics? This answer can be summarized as follows: 

• Mathematics, as we know it or can know it, exists by virtue of the em- 
bodied mind. 

• All mathematical content resides in embodied mathematical ideas. 

• A large number of the most basic, as well as the most sophisticated, 
mathematical ideas are metaphorical in nature. 

The way that mathematics is embodied, as we saw in Chapter 3, accounts for 
the basic properties of mathematics; namely, it is stable, precise, generalizable, 
symbolizable, calculable, consistent within each of its subject matters, uni- 
versally available, and effective for precisely conceptualizing a large number of 
aspects of the world as we experience it. These are, of course, the properties of 
mathematics that any philosophy of mathematics must account for. 

The Romance Disconfirmed 

One immediate consequence is the disconfirmation of the Romance of Mathe- 
matics. 


364 
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• From a scientific perspective, there is no way to know whether there are 
objectively existing, external, mathematical entities or mathematical 
truths. 

• Human mathematics is embodied; it is grounded in bodily experience 
in the world. 

• Human mathematics is not about objectively existing, external mathe- 
matical entities or mathematical truths. 

• Human mathematics is primarily a matter of mathematical ideas, 
which are significantly metaphorical in nature. 

• Mathematics is not purely literal; it is an imaginative, profoundly 
metaphorical enterprise. 

• There is no mathematics out there in the physical world that mathe- 
matical scientific theories describe. 

Radical Social Constructivism Disconfirmed 

A second immediate consequence is a disconfirmation of the radical social con- 
structivist theory of mathematics. 

Mathematics, being embodied, uses general mechanisms of embodied cogni- 
tion and is grounded in experience in the world. Therefore, it is not arbitrary! 
That means: 

• Mathematics is not purely subjective. 

• Mathematics is not a matter of mere social agreement. 

• Mathematics is not purely historically and culturally contingent. 

This is not to say that historical and cultural factors don't enter into mathe- 
matics. They do, in a very important way, as we discussed in the previous chapter. 

Ontology and Truth 

For well over two millennia, ontology and truth have been concerns of Western 
philosophy. Consequently, two of the central questions of the philosophy of 
mathematics have been: 

• What are mathematical objects? 

• What is mathematical truth? 

The most common contemporary answers to these questions are those of the 
adherents of both the Romance and the Foundations movement: 
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• Mathematical objects are real, objectively existent entities. 

• Mathematical truths are objective truths of the universe. 

But as we have seen, such answers are ruled out by the cognitive science of 
mathematics in general and mathematical idea analysis in particular. From this 
perspective there are new answers: 

• Mathematical objects are embodied concepts — that is, ideas that are ul- 
timately grounded in human experience and put together via normal 
human conceptual mechanisms, such as image schemas, conceptual 
metaphors, and conceptual blends. 

• Mathematical truth is like any other truth. A statement is true if our 
embodied understanding of the statement accords with our embodied 
understanding of the subject matter and the situation at hand. Truth, 
including mathematical truth, is thus dependent on embodied human 
cognition (see Lakoff & Johnson, 1999, chs. 6-8; Nunez, 1995). 

Since human mathematics is all that we have access to, mathematical enti- 
ties can only be conceptual in nature, arising from our embodied conceptual 
systems. A mathematical statement can be true only if the way we understand 
that statement fits the way we understand the subject matter that the state- 
ment is about. Conceptual metaphors often enter into those understandings. 

Some Examples 

To make these very abstract views clearer, let us consider some examples. 

Example 1 
Entity: Zero 
Truth: n + 0 ■ n 

Since human mathematics is all we have any scientific access to, we have to 
ask what zero is in human mathematics. Zero is not a subitized number and it 
is not a part of innate mathematics. Indeed, it took a long time in the history of 
mathematics for zero to be recognized as a number at all. 

Zero has become a number through the metaphorical extension of the natu- 
ral numbers (see Chapters 3 and 4). Thus, in the Arithmetic Is Object Collec- 
tion metaphor, zero is the empty collection,- in the Arithmetic Is Object 
Construction metaphor, it is the lack of an object; in the measuring stick 
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metaphor, it is the initial point of the measurement; and in the Arithmetic Is 
Motion metaphor, zero is the origin of motion. It is an entailment of each of 
these metaphors that n + 0 - n. In the object-collection metaphor, adding a col- 
lection of n objects to an empty collection yields a collection with n objects. In 
the moving metaphor, taking n steps from the origin and then taking no steps 
leaves you at the same place as just taking n steps from the origin. 

Given our understanding of zero and our understanding of the operation of 
addition and its result, we can see why we must take n + 0 = n to be true. 

It should be recalled that in many cultures around the world, there is no num- 
ber zero and no such "truth." This was the case in Western mathematics for 
many centuries. 


Example 2 

Entity: The empty class 

Truth: The empty class is a subclass of every class. 

The empty class (see Chapter 6) is a metaphorical creation of Boole's. It ex- 
ists only by virtue of a mapping from zero in the source domain of Boole's 
metaphor. 

"The empty class is a subclass of every class" is a truth of Boole's algebra of 
classes, arising from Boole's metaphor. It is the metaphorical projection of n • 0 
= 0 — namely, A n 0 = 0. In Boole's framework, B is a subclass of A if and only 
if A n B « B. When B - 0, this is true. Hence, the empty class is a subclass of 
every class. 

Thus the truth of this statement is a consequence of the ideas used in Boole's 
formulation of his algebra of classes. Those ideas include the metaphors char- 
acterizing zero in arithmetic, the grounding metaphor Classes Are Containers, 
and Boole's metaphor, which creates the empty set from zero. 

Of course, Boole's metaphor does not exist for most people. In most people's 
ordinary nonmathematical understanding of classes, there is no empty class and 
no such "truth." 

Example 3 

Entity: The infinite sumj^ 

Truth: „?i2» = 1 

This infinite sum "exists" by virtue of the Basic Metaphor of Infinity. The 
truth is "true" only by virtue of the Basic Metaphor of Infinity. (See Chapters 8 
and 9.) 
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The existence of this entity and this truth depends upon the acceptance of the 
idea of actual (as opposed to potential) infinity. If one rejects such a notion, as 
many mathematicians have, then there is no such entity and no such truth. 

Example 4 
Entity: K 0 
Truth: K 0 + K 0 - N 0 

The entity 8 0 exists only by virtue of Cantor's metaphor plus the Basic 
Metaphor of Infinity. K 0 + K 0 = K 0 is true only by virtue of accepting those 
metaphors. (See Chapter 10.) 


Example 5 

Entity: A "line" L in projective geometry con- 
necting points "at infinity." 

Truth: L is unique and every point at infinity lies 
on L. 

Points "at infinity" exist only by virtue of the Basic Metaphor of Infinity. The 
entity, line L, connecting two such points at infinity, thus also exists only by 
virtue of the BMI. And, correspondingly, the truth that every point at infinity 
lies on L is "true" only by virtue of the BMI. 

Without such conceptual metaphors, those entities do not exist and those truths 
do not hold. For example, zero does not exist conceptually without the grounding 
metaphors for arithmetic, and the "truth" n + 0 « n is not "true" if there is no 
zero. The empty class, as a unique object that is a subclass of every class, does not 
exist without Boole's metaphor mapping zero onto the domain of classes to cre- 
ate the empty class. The "truth" that the empty class is a subclass of every class 
is not true if there is no Boolean empty class for it to be true of. 

Similarly, the infinite sumj^ the transfinite cardinal Kq, and the "line at 
infinity" L in projective geometry do not exist as mathematical entities with- 
out the Basic Metaphor of Infinity, nor could the "truths" about them be "true" 
without that conceptual metaphor. 


The Point 

In each of the above cases, the entity in question is a metaphorical entity — that 
is, an entity existing conceptually as a result of a metaphorical idea. In each 
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case, the truth is "true" only relative to that metaphorical idea. Each such 
mathematical entity exists only in the minds of beings with those metaphori- 
cal ideas, and each mathematical truth is true only in the minds of beings with 
such mathematical ideas. 

As we shall see in the case study, the same holds for the entity e® and the 
truth e® + 1 = 0. 

All of these amount to new philosophical claims about mathematical entities 
and mathematical truths. 

These views are, of course, very different from the views held by mathemati- 
cians who accept the Romance of Mathematics. Unfortunately, aspects of the 
Romance are often confused with an important approach to doing mathemat- 
ics— namely, formalist mathematics. Formalist mathematics is a remarkable 
intellectual program that rests upon a fundamental metaphor, what we will call 
the Formal Reduction Metaphor. 


The Formal Reduction Metaphor 

This remarkable conceptual metaphor provides a prescription for (1) conceptu- 
alizing any mathematical subject matter in terms of sets and (2) symbolizing 
any such subject matter in a uniform way that meshes with formal logic. Ac- 
cordingly, what are called mathematical "proofs" can be symbolized and made 
mechanical. 

The target domain of this metaphor consists of mathematical concepts in 
general. The source domain consists only of sets, structures within set theory, 
symbols, and strings of symbols. 

The metaphor provides a way to project a set-theoretical structure onto any 
domain of mathematics at all — provided that this domain of mathematics has 
already been discretized. As we discussed in Chapters 12 through 14, metaphors 
like Spaces Are Sets of Points are necessary to conceptualize geometry, topol- 
ogy, and calculus in discrete terms. Given such a metaphorical discretization of 
those subject matters — a discretization that essentially changes the concepts in- 
volved — the Formal Reduction Metaphor can come into play. 

According to this metaphor, any conceptual structure in any branch of math- 
ematics can be mapped onto a set-theoretical structure in the following way: 

• Mathematical elements are mapped onto sets, elements of sets, and 
structures of sets defined within set theory. 

• n-place relations are mapped onto ordered n-tuples. 
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• Functions and operations are mapped onto suitably constrained sets of 
ordered pairs. 

• The meaningful symbolizations of a mathematical subject matter are 
mapped onto uninterpreted symbol strings in a way that fits formal 
logic, with predicates and arguments, operators, quantifiers, and so on. 

• What we have called "symbolization mappings" (which assign symbols to 
meaningful ideas) are mapped onto formal "interpretations" — mappings 
from symbols to set-theoretical structures (e.g., sets of ordered pairs). 

• Conceptual axioms are mapped onto constraints on the set-theoretical 
structures. 

a Symbolizations of conceptual axioms are mapped onto symbol strings. 

• Symbolization mappings (relating symbols to concepts) are mapped 
onto interpretations — mappings from symbol strings to set-theoretical 
structures. 

Let us take a simple illustrative example. The axiom of arithmetic that says 
"a + b = b + a" would be expressed in a set-theoretical model as a constraint on 
the operation "+." The operation would be represented as an infinite set of ordered 
pairs, each of which consists of an ordered pair of numbers paired with a single 
number: (((1, 3), 4), ((3, 1), 4), . . . }. Here the first element represents "1 + 3 - 4" and 
the second represents "3 + 1 - 4." The axioms would be expressed as a constraint 
on this set-theoretical structure so that whenever [[a, b ), c) is in the set, then ((b, 
a), c) is in the set. The formal symbol string "a + b - b + a" (which in itself means 
nothing) would be mapped by an interpretive function onto this constraint. 

Of course, the "numbers" in this structure would also be sets, as given by the 
Natural Numbers Are Sets metaphor. For example, the number 1 would be rep- 
resented as the set (0} and the number 3 would be represented by the set (0, (0), 
(0, (0)}), where 0 is the empty set. Every ordered pair ( a , b) would be repre- 
sented via the Ordered Pairs Are Sets metaphor as the set [a, {a, b)|. Thus, the 
ordered pair (1, 3) would be represented, via both metaphors, as the set |{0), {(0), 
(0, (0), (0, (0)))}}, while the ordered pair (3, 1 ) would be represented as the set 
((0, (0), (0, (0}}}, ((0, (0), (0, (0}}|, (0))). In short, many of the metaphors we 
have discussed throughout this work are used in the reduction of various 
branches of mathematics to set theory. Those metaphors work together with 
the Formal Reduction Metaphor to accomplish complete reductions. 

Of course, there will be different reductions depending on the version of set 
theory used. For example, if hyperset theory (discussed in Chapter 7) is used, 
the "sets" will be hypersets, which are conceptualized as graphs rather than as 
containers. 
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The Formal Reduction Metaphor is actually a metaphorical schema, since it 
generalizes over all branches of mathematics. Each particular reduction for a 
branch of mathematics would have a somewhat different special case of the 
schema. 


The Formal Reduction Metaphor 

Source Domain Target Domain 

Sets and Symbols Mathematical Ideas 


A set-theoretical entity (e.g., 
a set, a member, a set- -> 

theoretical structure) 

An ordered n-tuple -» 

A set of ordered pairs 
(suitably constrained) 

Constraints on a set- 
theoretical structure 

Inherently meaningless 

symbol strings combined -> 

under certain rules 

Inherently meaningless symbol 
strings called "axioms" 

A mapping (called an 
"interpretation") from the 
inherently meaningless symbol — » 
strings to the set-theoretical 
structure 


A mathematical concept 

An n-place relation 

among mathematical concepts 

A function or operator 

Conceptual axioms: ideas 
characterizing the essence 
of the subject matter 

The symbolization of ideas in the 
mathematical subject matter 

The symbolization of the 
conceptual axioms — the ideas 
characterizing the essence of 
the subject matter 

The symbolization relation 
between symbols and the 
ideas they symbolize. 


Mathematics, in its totality, has enormously rich and interesting ideas — ideas 
like magnitude, space, change, rotation, curves, spheres, spirals, probabilities, 
knots, equations, roots, recurrence, and on and on. Under the Formal Reduction 
Metaphor, all this conceptual opulence is assigned a relatively diminished 
structure in terms of the relative conceptual poverty of symbol strings and the 
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ideas of set theory: elements, sets, n- tuples, sets of n-tuples, a membership re- 
lation, a subset relation, unions, intersections, complements, and so on. 

There are two interpretations of this conceptual metaphor. The one that 
makes sense to us is what we call the cognitive interpretation. On this inter- 
pretation, most practicing mathematicians who make use of a formal reduction 
of a subject matter unconsciously make use of a metaphorical blend of both the 
mathematical subject matter (the target domain) and the set-and-symbol struc- 
ture (the source domain). For example, suppose the subject matter (the target do- 
main) is addition in arithmetic and the set-and-symbol structure is the one we 
used earlier in discussing "a + b-b + a." Any practicing mathematician using 
such a formal reduction would also be thinking of it in terms of what it 
means — that is, in terms of our ordinary ideas of numbers and addition. No 
human mathematician thinks of numbers and addition only in terms of set- 
theoretical structures like {{0, (0), (0, (0))}, ({0, (0), (0, (0)}), (0))), which rep- 
resents the ordered pair (3, 1). Real mathematicians use both at once, thinking 
of arithmetic as structured by the set-and-symbols. 

On this interpretation, what matters is cognitive reality — a reality that can 
be studied scientifically. What is cognitively real for practicing mathematicians 
using the reduction is that they use the ideas of number and arithmetic opera- 
tions as paired by the Formal Reduction Metaphor with the ideas of set theory 
and symbol systems. 

This interpretation shows the utility of formal reduction: Different branches 
of mathematics with different ideas can be compared under the reduction, 
which imposes structures with only one domain of ideas: sets and symbols. 
Moreover, the Formal Reduction Metaphor inherently makes an interesting 
claim: The relatively impoverished conceptual structure of set theory and for- 
mal logic is sufficient to characterize the structure (though not the cognitive 
content) of every mathematical proof in every branch of mathematics. 

There is, however, a second interpretation, which we call the formal founda- 
tions interpretation of the Formal Reduction Metaphor. In this interpretation, 
the metaphor is taken as literally true: All branches of mathematics reduce on- 
tologically to set theory and mathematical logic. On this interpretation, the or- 
dered pair (3, 1) really is the set {{0, (0), (0, (0))), {{0, 1 0), (0, (0)}), (0))). A line 
really is a set, and the points on the line really are the members of the set. 

Under the first interpretation, formal mathematics is just one branch of 
mathematics, structured by human conceptual systems. Under the second in- 
terpretation, formal mathematics is all of mathematics! 

The second interpretation defines a philosophy of mathematics that began in 
the late nineteenth century— namely, the Formal Foundations program, which 
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proclaims: Mathematics is formal logic plus set theory! This is a historically- 
contingent philosophical program. Its goal has been to provide unique / well-un- 
derstood, formally characterizable, certain, and "secure'' foundations for the 
entire edifice of mathematics, which is itself taken as having these properties. 

The philosophical approach to mathematics defined by this interpretation of 
the Formal Reduction Metaphor fits the Romance of Mathematics: The sets are 
objectively existing entities. The symbol strings of the formal language are objec- 
tively existing entities. The mappings between them are objectively existing en- 
tities. Since this is all mathematics is, mathematics has an objective existence. 

On this interpretation of the Formal Reduction Metaphor, mathematics is 
mind-free. It has nothing to do with minds, human or otherwise. It has nothing 
to do with ideas or concepts of any sort, metaphorical or otherwise. It has noth- 
ing to do with bodies, human or otherwise. 

On the Formal Foundations interpretation, Numbers Are Sets is not a 
metaphor but a literal statement. Since set theory is all there is, numbers would 
have to be certain set-theoretical entities. Similarly, Spaces Are Sets is not a 
metaphor but a literal truth. So-called points would have to really be members 
of such sets. Points could not be locations in spaces, because sets do not liter- 
ally have locations in them. 

Mathematics Without Ideas: A Scientific Fallacy 

Under the Formal Foundations interpretation of the Formal Reduction 
Metaphor, mathematics has no ideas! The very notion of mathematical ideas as 
constitutive of mathematics must appear as nonsense from this perspective. 
Mathematical idea analysis might, from this perspective, be at best a study ex- 
ternal to mathematics itself of how human beings happen to understand real, 
objectively existing mathematics. From this perspective, mathematical idea 
analysis can have nothing to do with mathematics per se. 

This is, of course, nonsense from the perspective of cognitive science. In any 
mathematics that is humanly comprehensible, classes and sets have a concep- 
tual structure, and even a metaphorical structure. That metaphorical structure 
makes use of the Classes Are Containers metaphor, the 4Gs (needed for zero), 
Boole's metaphor, Cantor's metaphor, and the Basic Metaphor of Infinity. 


Choosing the First Interpretation 

The first interpretation of the Formal Reduction Metaphor is the only one that 
makes sense to us. We see the use of the Formal Reduction Metaphor as defin- 
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ing an important and enormously interesting branch of mathematics. Under 
this interpretation, all the results of formal mathematics stand as mathemati. 
cal results within one branch of mathematics. This interpretation also mai gn 
sense of what you learn when you learn formal mathematics: You learn how to 
apply the Formal Reduction Metaphor. 

We find the second interpretation both scientifically irresponsible and inco- 
herent. It is scientifically irresponsible because it ignores relevant contempo- 
rary findings about the nature of the human mind, which are in turn relevant to 
understanding the issue of whether human mathematics could be an ins tance 
of some external, objectively existing mathematics. 

We find it incoherent because it does not allow one to take into account al- 
ternative versions of set theory (e.g., well-founded and non-well-founded) and 
alternative versions of logic (there are thousands — two-valued, multivalued, 
types of modal logic, and so on). 

On this use of the second interpretation, mathematics cannot be unique and 
yet defined only by set theory and logic. Set theories and logics have lots and 
lots of versions — all of them within mathematics. Which is supposed to define 
the "unique mathematics"? Any choice of a single set theory or logic rules out 
the mathematical viability of alternative set theories and logics. 

Thus we advocate accepting the first interpretation of the Formal Reduction 
Metaphor. This interpretation allows one to glory in the full richness of math- 
ematical concepts, to accept all the real mathematical results of formal 
mathematics, and to accept the cognitive science of mathematics and mathe- 
matical idea analysis. On this interpretation, there is no conflict whatever be- 
tween formal mathematics as a discipline within mathematics and the content 
of this book. 

This is a sensible interpretation. We can accept numbers as being numbers. 
We don't have to eliminate them in favor of sets alone. And we can, when ap- 
propriate, understand them as sets, as points on a line, as strategic advantages 
in combinatorial games, and so on. 

Moreover, we don't have to give up what Pierpont lamented having to give 
up — the geometric understanding of functions (see Chapter 14). One can see 
that, under the Formal Reduction Metaphor and the Spaces Are Sets metaphor, 
functions are conceptualized one way; under the geometric metaphors, they are 
conceptualized another way. Each mode of metaphorical understanding has dif- 
ferent uses. And each is precise on its own terms. Each defines continuity dif- 
ferently — natural continuity versus Weierstrass continuity (again, see Chapter 
14). But you do not have to choose! As long as you can keep your metaphors 
straight, you can use whichever is most useful for a given purpose. 



The Philosophy of Embodied Mathematics 


375 


Mathematical Ideas and “Intuitions” 

Formalist mathematicians often inveigh against "intuition," on the grounds 
that it is vague and often mathematically incorrect. It is important to contrast 
mathematical ideas, as we have been discussing them, with "vague intuitions." 

Cognitive science has begun to make possible the scientific study of the pre- 
cise structure of mathematical ideas. This book exploits the techniques devel- 
oped to date. Mathematical ideas, as we have seen and will see in the case study, 
have a precise structure that can be discovered. This book is our first step in 
such an exploration. 

What we are studying in the book are not vague intuitions. We are studying 
the structure and grounding of many of the most central ideas in all mathe- 
matics. The precise characterizations given of metaphorical mappings, blends, 
and special cases reveal real, stable, and precise conceptual structure. 

What we are doing is making as precise as we can at this stage in cognitive 
science what was left vague in the practice of formal mathematics. A "formal- 
ization" of a subject matter in terms of set theory often hides the conceptual 
structure of that subject matter. Mathematical idea analysis begins to make 
that conceptual structure precise. What we are doing is making explicit what is 
implicit in the practice of formal mathematics: We are characterizing in precise 
cognitive terms the mathematical ideas in the cognitive unconscious that go 
unformalized and undescribed when a formalization of conscious mathematical 
ideas is done. This includes the bodily grounding of mathematical ideas and a 
characterization of the metaphors and blends that give mathematical thought 
an abstract character. 

What this implies is that formalization using the Formal Reduction 
Metaphor does not do what many people claim for it. It does not formulate oth- 
erwise vague ideas in a rigorous fashion. Instead, it uses metaphor to replace 
certain ideas with other ideas — ideas for which there is a well-understood sym- 
bolization and method of calculation. It is important to bear in mind what does 
and does not occur when the Formal Reduction Metaphor is used to "formal- 
ize" some domain of mathematics: 

1. The original ideas are not kept; they are replaced metaphorically by 
other ideas. 

2. The formalization is not an abstract generalization over the original 
ideas. 

3. The original ideas receive no mathematical idea analysis under the for- 
malization. 
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4. The ideas of set theory receive no mathematical idea analysis under the 
formalization. 

As long as these points are understood, as they are under the first interpreta- 
tion, there is no problem whatever with formal mathematics. The problem is 
only with the second interpretation — that of the Formal Foundations program. 

What Might " Foundations ” Bel 

If there are "foundations" for mathematics, they are conceptual foundations— 
mind-based foundations. They would consist of a thorough mathematical idea 
analysis that worked out in detail the conceptual structure of each mathemati- 
cal domain, showing how those concepts are ultimately grounded in bodily ex- 
perience and just what the network of ideas across mathematical disciplines 
looks like. 

That would be a major intellectual undertaking. We consider this book an 
early step in that direction. 


What Is Equality? 

The general point of this chapter can be illustrated with what is usually taken as 
the simplest and most obvious of mathematical concepts — equality. When a child 
is taught mathematical notation, one of the first symbols that she learns is "=," 
as in "1 + 1 = 2." From a contemporary perspective, the symbol "=" seems ab- 
solutely basic and indispensable. Yet it is a relatively recent innovation in math- 
ematics, no more than a few hundred years old (see Cajori, 1928/1993). It may be 
hard to believe, but for two millennia — up to the sixteenth century — mathemati- 
cians got by without a symbol for equality. It wasn't because they had no symbols 
at all. They had symbols for numbers and operations — just none for equality. 

What mathematicians used instead of "=" was language to express what they 
meant — statements like "This number, when added to 3, yields 5" or "By solv- 
ing the simultaneous equations, we get 17" or "Which numbers can be decom- 
posed into a sum of two squares?" In short, they used words in various 
languages meaning "yields," "gives," "produces," "can be decomposed into," 
"can be factored into," "results in," and so on. These expressions all have mean- 
ings that are appropriate to specific mathematical contexts. 

For example, "3 + 2 = 5" is usually understood to mean that the operation of 
adding 3 to 2 yields 5 as a result. Here 5 is the result of a process of addition and 
establishes the relationship between the process and the result. But "5 - 3 + 2" 
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is usually understood in a very different way — namely, that the number 5 can 
be decomposed into the sum of 3 plus 2. And as we saw in Chapter 4, the equa- 
tion "3 + 2 - 4 + 1" is usually understood in terms of an equal result frame stat- 
ing, in this case, that the result of the process of adding 3 and 2 yields the same 
number as the result of the process of adding 4 and 1. From a cognitive per- 
spective, "=" in these instances represents three different concepts. The use of 
the same symbol for these different concepts hides the cognitive nuances. 

We have also seen uses of "=" that depend on the Basic Metaphor of Infinity 
in cases such as 0.999. . . - 1, the infinite sumjEj-^ - 1, the granular equation 
H = 1/d, and the transfinite equation K 0 + N 0 = K 0 . Each of these uses of has 
a meaning that depends on some special case of the BMI. Mathematics counts 
on such metaphorical uses of as e” + 1 ** 0, which we will discuss in detail 
in the case study to follow. 

Even an idea as apparently simple as equality involves considerable cognitive 
complexity. From a cognitive perspective, there is no single meaning of that 

covers all these cases. An understanding of what means requires a cognitive 
analysis of the mathematical ideas involved. Moreover, none of these meanings 
of is abstract and disembodied. Every such meaning is ultimately embodied 
via our everyday experience plus the metaphors and blends we use to extend 
that experience. 


A Portrait of Mathematics 

Here is the view of mathematics that emerges from this book. 

• Mathematics is a natural part of being human. It arises from our bodies, 
our brains, and our everyday experiences in the world. Cultures every- 
where have some form of mathematics. 

• There is nothing mysterious, mystical, magical, or transcendent about 
mathematics. It is an important subject matter for scientific study. It is 
a consequence of human evolutionary history, neurobiology, cognitive 
capacities, and culture. 

• Mathematics is one of the greatest products of the collective human 
imagination. It has been constructed jointly by millions of dedicated peo- 
ple over more than two thousand years, and is maintained by hundreds of 
thousands of scholars, teachers, and people who use it every day. 

• Mathematics is a system of human concepts that makes extraordinary 
use of the ordinary tools of human cognition. It is special in that it is 
stable, precise, generalizable, symbolizable, calculable, consistent 
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within each of its subject matters, universally available, and effective 
for precisely conceptualizing a large number of aspects of the world as 
we experience it. 

• The effectiveness of mathematics in the world is a tribute to evolution 
and to culture. Evolution has shaped our bodies and brains so that we 
have inherited neural capacities for the basics of number and for prim- 
itive spatial relations. Culture has made it possible for millions of as- 
tute observers of nature, through millennia of trial and error, to develop 
and pass on more and more sophisticated mathematical tools — tools 
shaped to describe what they have observed. There is no mystery about 
the effectiveness of mathematics for characterizing the world as we ex- 
perience it: That effectiveness results from a combination of mathe- 
matical knowledge and connectedness to the world. The connection 
between mathematical ideas and the world as human beings experience 
it occurs within human minds. It is human beings who have created 
logarithmic spirals and fractals and who can "see" logarithmic spirals 
in snails and fractals in palm leaves. 

• In the minds of those millions who have developed and sustained math- 
ematics, conceptions of mathematics have been devised to fit the world 
as perceived and conceptualized. This is possible because concepts like 
change, proportion, size, rotation, probability, recurrence, iteration, and 
hundreds of others are both everyday ideas and ideas that have been 
mathematicized. The mathematization of ordinary human ideas is an 
ordinary human enterprise. 

• Through the development of writing systems over millennia, culture has 
made possible the notational systems of mathematics. Because human 
conceptual systems are capable of conceptual precision and symboliza- 
tion, mathematics has been able to develop systems of precise calculation 
and proof. Through the use of discretization metaphors, more and more 
mathematical ideas become precisely symbolizable and calculable. It is 
the human capacity for conceptual metaphor that makes possible the pre- 
cise mathematization and sometimes even the arithmetization of every- 
day concepts — concepts like collections, dimensions, symmetry, causal 
dependence and independence, and many more. 

• Everything in mathematics is comprehensible — at least in principle. 
Since it makes use of general human conceptual capacities, its concep- 
tual structure can be analyzed and taught in meaningful terms. 

• We have learned from the study of the mind that human intelligence is 
multifaceted and that many forms of intelligence are vital to human 
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culture. Mathematical intelligence is one of them — not greater or lesser 
than musical intelligence, artistic intelligence, literary intelligence, 
emotional and interpersonal intelligence, and so on. 

• Mathematics is creative and open-ended. By virtue of the use of con- 
ceptual metaphors and conceptual blends, present mathematics can be 
extended to create new forms by importing structure from one branch 
to another and by fusing mathematical ideas from different branches. 

• Human conceptual systems are not monolithic. They allow alternative 
versions of concepts and multiple metaphorical perspectives of many 
(though by no means all!) important aspects of our lives. Mathematics 
is every bit as conceptually rich as any other part of the human con- 
ceptual system. Moreover, mathematics allows for alternative visions 
and versions of concepts. There is not one notion of infinity but many, 
not one formal logic but tens of thousands, not one concept of number 
but a rich variety of alternatives, not one set theory or geometry or sta- 
tistics but a wide range of them — all mathematics! 

• Mathematics is a magnificent example of the beauty, richness, com- 
plexity, diversity, and importance of human ideas. It is a marvelous tes- 
tament to what the ordinary embodied human mind is capable 
of — when multiplied by the creative efforts of millions over millennia. 

• Human beings have been responsible for the creation of mathematics, 
and we remain responsible for maintaining and extending it. 

The portrait of mathematics has a human face. 




Pan VI 

e 71 ' +1=0 

A Case Study of the Cognitive Structure 
of Classical Mathematics 


T his equation of Leonhard Euler's is one of the deepest in classical 
mathematics. It brings together in one equation the most important num- 
bers in mathematics: e, it, i, 1, and 0. In doing so, this one equation implicitly 
states a relationship among the branches of classical mathematics— arithmetic, 
algebra, geometry, analytic geometry, trigonometry, calculus, and complex vari- 
ables. It also embodies the relationship among many of the most central math- 
ematical ideas — trigonometric functions, logarithms and exponentials, power 
series, derivatives, imaginary numbers, and the complex plane. To understand 
Euler's equation is to understand many of the deep connections among these 
ideas and among the branches of classical mathematics. 

The equation itself appears mysterious — some would say mystical. What 
does it mean? We are taught that exponentiation is the multiplication of a num- 
ber by itself, that 2 3 means 2 times 2 times 2. a is a real number, the infinite 
decimal 2.71812818284 x is an infinite decimal 3.14159 i is an imagi- 

nary number, V-l. x times i is an imaginary number with an infinite number of 
decimal places. What could it mean to multiply a real number, e, by itself an 
imaginary number of times? 

Moreover, how could an equation among numbers relate deep and important 
ideasi Numbers in themselves are just numbers. 4,783.978 is just a number. But 
e, n, and i are more than just numbers. They express ideas. But how can a mere 
number express an ideal And how can an equation be a crystallization of the 
cognitive relationships among these ideas? 

The four chapters of this case study are dedicated not only to answering such 
questions but to providing a model of how such questions can be approached 
through mathematical idea analysis. 




Case Study 1 

Analytic Geometry 
and Trigonometry 


B enjamin Peirce, one of Harvard's leading mathematicians in the 
nineteenth century (and the father of Charles Sanders Peirce), lectured in 
one of his classes on Euler's proof that e" - -1 . He found it somewhat shocking. 
In teaching the equation and its proof, he remarked, 

Gentlemen, that is surely true, it is absolutely paradoxical; we cannot understand it, 
and we don't know what it means. But we have proved it, and therefore we know it 
must be truth, (cited in Maor, 1994, p. 160) 

Peirce was not the last mathematics teacher to fail to understand what - -1 
means. Relatively few mathematics teachers understand it even today, and fewer 
students do. Yet generation after generation of mathematics teachers and students 
continue to go uncomprehendingly through one version or another of Euler's 
proof, understanding only the regularity in the manipulations of the symbols. 

They are much like Mr. M, Laurent Cohen and Stanislas Dehaene's patient 
discussed in Chapter 1, who knows that "three times nine is twenty-seven" but 
not what it means (Dehaene, 1997, p. 189). 

Mr. M, being brain damaged, has no choice. Benjamin Peirce was bom too 
soon. But in the age of cognitive science one can at least try to do a bit better. 

The Problem 

Exactly what does e” mean and why does it equal -1 ? 

From a cognitive perspective, the answer is not a matter of axioms, definitions, 
theorems, and proofs. That kind of answer is given in trigonometry or elementary 
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calculus classes, where the proof is taught. But, as Benjamin Peirce said elo- 
quently, knowing how to prove something does not necessarily mean that you un- 
derstand the deep meaning of what you've proved. 

It is not our job here to teach Euler's proof as it is done in a calculus cla M 
Our job is to give an account in cognitive terms of the meaning and significance 
of the equation, by characterizing the concepts involved and the relevant rela- 
tionships among the concepts. What is needed is a conceptual analysis, a math- 
ematical idea analysis, framed in terms of cognitive mechanisms, of what is 
required to understand — really understand — e ni . 

The answer cannot be that raising a number to a power is just multiply ing 
that number by itself, e** makes no sense as e multiplied by itself it times (since 
it, too, is an infinite decimal) and then i times, where i - V-l, an imaginary num- 
ber. What could "V-l times" possibly mean? A different answer is required, one 
that follows from the conceptual content of the ideas involved in e, 7t, i, and -1. 
Purely formal definitions, axioms, and proofs do not capture conceptual con- 
tent. Formal proofs are simply inadequate for the enterprise of characterizing 
meaning and providing understanding. 

Other questions must be answered as well. Why should e** equal, of all 
things, -1 ? e" has an imaginary number in it; wouldn't you therefore expect the 
result to be imaginary, not real? e is about differentiation, about change, and n 
is about circles. What do the ideas involved in change and in circles have to do 
with the answer? e and n are both transcendental numbers — numbers that are 
not roots of any algebraic equation. If you operate on one transcendental num- 
ber with another and then operate on the result with an imaginary number, why 
should you get a simple integer like -1 ? The answer requires an overview of the 
conceptual structure of a lot of classical mathematics. Moreover, it requires un- 
derstanding how different branches of mathematics are related to one another: 
how algebra is related to geometry, and how both are related to trigonometry, to 
calculus, and to the study of complex numbers. 

To answer this, we must look closely at the cognitive mechanisms that con- 
nect these different branches of mathematics. Not surprisingly, linking 
metaphors will be involved. 

Our study begins with an examination of analytic geometry, where arith- 
metic, algebra, and geometry come together. 


Analytic Geometry 

The field of analytic geometry, which unites geometry and algebra and on 
which so much of mathematics depends, was invented by Rend Descartes and 
rests on the concept of the Cartesian plane. The Cartesian plane is a conceptual 
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blend of (a) two number lines and (b) the Euclidean plane, with two lines per- 
pendicular to each other. 

Since Descartes and Euler preceded the discretization program described in 
Chapter 12, we will be assuming the earlier geometric paradigm, where space is 
naturally continuous space. 

The Cartesian Plane Blend 


Conceptual Domain 1 
Number Lines 

Number line x «-> 

Number line y «-> 

Number m on number line x <-> 

Number n on number line y «-» 


The ordered pair of numbers [m,n] «-» 
The ordered pair of numbers (0,0) <-» 

A function y = f{x)j that is, a set ^ 
of ordered pairs (x,y) 

An equation linking x and y; ^ 
that is, a set of ordered pairs (x,y) 

The solutions to two simultaneous 
equations in variables x and y 


Conceptual Domain 2 
The Euclidean Plane with 
Line X Perpendicular to Line Y 
LineX 
Line Y 

Line M parallel to line Y 
Line N parallel to line X 
The point where M intersects N 
The point where X intersects Y 

A curve with each point being the 
intersection of two lines, one parallel 
to X and one parallel to Y 

A figure with each point being the 
intersection of two lines, one 
parallel to X and one parallel to Y 

The intersection points of two figures 
in the plane 


This conceptual blend systematically links geometry with arithmetic and algebra. 
In the blend, one can geometrically visualize functions and equations in geomet- 
ric terms, and also conceptualize geometric curves and figures in algebraic terms. 

• The simple equation x = y corresponds in this conceptual blend to the 
diagonal line through the origin from the lower left to upper right, and 
conversely, the diagonal line corresponds to the equation. 

• A line in general maps onto an equation of the form y = ax + b, where 
a is the slope of the line and b is the number on the y-axis correspon- 
ding to the point at which the line intersects the axis, and conversely. 

• The equation x 2 + y 2 = 4 corresponds to a circle of radius 2 with its cen- 
ter at the origin, and conversely. 


In general, curves in space can be conceptualized as being traced by motions 
of points. Those motions can in turn be conceptualized as having components 
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of motion along the x- and y-axes of the Cartesian plane. Descartes observed 
that such motions in the plane correspond to continuous variations of numbers 
in algebraic equations. Continuous changes of numerical variables in algebraic 
equations thus became correlated with the motion of points along the x- and y- 
axes. In the Cartesian Plane blend, continuous functions are correlated with 
curves formed by the motion of a point over the plane. 

The Cartesian Plane blend is, of course, generalizable to spaces of any di- 
mension. This can be done by adding the following correspondences to the 
blend given above. 


The n -tuple of numbers 
l®|i • * • ) 

The collection of all n-tuples 
of numbers 


A point in n-dimensional space 
An n-dimensional space 


This allows us to visualize spaces of many dimensions in terms of n-tuples of 
numbers, and equations in many variables in terms of figures in multidimen- 
sional spaces. 


The Functions Are Numbers Metaphor 

Literally, functions are not numbers. Addition and multiplication tables do not 
include functions. But once we conceptualize functions as ordered pairs of 
points in the Cartesian plane, we can create an extremely useful metaphor. The 
operations of arithmetic can be metaphorically extended from numbers to func- 
tions, so that functions can be metaphorically added, subtracted, multiplied, 
and divided in a way that is consistent with arithmetic. Here is the metaphor: 


Functions Are Numbers 


Source Domain 
Numbers 

(Values of Functions) 
Any arithmetic operation on 
the y-values of two functions 
y = /fx) and y - g(x) 


Target Domain 
Functions 

The corresponding arithmetic 
operation on the two functions 
/lx] and g(x) 


For example, the sum (/ + g](x) of two functions f\x) and g(x) is the sum of the 
values of those functions at x: f[x) + g(x). Note that the "+" in "f{x) + g[x)" is the 
ordinary literal "+" that is used in the addition of two numbers, while the "+" 
in "f + g" is metaphorical, a product of this metaphor. Similarly, all the follow- 
ing are special cases of this metaphor: 
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. (/-g)(x) Is/M-sM 
. |/.g)|x)Is/lx).«|x) 

• 1/ + g)M Is f[x] v g(x), where g(x) * 0 

In the Cartesian plane, simple arithmetic functions of one variable can be 
conceptualized metaphorically as curves. The Functions Are Numbers 
metaphor allows us to conceptualize what it means to add, subtract, multiply, 
and divide such curves. Conceptualizing curves as elements subject to arith- 
metic operations is a central idea in classical mathematics. 

The Basic Metaphor of Trigonometry 

Many of the linking metaphors in mathematics are arithmetization 
metaphors — metaphors that conceptualize some domain of mathematics in 
terms of arithmetic, so that arithmetic calculations can be applied to it. We 
have just seen how points in space can be conceptualized in terms of numbers, 
how spaces of any number of dimensions can be conceptualized in terms of 
numbers, and how functions themselves can be conceptualized as numbers. 

The fundamental metaphor that defines the field of trigonometry conceptu- 
alizes angles as numbers. Consider the following question: How can we add an- 
gles? The obvious intuitive answer is to place their vertices together, with a leg 
in common, and take the total angle as the "sum" (see Figure CS 1.1). 

But that's not precise enough. It doesn't give you a way to calculate sums of 
angles, much less to do subtraction, multiplication, division, and raising to 
powers for angles. Angles in themselves are nonnumerical. In plane geometry, 
there are angles but no numbers. If we are going to do arithmetic calculation on 
angles, we have to get angles to be numbers. That is a job for a metaphor — what 
we will call the Trigonometry metaphor. 
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The post-Cartesian version of the Trigonometry metaphor begins with a con- 
ceptual blend we will call the Unit Circle blend. We will look in great detail at 
the structure of this blend from a cognitive perspective. Many of the details we 
will discuss are implicit in mathematics texts. Our job here is to make explicit 
what is implicit. 

The Unit Circle blend has four corresponding domains, and we will build it 
up in stages. At the first stage, there is a blend of two elements in two domains: 
a circle in the Euclidean plane blended with the Cartesian plane to yield a unit 
circle — a circle whose center is at the origin (0, 0) of the Cartesian plane and 
whose radius is 1 (see Figure CS 1.2). 

When the circle is blended with the Cartesian plane in this way, numbers are as- 
signed to lengths of lines, because the Number-Line blend is inherent in the Carte- 
sian plane. In particular, the radius of the circle has the length 1 in the unit circle. 


The Unit Circle Blend (Stage i) 


Domain 1 

A Circle in the Euclidean Plane 
with Center and Radius 


Domain 2 

The Cartesian Plane, 
with X-axis, Y-axis, Origin at (0,0) 

Euclidean plane 


Cartesian plane 

Center 


Origin 

Radius 

<-» 

Distance 1 from origin 


At stage 2, we add the angle 0 which is ultimately to be conceptualized 
metaphorically as a number. We place the vertex of 0 at the center of the circle 
with one leg of 0 on the x-axis (see Figure CS 1.3). 

Note that at this stage there is a correlation between 0 and the length of the 
arc subtended by 0. Here is the blend at Stage 2. (For the sake of simplicity, 
when a blend is composed of three or more domains we will display the table 
without the double arrows.) 

The Unit Circle Blend (Stage 2) 

Domain 1 Domain 2 Domain 3 

A Circle in the The Cartesian Plane, An Ancle 0 in the 

Euclidean Plane with with X-axis, 7-axis, Euclidean Plane 

Center and Radius Origin at (0,0) with Leg i and Leg a 

Euclidean plane Cartesian plane 

Center Origin 

Radius Distance 1 from origin 

The interval (0,1) 
on the X-axis 


Euclidean plane 
Vertex of 0 

Leg 1 
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Line from center to Line from origin ^ 

point P on the circle to point (x 1( y,j s 

Arc subtended by 0 Arc length 

There are several things of interest in the blend at this stage. First, Leg 2 of the 
angle 0 intersects the circle. We have called the intersection point on the circle P, 
and the corresponding point in the Cartesian plane (Xj, y t ). Second, there is now 
an arc subtended by angle 0, and in the Cartesian plane it has a length that is a 
number; this is indicated in the last row. Third, leg 1 of angle 0 now corresponds 
to the line segment [0, 1] in the Cartesian plane, as indicated in the fourth row. 
Moreover, several of the correspondences do not extend to all three domains of 
the blend; for example, in the fourth row there is nothing in the Euclidean circle 
to correspond to leg 1 of the angle or line segment [0, 1] in the Cartesian plane. 

Finally, we reach Stage 3 of the blend, where the right triangle of figure CS 1 .4 
is added. The vertex of angle A corresponds to the center of the circle, the ori- 
gin in the Cartesian plane and the vertex of angle 0. The result is the full Unit 
Circle blend, which is conceptually quite complex (see Figure CS 1.4). 


The Unit Circle Blend 

Domain 1 

Domain 2 

Domain 3 

Domain 4 

A Circle in the 

The Cartesian Plane, 

An Ancle 0 in 

A Right Triangle, 

Euclidean Plane with 

with X-axis, 

the Euclidean Plane 

with Hypotenuse, 

Center and Radius 

Y-axis, Origin at (0,0) 

with Leg i and Leg 2 

Right Angle, ZA , 
ZP , Side a and Side b 

Euclidean plane 

Cartesian plane 

Euclidean plane 

Euclidean plane 

Center 

Origin 

Vertex of 0 

Vertex of ZA 

Radius 

Distance 1 from origin 


Length of 
hypotenuse 


The interval [0,1] 
on the X-axis 

Leg 1 

— 

Line from center 
to point P on the 

Line from origin 
to point (Xj,y,) 

Leg 2 

Hypotenuse 

circle 




Arc subtended by 0 

Arc length 

Size of 0 

Size of ZA 


A segment from 
(0, 0) to (Xj, 0) 


Side a 

— 

A segment from 
(Xj, yj to (Xj, 0) 

— 

Side b 
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FIGURE CS 1.2 The first stage of the Unit Circle blend. The domain of a circle with center 
and radius (upper left) is conceptually combined with the Cartesian Coordinate domain (upper 
right) to yield a conceptual blend (bottom), in which the center of the circle is identical to the 
origin (0, 0) in the Cartesian plane and the length of the radius of the circle equals 1. 
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FIGURE CS 1.3 The second stage of the Unit Circle blend. The result of the first stage of 
the Unit Circle blend (upper left) combines conceptually with an angle 0 (upper right) to pro- 
duce a conceptual blend (bottom), in which the vertex of the angle is identical to the origin- 
center and leg 1 of the angle is identical to the nonnegative portion of the x-axis. Note that 
a new entity emerges in the blend: the arc on the circle subtended by the angle 0. 
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FIGURE CS 1.4 The third stage of the Unit Circle blend. The result of the second stage 
(upper left) is conceptually combined with a right triangle (upper right) to form a new con- 
ceptual blend (bottom), in which vertex A is identical to the center-origin and the hypotenuse 
is identical to the radius. Note that new entities and entaihnents emerge in the blend. It is 
entailed that the hypotenuse of the right triangle - 1. Sides a and b of the right triangle are 
now interdefined with the other elements of the blend in such a way that new mathematical 
functions emerge — namely, the cosine of angle $ (whose value is the x-coordinate of P ) and 
the sine of angle 4 (whose value is the y-coordinate of P). 
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Note that important correspondences have been added. The hypotenuse of the 
right triangle now corresponds to the line from the center to point P. It is an en- 
tailment of the blend that that line has the length of the radius — namely, 1. Ad- 
ditionally, new lengths have been introduced into the blend: the lengths of sides 
a and b of the triangle, which correspond to numbers in the Cartesian plane. 
These lengths are also entailments of the blend. 


The Trigonometry Metaphor 

Given the Unit Circle blend, a blend of remarkable complexity, it is now possi- 
ble to state the Trigonometry metaphor with great simplicity. 


The Trigonometry Metaphor 


Source Domain 

The Unit Circle Blend 

The length of the arc subtended 
by angle 0 

The length of side a -» 

The length of side b -* 


Target Domain 
Trigonometric Functions 

The number assigned to angle $ 

The value of the function cos 0 
The value of the function sin 0 


The unit circle: x 2 + y 2 - 1 
<|> is a right angle 
<|> spans half of the circle 
<|> spans the whole circle 
<|> is zero 

<|> is two right angles (180°) 


Entailments 

-* sin 2 0 + cos 2 0-1 
-» 0 = 7l/2 

-» 0-71 

-> 0 — 2.71 

-» sin 0 (which equals sin 7t) - 0 
-> cos 71 - -1 


The first entailment of this metaphor is a straightforward consequence of the 
Pythagorean theorem applied to the right triangle in the blend, whose hypotenuse 
is of length 1. 

The next three entailments are consequences of 

a. the fact that the circumference of a circle is 7t times the diameter, 

b. the assignment of 1 as the radius of the unit circle, and 

c. the fact that via the Trigonometry metaphor, 0 is measured in units of 
length on the unit circle. 

Since the diameter of the unit circle is 2, its circumference is In. Thus, if 0 
spans the whole circle, the number assigned to it by the Trigonometry metaphor 
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will be 2k. If 0 spans half the circle, it follows that the number assigned to it will 
beK. 

Given the metaphorical definition of the functions sine and cosine, it follows 
that sin k - 0, cos k = -1, and cos 2k = 1. Here we have a functional correlation 
between basic arithmetic elements 0 and 1 on the one hand and on the other 
hand k, the ratio of the circumference to the diameter of the circle. 

In Case Study 4, where we take up Euler's famous equation e** + 1 « 0, we will 
see that the relationship among k, 0 , and 1 in that equation is exactly the rela- 
tionship given by the Trigonometry metaphor. The relationship between k and 
-1 in Euler's equation arises from the fact that in the blend, cos k = -1. 

The remaining entailments of the Trigonometry metaphor are as follows. Re- 
call that in the Cartesian plane a curve is conceptualized as if it were traced by 
the motion of a point. Thus, a circle is conceptualized as the curve traced by a 
point that moves in a circle. The point completes traversing the circle once 
when it moves a length 2k. However, the point can be conceptualized as mov- 
ing further — that is, as moving around the circle k times (where A is a natural 
number), tracing a line of length 2kn. Thus, the angle in the unit circle can be 
conceptualized either as <j> (where $ is less than 2 k) or as 0 + 2kn, if the point has 
moved around the circle k times before moving a length 0. 

In the blend, an angle and the arc it subtends determine the lengths of sides a 
and b. But the converse is not true, since the size of the angle and the arc may be 
<)> 2Jcx, if the point tracing the arc has moved around the circle k times. No mat- 
ter how many times k the point has moved around the circle, the length of legs a 
and b are the same at angle 0. This means that the values of the functions sin 0 
and cos 0 are the same as the values of sin (0 + 2kn) and cos (0 + 2kn). 

The Recurrence Is Circularity Metaphor 

The Trigonometry metaphor produces the sine and cosine functions. 
Descartes's metaphor conceptualizes functions as curves in the Cartesian plane. 
What do the sine and cosine functions look like as such curves? 

Sin 0 and cos 0 are functions of the angle 0, which is now a number, via the 
Trigonometry metaphor. Since 0 varies over numbers, it can vary over the num- 
bers on a number line and therefore over the numbers on an axis in the Carte- 
sian plane. Let the x-axis specify values of 0, and the y-axis, values of sin 0 and 
cos 0. 

Recall that sin 0 and cos 0 vary only between -1 and 1, because the extreme 
values they can take are limited by the radius of the circle in the blend, which 
is 1. The curves are therefore confined to a long horizontal strip of the plane 
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FIGURE CS 1 .5 Hie sine and cosine functions showing the period 2 k, which results from the 
fact that the functions are defined relative to the Unit Circle blend. Such functions give a char- 
acterization of the concept of recurrence according to the metaphor Recurrence Is Circularity. 


where y varies between -1 and 1 (see Figure CS 1.5). Moreover, since the values 
of sin 4» and cos <|> are the same for $ and <|> + 2kn, the values recur at intervals 
along the x-axis of 2it. The sine and cosine curves thus repeat themselves over 
and over indefinitely— as a point traces around the circle in the Unit Circle 
blend. This property of the curves, in which values recur after a fixed "period," 
is called periodicity. In this case the period is lit. 

There is a deep and inherent link between the periodicity — the recurrence of 
values — of the functions and the circularity of the Unit Circle blend in terms of 
which the functions are defined. In English and many other languages, the Re- 
currence Is Circularity metaphor occurs in the conceptual system of the lan- 
guage in general, completely outside mathematics. 

For example, a recurrent event like the Christmas holiday is spoken of as 
"coming around again." We speak of recurrent events as happening "over and 
over" (as in the image of going over the top of a circle again and again). Cultures 
in which history is believed to recur are spoken of as having "ciiculaz concepts 
of time." The Aymara in the Andes, for example, believe that events recur — that 
they happen again and again. They draw recurring events using a circle. Thus, 
the relationship between the unit circle and functions that have recurrent val- 
ues is a metaphorically natural one. 

Because of this conceptual connection between recurrence and circularity, 
the concept of recurrent values is expressed mathematically in terms of sine 
and cosine functions, which are themselves conceptualized via the Unit Circle 
blend. 
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The Polar Coordinate Metaphor 

Given the Trigonometry metaphor, we can now form a further metaphorical 
blend from that metaphor: 


The Trigonometry Blend 


Source Domain 
The Unit Circle Blend 


Target Domain 
Trigonometric Functions 


The length of the arc 
subtended by angle <p 
The length of side a 
The length of side b 


«-> The number assigned to angle <)» 

<-» The function cos 0 

«-> The function sin 


This allows us to use the Trigonometry blend to conceptualize points in the 
Cartesian plane using sine and cosine functions. The results are polar coordinates. 


The Polar-Trigonometry Metaphor 


Source Domain 
The Trigonometry Blend 


Target Domain 
The Cartesian Plane Blend 


r 


e 

The ordered pair (r, 6) 
r cos 0 
r sin 6 


the distance from the origin O 
to point P = [a, b ) 
the angle formed by a counter 
clockwise rotation from the 
x-axis to OP, where P = [a, b ) 
The point [a, b) 
a 
b 


As a result, ordinary Cartesian coordinates come to be conceptualized in 
trigonometric terms. Each point in the Cartesian plane [a, b) is uniquely char- 
acterized by the ordered pair of numbers (r, 6), where r is a number (the distance 
of (a, b ) from the origin) and 6 is a number by virtue of the Trigonometry 
metaphor (see Figure CS 1.6). 

What makes polar coordinates metaphorical? Recall that the Cartesian plane in 
itself has no trigonometry — no angles-as-numbers, no sines and cosines. Through 
this metaphor, the Cartesian plane becomes conceptualized in terms of trigonom- 
etry, with each point [a, b) being conceptualized as the pair of numbers (r, 0). 

As we shall see, this metaphor is crucial in understanding e* + 1 = 0. 
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Polar coordinates. 


The metaphors discussed above constitute a remarkable achievement in the 
history of mathematical thought. They link together arithmetic, algebra, and 
geometry to create two whole new branches of mathematics — analytic geome- 
try and trigonometry. Because metaphors and metaphorical blends allow the in- 
ferential structure of one domain to be used in another domain, these 
metaphors and blends permit arithmetic calculations, algebraic equations, and 
the methods of analytic geometry to be used for calculations on angles. They 
permit the visualization in spatial terms of functions and equations. And they 
make possible a mathematics of recurrent phenomena, with the number it tak- 
ing on a new meaning. Where tc was previously only the ratio of the circumfer- 
ence of a circle to its diameter, 2n now becomes a measure of periodicity for 
recurrent phenomena, with n as the measure of half a period. This is a new idea: 
a new meaning for it. 


The Meaning of Numbers 

Here is a place where the cognitive science of mathematics is needed to make 
systematic sense of mathematics as a discipline. Formal mathematics — with 
symbolic proofs and calculations — does not itself contain the meanings of those 
symbols, proofs, and calculations. Moreover, the meaning of a symbol like it is 
not merely its numerical value. The meaning of it in a particular formula, proof, 
or calculation is conceptual: a ratio of circumference to diameter or a standard 



398 Where Mathematics Combs Fro m 

of recurrence. And the links among the multiple meanings of it are given by con. 
ceptual metaphors. 

The metaphors and blends used in the conceptualization of functions like 
sine and cosine and of numbers like n are anything but superfluous in mathe- 
matical thought. Those metaphors play a crucial role in understanding what 
numbers and symbols mean. The "recurrence" sense of it always evokes the 
Trigonometry blend and the Recurrence Is Circularity metaphor. Understand- 
ing a use of it in a discussion of recurrence necessarily involves understanding 
that blend and that metaphor. It is by means of such cognitive mechanisms that 
numbers have meaning for us. 

Have you ever wondered what e = 2.718281828459045. . . means? 



Case Study 2 

What Is e? 


T he expression 2 s , two raised to the fifth power, is usually taken to mean 
2 • 2 • 2 • 2 • 2 — two multiplied by itself repeatedly. But the corresponding 
expression e™, the number e - 2.718281828459045 . . . raised to the power it • i 
(3.1415926 ... • V— 1 ), cannot mean e multiplied by itself x times and the result 
then multiplied by itself V-l number of times. In general, raising a number to a 
power cannot be understood as self-multiplication. What then is raising a num- 
ber to a power? 

We can see the answer most easily if we look first at logarithms. Think for a 
moment of how a slide rule works. If you want to multiply two numbers, you 
add their lengths on the slide rule. Slide rules allow us to do multiplication by 
doing addition. The reason that they work is that they use a logarithmic scale: 
Multiplying is adding the logarithms. By adding the logarithms of the numbers, 
you multiply the numbers. 

What is a logarithm, then? A logarithm is a mapping that allows you to multi- 
ply by adding. Logarithms were invented (by John Napier in the late sixteenth 
century) because the multiplication algorithm is cognitively more complicated 
than the addition algorithm: It is simply harder to multiply two large numbers 
than to add them. In the days before computers and mechanical calculating ma- 
chines, multiplication was done by hand. Napier sought to make the process eas- 
ier by finding a way to accomplish multiplication by doing simple addition. 

Notice that q • q • q • q • q = [q • q) • [q • q • q) = q 2 • Q 3 = Q 2 * 3 = 9 s - For exam- 
ple, 100,000 = 100 • 1,000 - 10* • 103 „ 102*3 = 105. Suppose you had a table of the 
form: 
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1 — 0 

10 — 1 

100 — 2 

1,000 — 3 

10,000 — 4 

100,000 — 5 


You could multiply 100 times 1,000 by going to numbers on the right — nam ely 
2 and 3; then adding 2 plus 3 to get 5; and then going back to the column on the 
left to get 100,000. 

The table specifies values of a mapping, called the logarithm, or log for short. 
Let us look at some of its properties. It maps real numbers onto real numbers 
and products onto sums. That is, it maps a product a • b onto a sum a'+ b' by 
mapping numbers a and b onto a' and b‘ and by mapping the operation of mul- 
tiplication onto the operation of addition. 

Suppose you want to multiply numbers a and b. You first find their images o' 
and b' under the mapping log. You might want to construct a table listing pairs 
(a, a'), [b, b’) such that log(a) = a' and log(b) = b'. To multiply a times b, you add 
a' and b', get the sum, and take the inverse of log to get the product of a and b. 
In other words, log-^fl' + b') = a • b. In order to get a unique result, log needs to 
be a one-to-one mapping. In order to multiply by adding, you need to first apply 
log, then add a' + b\ then take the inverse mapping log- 1 of the sum. 

Log is a mapping from the group of positive real numbers with the operation 
of multiplication to the group of all real numbers with the operation of addition. 
As such, log maps the multiplicative identity, 1, onto the additive identity, 0. 
That is, log(l) = 0. Thus, logjfl • 1) is mapped onto log(a) + log(l) = a'+ 0 = a', 
which is log(a). Log also maps multiplicative inverses (1/a) onto additive in- 
verses (-a'). Thus, the log ( a • 1/a) is mapped onto log (a) + log (1/a) = a' + (-a') ■ 
0 » log(l). We can see this by extending the table, as follows: 


Number 

1/10,000 

_ 

Logarithm 

-4 

1/1,000 

— 

-3 

1/100 

— 

-2 

1/10 

— 

-1 

1 

— 

0 

10 

— 

1 

100 

— 

2 

1,000 

— 

3 

10,000 

— 

4 

100,000 

— 

5 
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For example, 100,000 • (1/100) = 10* • 10-*- 10s-*- 10 3 - 1,000. 

To multiply 100,000 times 1/100, you take the logarithms 5 and -2, add 5 + 
('2), get 3, and take the inverse logarithm to get 1,000. Note that 1,000 • 
(1/1,000) = 10 3 • 10 _3 = IO 3 - 3 = 10° = 1. Via logarithms, you take the logarithms 
of 1,000 and 1/1,000 — namely, 3 and -3; add them to get 0; and take the inverse 
logarithm of 0 to get 1. 

The table we have so far is very simpleminded. To be of any real use, it has 
to be filled in with a huge number of values. Each line in the required table must 
have a number n paired with a power of 10, n', such that n = 10"'. Then n' = 
log(n). Napier's achievement was to construct such a huge table in a consistent 
manner. It took many years. 

As an abstract mathematical function, log maps every positive real number 
onto a corresponding real number, and maps every product of positive real num- 
bers onto a sum of real numbers. Of course, there can be no table for such a 
mapping, because it would be infinitely long. But abstractly, such a mapping can 
be characterized as outlined here. These constraints completely and uniquely 
determine every possible value of the mapping. But the constraints do not in 
themselves provide an algorithm for computing such mappings for all the real 
numbers. Approximations to values for real numbers can be made to any degree 
of accuracy required by doing arithmetic operations on rational numbers. 

The general constraints completely defining the mapping are: 

• 1 is mapped onto 0. 

• 10 is mapped onto 1. 

• 10” is mapped onto n, for all real numbers n. 

• Products are mapped onto sums. 

Notice that for every real number in the range of the mapping, there is a pos- 
itive real number mapped onto it. The negative numbers and zero in the domain 
of the mapping do not get mapped onto any real number. Figure CS 2.1 illus- 
trates the constraints on the logarithm mapping. 


Bases 

The account we have just given for the logarithm mapping fits the choice of 10 
as a base. The base is the number that is mapped onto 1. We chose 10 as an il- 
lustration because our system of numerals happens to use 10 as a base; that is, 
each real number is numerically represented as the sum of products of 10 to 
some integral power (e.g., 3.14 is 3 times 10 to the 0 power, plus 1 times 10 to 
the -1 power, plus 4 times 10 to the -2 power). 
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FIGURE CS 2.1 The logarithm mapping for base 10— that is, the mapping of products onto 
sums with base 10. 1 is mapped onto 0, the base 10 is mapped to 1, and, in general, 10» is 
mapped onto n. Thus, the logarithm to base 10 of a number in the domain is the correspon- 
ding number in the range. To find the product of two numbers in the domain, map them both 
to the range (this is called "taking their logarithms"), add those numbers in the range, and 
find the pre-image of the sum in the domain of the mapping. 

However, this is an arbitrary choice. Numbers can be written as sums of 
products of this sort with any base at all greater than 1. Similarly, there can be 
different versions of the logarithm function depending on the choice of base, for 
any base greater than 1. The following table gives the number n as the logarithm 


with the base 2 for a corresponding number 2”. 





n -2 -1 

0 1 2 3 4 5 

6 

7 8 

9 

10 

T T t 

T T t t T t 

T 

t t 

T 

t 

2* 1/4 1/2 

1 2 4 8 16 32 

64 

128 256 

512 

1024 

Thus, to multiply 

16 times 32, you add their logarithms in base 2 — namely, 4 


plus 5 — to get 9. The inverse logarithm of 9 is 512, which is the product of 16 
and 32. For logarithms with base 2, the constraints that define the function are: 

• 1 is mapped onto 0. 

• 2 is mapped onto 1. 

• 2 n is mapped onto n, for all real numbers n. 

• Products are mapped onto sums. 

Since a logarithm mapping can be defined with any base b greater than 1, the 
general constraints are: 
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FIGURE CS 2.2 The logarithm mapping for an arbitrary base b — that is, the mapping of 
products onto sums with a base b. 1 is mapped onto 0, the base b is mapped onto 1, and b" is 
mapped onto a. The product b°> • b" is mapped onto the sum m + n. The logarithm to base b 
of a number in the domain is the corresponding number in the range. 


• 1 is mapped onto 0. 

• b is mapped onto 1, for b greater than 1. 

• b n is mapped onto n, for all real numbers n. 

• Products are mapped onto sums. 

Figure CS 2.2 displays the structure of such a mapping. 

Exponentials 

As we have just seen, the logarithm mapping with a base b, greater than 1, 
maps a positive real number with the structure b n onto a real number n. Since 
the logarithm mapping with base b is one-to-one, there will be an inverse map- 
ping that maps a real number n onto a positive real number b*. This is the ex- 
ponential mapping. It is the inverse of the logarithm mapping, and its general 
constraints are: 

• 0 is mapped onto 1. 

• 1 is mapped onto b, for b greater than 1. 

• n is mapped onto b", for all real numbers n. 

• Sums are mapped onto products. 

This mapping is defined for all real numbers n and for any real number b 
greater than 1 . 

When b ** 2, we have the inverse of the mapping just given for the logarithm 
to base 2. 
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a -2 -1 0123456789 10 

1 1 1 1 1 1 1 1 1 1 1 1 1 

2° 1/4 1/2 1 2 4 8 16 32 64 128 256 512 1024 

For the special cases given in the tables, it so happens that they can be com- 
puted via self-multiplication. For example, 2 fi can be computed by multiply ing i . 
2 • 2 • 2 • 2 • 2 - 64. But the exponential mapping applies to an infinity of cases 
where this is not true. Consider, for example, 2 2 / 3 . This is a well-defined instance 
of the exponential mapping with base 2 — namely, 3 V4 — but it is not an instance 
of 2 multiplied by itself 2/3 of a time, whatever that could mean. Similarly, 2* is 
also a well-defined instance of the mapping, but it, too, is not an instance of 2 
multiplied by itself, 3.14159. . . (to infinity) times— whatever that could mean! 
The exponential mapping for a base b is defined as specified above, but it is not 
self-multiplication. Figure CS 2.3 indicates the general form of the mapping. 

It is important to understand the difference between self-multiplication and 
exponentiation. When we write 32 = 2 • 2 • 2 • 2 • 2, we are implicitly making 
use of the grounding metaphor that Arithmetic Is Object Construction (see 
Chapter 3); that is, we understand 32 as a whole that is made up of five in- 
stances of the same part, 2, put together by multiplication. The symbolization 
2 s as usually understood is, from a conceptual point of view, ambiguous. It 
could mean "2 • 2 • 2 • 2 • 2" or it could mean "the result of the exponential map- 
ping with base 2 applied to 5." An alternative way of writing the latter might 
be Exp 2 (5), where 5 is the input to the exponential mapping and 2 indicates what 
1 maps onto in this version of the exponential mapping. 2*, however, can mean 
only Exp a (jc); that is, "n is the input to the exponential mapping and 2 indicates 
what 1 maps onto in this version of the exponential mapping." 

Prior to the choice of a fixed base, logarithms and exponentials are each fam- 
ilies of functions. To choose a base — say, 2 or 10 — is to choose a member from 
the family, a unique logarithmic or exponential function. Suppose we were to 
choose the base b « 2, for example. The result of that choice would be a single 
function, logj(x) (where x is a positive real number) and another single function 
2* (where x is a real number). 


What Is b°? 

The exponential function, as we have just seen, is not characterized in terms of 
self-multiplication; rather, the exponential is a function from the additive group 
of real numbers to the multiplicative group of positive real numbers. That func- 
tion maps the additive identity 0 onto the multiplicative identity 1, for any 
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FIGURE CS 2.3 The exponential mapping for an arbitrary base b — that is, the mapping of 
sums onto products with a base b. 0 is mapped onto 1, 1 is mapped onto the base b, and n is 
mapped onto b n . The sum m ♦ n is mapped onto the product b™ • b n . 

choice of base b. The expression "b°" does not mean "b multiplied by itself zero 
times/' which makes no sense. Instead, it means: "Look at the exponential 
function that maps 1 into b. That function also maps 0 into 1 ." Since this is true 
for any base b, it is always true that fa 0 - 1. 

The way that the exponential function is written — "b*" — is misleading. It is 
done that way for the purpose of ease of calculation, for those cases where self- 
multiplication will happen to allow you to calculate the value of the function. 
But the notation hides the relationships between b and x when you understand 
the exponential function as mapping from the domain of real numbers under 
addition to the range of positive real numbers under multiplication. 

In such a mapping, the "x" in "b*" is in the domain of the exponential func- 
tion, whereas the "b" is in the range of the exponential function, b is the num- 
ber that 1 is mapped onto — the number that picks out which particular 
exponential mapping is being used, b thus constrains what x is mapped onto. 

For example, take 2 3 . The "2" in this notation first picks out the exponential 
function that maps 1 onto 2. This choice of what 1 maps onto constrains the 
rest of the function. "2 3 = 8" means that when the exponential mapping is con- 
strained so that 1 maps onto 2, then 3 maps onto 8. Compare this with "10 3 - 
1,000." This equation means that when the exponential mapping is constrained 
so that 1 maps onto 10, then 3 maps onto 1,000. 

From a cognitive perspective, the exponential function can be seen as a con- 
ceptual metaphor — namely, Multiplication Is Addition — where products are 
conceptualized in terms of sums and calculated by addition. The exponential 
function is an arithmetization of this metaphor. 
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The one-to-one correspondence defining exponentials in one direction and 
logarithms in the other is the conceptual blend characterized by this metaphor 

The Exponential Blend 

~~n -2 -1 0 I 2 3 4 5 6 7 8 9 10 

^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

^ ^ ^ w ^ w ^ ^ 

2- 1/4 1/2 1 2 4 8 16 32 64 128 256 512 1024 

We are not yet quite able to say what e" means. First, we have to explain 
what e means. To do that, there are still a few steps to go. 

• We need to understand the conceptual metaphors used in mathemati- 
cizing change. 

• Then we need to see how the meaning of e makes use of those 
metaphors. 

• Then we need to see why the number 2.718281828459045. . . has that 
meaning. 

• And finally we need to get an overview of how the number 
2.718281828459045. . . is systematically linked to its meaning through a 
system of conceptual metaphors and blends. 

The Mathematical Metaphor for Change 

In our everyday conceptual systems, change is understood metaphorically in 
terms of motion. Changes are expressed by the language of motion: We can go 
into or come out of a state of euphoria, prices can rise or fall, and a project 
where there is no change has come to a standstill. 

There is a disparity between our everyday concept of motion and the complex 
metaphorical concept of motion used in mathematics. Human beings perceive 
and control motion directly, via motion detectors in the brain's visual system 
and motor-control mechanisms in the brain. But in the mathematical modeling 
of human concepts for the sake of precise calculation, it takes a lot of metaphor- 
ical apparatus to quantify aspects of motion such as speed, acceleration, dis- 
tance traveled, and so on, using only the tools of mathematics. 

Take, for example, the concept of the average speed of motion over a time in- 
terval— or, more precisely, speed at a given instant. It was a great achievement 
of seventeenth-century mathematical thought to conceptualize these ideas 
using the Cartesian plane, which in turn uses the Numbers Are Points on a Line 
metaphor and the Cartesian Plane blend (see Case Study 1). The concepts of av- 
erage speed and instantaneous speed must be turned into numbers. Since con- 
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cepts and numbers are different kinds of things, this is a job for metaphor. It is 
accomplished in several conceptual steps. 

The Mathematicization of the Concept “Speed” 

1. First, time must be metaphorically conceptualized in terms of distance. 
This is accomplished naturally using our everyday metaphor in which 
the passage of time is linear motion over a landscape (see Lakoff & John- 
son, 1999, ch. 10; see also Ntinez, 1999). An amount of time is metaphor- 
ically a distance traveled, as in sentences like We’re coming up on 
Christmas, That's still down the road, and There’s still quite a long way 
to go to the end of the project. 

2. Motion must be conceptualized in terms suitable for mathematicization. 
Motion is directly perceived and performed by human beings. Certain 
very limited aspects of motion, like how far you have traveled in a given 
time, can be conceptualized in terms of other concepts — in particular, in 
terms of two independent dimensions, distance and time. Time is itself 
conceived of as metaphorical distance. This metaphorical conceptualiza- 
tion of time in terms of distance allows us to reason about time by using 
what we know about distance. Thus the concept of distance traveled over 
time can be further mathematicized as the ratio of two distances. Dis- 
tance can be represented using the Cartesian Plane blend. 

3. These two independent spatial dimensions must be mathematicized. 
This requires another metaphor: Logical Independence Is Geometrical 
Orthogonality in the Cartesian Plane. Thus, each spatial dimension can 
be mathematicized as an axis on the Cartesian plane. Distances are rep- 
resented in terms of the two Number-Line blends that form the axes in 
the Cartesian plane. 

4. The moment-to-moment process of motion must also be mathemati- 
cized. This is accomplished by metaphorically conceptualizing the 
process of motion in terms of a function from real numbers to real num- 
bers. The domain of the function consists of the numbers in the X-axis 
of the Number-Line blend, where the line in the blend represents time, 
metaphorically conceptualized as distance. The range of the function 
consists of the numbers in the Y-axis of the Number-Line blend, where 
the line in the blend represents distance. The motion itself does not lit- 
erally exist here,- it is metaphorically conceptualized as the set of pairs 
of numbers (t, 1} representing particular discrete times and locations. 
"Continuity" for motion is not directly represented, either, but is rep- 
resented metaphorically via Weierstrass's discretized preservation-of- 
closeness notion of continuity (see Chapter 14). 
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5. Average speed over an interval of time, which is a concept, must be math- 
ematicized so that it is conceptualized as a number : the ratio of the num- 
ber representing the distance covered divided by the number representing 
the amount of time (conceptualized also as a distance covered). Average 
speed, of course, does not occur in the world. The concept of average 
speed more accurately fits the real speed of real objects in motion as the 
time interval considered is made shorter and shorter. To characterize real 
speed of motion, you need a concept of speed at an instant. 

6. The conceptualization of average speed does not provide for instanta- 
neous speed without an additional metaphor: 


Instantaneous Speed Is Average Speed over an Interval of Infinitely 
Small Size. 


An infinitely small interval does not literally exist. It is understood by 
still another metaphor, the BMI (see Chapters 8 and 14). 

7. To get the general concept rate of change from the specific concept 
speed of motion, we need to use the Change Is Motion metaphor, ap- 
plied to the concept of speed of motion at an instant and yielding the 
more general concept of change at an instant. 


This complex conceptual apparatus is needed in order to get the mathematics 
of differential calculus to be the mathematics of the concept of change. 

It is worth stopping for a moment to glance in awe at all the conceptual 
metaphors used to get differential calculus to be the mathematics of change. By 
the time you are taught this in a calculus course, most of the metaphorical appa- 
ratus has already been internalized over the course of many years of schooling. 

It is also worth taking a look at what happens when you don't notice these 
metaphors as metaphors. Here is a quote from Bertrand Russell's Principles of 
Mathematics. 


Motion consists merely in the occupation of different places at different times, subject 
to continuity. . . . There is no transition from place to place, no consecutive moment or 
consecutive position, no such thing as velocity except in the sense of a real number, 
which is the limit of a certain set of quotients. (Russell, 1903, p. 473) 

Russell believed that Weierstrass's metaphorical discretizing of natural continuity 
was literally true. His view that thought was mathematical logic blinded him to 
the metaphorical mechanisms of mind needed to go from the normal human con- 
cept of change to a conceptualization of change in Weierstrass's mathematics. The 



Case Study 2: What Is ei 


409 


result is conceptually bizarre. Russell really believed that there was no such thing 
as a motion or speed but only sequences of pairs of numbers (called "states") and 
limits of such sequences (called "rates of change"). Russell's pathological literal- 
ness is revelatory. When you encounter beliefs this peculiar, you become more 
acutely aware of the elaborate cognitive mechanisms involved in mathematiciz- 
ing concepts. 

Now that we have seen the metaphors used in mathematicizing change, we are 
only three steps away from understanding e: 

• First, we need to see how the meaning of "e" follows from the 
metaphors for mathematicizing the concept of change. 

• Then, we need to understand why the number 2.718281828459045. . . has 
the meaning we have ascribed to the symbol e. 

• And finally we need to get an overview of how the number 
2.718281828459045. . . is systematically linked to its meaning through 
a system of conceptual metaphors and blends. 


What Is e? 

We are now in a position to understand e as a concept involved intimately in 
the mathematicization of change. 

We will ask how the exponential function, b*, "changes," using the concept 
of change mathematicized as indicated in 1 through 7 above. As we shall see, 
the meaning of e depends crucially on cognitive mechanisms used to mathe- 
maticize change. 

We begin with the concept of the derivative as discussed in Chapter 14. There 
we used the notation f[x) for the derivative of /(x). Here it will be more conven- 
ient to use the notation ^f[x) for the derivative of f\x): 

£nx\ - U mfa 


Suppose f{x) = b*. Then the derivative b* becomes 


A. 

dx 


b“ *= lim 

4»->n 


b** *x- b* 
Ax 


Because the exponential function is a function mapping from sums to products, 
the following equality holds: b** 6 * - b* • b**. This equality, as we shall soon see, 
is of paramount importance. It is through this equality that the function that 
maps from sums to products is intimately linked with the concept of change. 
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Given this equality, the following logical steps become possible— steps that 
would otherwise be impossible: 




= lim 


fc**A*_ Jjx 

~Ax 


A* 


That was the crucial step. The rest is automatic. 

By grouping the common factors b* together, we get 


= lim 

Ax— <0 AX 


Since b * contains no Ax term, it can be taken outside the limit sign: 


= b* lim 1 

Ax-rf) Ax 


We know for other reasons (too long and irrelevant to go into here) that the limit 
lim exists. Calling it a number, C, which is a constant, we get 

Ax-tO 


dx 


b* - C ■ b*. 


In other words, the derivative of an exponential function with base b — namely, 
b* — is a constant times b* itself, which is another way of saying that an expo- 
nential function has a rate of change proportional to its size. C is the factor 
stating that proportion. 

From this discussion, we can see exactly why the function that maps sums 
onto products also has the property of being proportional to its size. It is because 
b** A« - b* • b 4 *, which sanctions the crucial step in the proof. This is true be- 
cause b* maps sums onto products. 

When the constant C = 1, then the rate of change of b* is b* itself; that is, b* 
has a rate of change that is identical to its size. In mathematical terms, b* is its 
own derivative. This happens when 


lim 

Ax-iO 


b**- 1 
Ax 


1 


That limit constrains the value of the base b. 

"e" is the name we give to the base b when that limit is 1. What does this 
mean? It means that e* is a function whose rate of change is identical to itself. 
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Since exponential functions map sums onto products, we can now see what e 
means: 

The Concept of e 

"a" is that number 
which is the base of a function 
that maps sums onto products and 
whose rate of change is identical to 
itself. 

We have now shown how the meaning pf "e" follows from the metaphors for 
mathematicizing the concept of change. At this point, we need to answer two 
remaining questions: 

• Why does e, which at this point is a concept, have the numerical value 
it does? Why should e, meaning what it does, be the particular number 
2.718281828459045... ? 

• What system of metaphors and blends occurring throughout classical 
mathematics determines that the concept e is the unique real number 
2.718281828459045... ? 


Why 2.718281828459045. . . i 


We have just characterized the meaning of e. We have also seen that that mean- 
ing imposes a mathematical constraint on what the unique numerical value of 
the concept of e must be. The numerical value of e is determined by the fol- 
lowing limit: 


lim— — - = 1 
ax-#o Ax 


We now ask: 


Given this limit expression, what is the numerical value of e? Euler found 

a way to calculate it. The answer is 2.718281828459045 Why that 

number? We are about to give two answers — one in the text and one in an 
appendix to this chapter. 


The Power-Series Answer 

Euler's most interesting answer to the question of the numerical value of e 
came through his investigation of power series. The reasoning involved implic- 
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itly makes use of an extremely complex conceptual blend. Our job is to make 
that blend explicit, show what its structure is, and show how it is used in the 
power-series answer. 

The rational structure of the answer starts with the concept of e: "e is th at 
number such that e* is its own derivative." The blend links our understanding 
of power series with our understanding of derivatives, beginning with the fol- 
lowing three well-known properties of derivatives: 

1. The derivative of a constant equals 0. In symbols, C = 0. The reason is 
that constants, by definition, do not change, so their rate of change is 
zero. 

2. If n is a positive integer, then^x" - n • x°- 1 . This is the general case of 
the example we just looked at:j*x 2 - 2x. 

3. If u - f[x ) and v = g[x), thenj* (u + v) =j*(u) +/ x [v). That is, the derivative 
of the sum of two functions is the sum of the derivatives. 

These properties will allow us to get derivatives of power series. 

Implicit in the use of the Power-Series blend are three common conceptual 
metaphors used throughout classical mathematics: 

a. Numbers Axe Wholes That Are Sums of Their Parts. This allows us to 
conceptualize numbers as sums of other numbers (see Chapter 3). 

b. Functions Are Numbers, with respect to the operations of arithmetic. 
This allows us to add functions (see Case Study 1). 

c. Infinite Sums Are Limits of Infinite Sequences of Partial Sums (a spe- 
cial case of the Basic Metaphor of Infinity for limits of sequences,- see 
Chapter 9). 

These three metaphors taken together allow us to conceptualize a function 
as an infinite sum of other functions. 


£/(n) = lim £/fic) 

n-i J, -*“ *-l 

From the basic properties of derivatives, we know how to calculate the de- 
rivative for any power series — that is, any series of the form 


IK-*”)- 

J1-0 

Here is the blend that makes an understanding of power series possible: 
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The Power-Series Blend 

1 

2 

3 

4 

5 

6 

Wholes 

Numbers 

Functions 

Infinite Series 

Power Series 

Calculus Applied 

and Parts 



(ViaBMII 

(ViaBMII 

to Power Series 

Whole 

Resulting 
number c 

Composite 
function Ji(x) 

Infinite sum 

s = £a fc 

k • 1 * 

Function at 
infinity 
FM -£«*** 

A-0 

Derivative at 
infinity 

FlxJ-iicfl^x*-' 

*-0 

Parts 

Operand 
numbers 
a, b 

Component 
functions 
M S(x) 

Finite terms 

a k 

Finite terms 

Derivatives of 
finite terms 

* fl ***-‘ 

Part-whole 

relation 

Addition 
relation 
a + b - c 

Addition 
relation 
/W+xM - h(x) 

Addition 

relation 

a k-t+ a k 

Addition 

relation 

fl i _,x*- 1 +a J( x* 

Addition 

relation 

(Jk-1 )a 4 _,x*- 2 +ia fc x*- 1 

— 

— 

— 

Partial sum 
of functions 
through n terms 

s = £ fl * 

h-\ " 

Partial sum 
through 
n terms 

Partial sum 
of derivatives 
through a terms 
F»|x)-£A flk x*- J 

A-0 


This complex blend is made up of the following parts: 

• Columns 1 and 2 constitute the metaphoric blend characterized by the 
object-construction metaphor (see Chapter 3). It allows numbers to be 
seen as wholes made up of parts that are added together. As we will see, 
the number a is calculated by adding together parts — the terms of the 
power series. 

• Columns 2 and 3 constitute the metaphoric blend characterized by the 
metaphor Functions Are Numbers (see Case Study 1). This allows us to 
see the function e* as being numberlike and hence able to be seen as a 
whole made up of parts that are added together. 

• Column 4 is linked to column 2 (with its finite sums of numbers) via 
the use of the BMI that extends finite sums of numbers to infinite sums 
of numbers. 

• Column 4 (which contains infinite sums of numbers) is linked to col- 
umn S (which contains infinite sums of functions) via the metaphor 
Functions Are Numbers. This allows us to see the function e x not just 
as a sum of functions but as an infinite sum of functions. 
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• Column 6 is an application of the idea of a derivative of a sum of func- 
tions to column 5, where there is an infinite sum of functions. 

This conceptual structure is what is taken for granted in applying the basic 
properties of derivatives to power series. Reasoning in terms of this blend, we 
can find a power series that is its own derivative. 

The essential thing to notice is this: 

The derivative of a„ • x° = n • a n • x°-K 

o n 

This follows from the properties of derivatives given earlier. 

When this condition holds, each term of the series will be the derivative of 
the term that follows it. To get the whole series, then, all we need is the first 
term. 


• The first term of a power series contains no multiple of x, because x° is 
always 1. Therefore, the first term is always the constant a 0 . 

All other terms of a power series contain a multiple of x. When x «= 0, all those 
other terms equal zero and the entire sum is a 0 . Moreover, in this case when 
x = 0, e* = 1. Therefore the first term of the power series is the constant a 0 - 1. 

Starting from 1 as the first term and knowing that each term is the derivative 
of the following term, we can deduce the whole series. 

• The second term must be "x," because J^x = 1, the first term. 

• The third term must be (1/2) • x a , because ^((1/2) • x 1 ) - x, the second 
term. 

• The fourth term, a 3 x?, must be (1/2) • (1/3) • x 3 , because ^((1/2) • (1/3) • x 3 ) 

- (1/2) • x 2 , the third term. And so on. 

• The nth term, must be (1/2) • . . . • (1/n - 1) • x"- 1 because J&U/2I ' • • • 

• (1/n - 1) x n - *) - (1/2) • . . . • (1/n - 2) • x"- 2 , the previous term. 

In other words, the series is 

e x - 1 + x + x 2 /2l + x3/3! + . . . 

This gives us an easy way to compute approximations to the value of e, be- 
cause when x - 1, e l = e. 

Setting x = 1 in the power series, we get 
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e = 1 + 1 + 1/2! + 1/3! + . . . 

The value of this series converges to 2.718281828459045 

We have now answered all the questions we started out with. We have seen 
along the way just why e means what it does and has the numerical value that 
it does. And we have seen what the function e* means and why it has the prop- 
erties it has. Perhaps most important, we have seen an excellent example of 
how it is possible for a number to have meaning. 

As we make our way toward an understanding of + 1 - 0, we should keep 
the following in mind. 


What is the function e*? 

It is the function that: 

• maps sums onto products, 

• maps 2.718281828459045. . . onto 1, 

• is its own derivative, and 

• changes in exact proportion to its 
size. 


What is e? 

• a is the real number 2.718281828459045 

• e is the base of an exponential function that has a 
rate of change exactly equal to its size. 

• Thus, a is a real number that is the base of a func- 
tion that maps sums onto products and whose rate 
of change is exactly the same as its size. 


Appendix 

When we look at textbooks, we are often told that e is a number whose value is 
determined by a limit, h*n ( 1 + ^) n . Indeed, the limit of this expression converges 
to the numeric value 2.718281828459045 This is the same value we ob- 

tained above through the use of the power series. The relationship between the 
limit and the power series is discussed well in many places— for example, Sim- 
mons (1985, p. 372) and Maor (1994, p. 35). 

What such texts do not do is answer the most basic of questions: 
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Why should this particular limit, limjl + £)", be the base of the exponential 

function that is its own derivative? 

We can see why by looking at the concepts that go to make up the concept of 
"e," for example, rate of change, length, function, tangent, curve, limit, and so on. 

We know that in any exponential function, 1 maps to the base b; that is, the 
value of the function at x = 1 is b. In more familiar terms, b* = b. If b* is its own 
derivative, b* at every value x, then the value of that derivative at x * 1 is b, 
since b 1 = b. 

This is represented geometrically in Figure CS 2.4. There the curve is the ex- 
ponential function that is its own derivative. The derivative at x = 1 is the slope 
of the tangent of the curve at the point (1, b] in the Cartesian plane. The slope 
of that tangent is b. 

Now consider a value close to 1 on the x-axis — say, 1 + q (see Figure CS 2.5). 
The exponential function maps the number (1 + q) onto the number b 1 ♦ <?. The 
average change between 1 and 1 + q is given by the ratio b ‘ J - -■ . 

Using the limit metaphor applied to this expression as q approaches zero, we 
can see what happens when q gets infinitely small. In such a case, what we have 
is the limit 


lim 

9“» o 


b« ♦ 9 - b 
9 


But this limit corresponds exactly to the value of the derivative of the function 
at 1, which we know is the number b, the base of the exponential function. So 
we have 


lim 

9-*0 


fai *9 - b 
9 


- b 


We have gotten this far starting with the meaning of e — namely, the base of the 
function that maps sums onto products and that is identical to its own rate of 
change. We have reached these formulas via the metaphors mathematicizing 
the concept of change. What we have done so far is mostly conceptual work, 
using metaphors and blends to link concepts to formulas. 


Suppose we now take the expression "(b 1 * q - b)/q = b" in isolation (without the 
limit metaphor) and do some simple algebraic manipulations on it. 



K 


7 




i ti*») 


* 

FIGURE CS 2.S The average change in the function f[x\ - b* be- 
tween 1 and 1+4. From the diagram we can see that this average 
change is (|b u * - b) / 4 ). When 4 goes to 0, the value of this ratio 
becomes b. 
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1. Given the exponential function, which maps sums onto products, we 
know that b l4 « = b 1 • b'?. Substituting in the above equation, we get 

{bb q - b)/q - b. 


2. Factoring out b yields 

b(b*-l)/q«b. 

3. Dividing both sides by b we get 

(b«-l)/<?=l. 

Note that from page 410 we know that this limit is 1 precisely when the rate of 
change of b* is b* itself, as it is in our example. 

4. Now, when we solve for b in (b* - l)/q * 1, we obtain 

(M-l)-q 

and then, b« - 1 + q 

and after taking the qth-root at both sides we get, 

b = (I + q) llq . 


This means that b = (1 + q) l/q is true if and only if the expression we started 
with, (b 1 * q - b)/q = b, is true. And that means that the same numerical relation 
that holds between b and q in (b 1 + q - b)/q = b also holds in b = 1 1 + q) 1/q . In the 
latter expression, since we have solved for b, the relationship between b and q 
is expressed more directly. 

5. We are interested in the value that b takes as q, under the limit metaphor, 
takes on smaller and smaller values, approaching zero. In other words, 

b = lim (1 + q) l,q . 

q-tO 

6. Now if we set q to be 1/n, then we have 

b - lim (1 + 1/n)". 

n-*— 
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With this formulation, b can be computed to as close an approximation as one 
wants, by letting n vary over bigger and bigger values. 

What we have shown is that this limit is exactly the base b of the exponential 
function whose derivative is itself. But that is the definition of the concept 
“e." Thus, b = e, and 


e - lim (1 + 1/nJ". 

There is nothing mysterious about this result. It is a consequence of four things: 

1. What e means. 

2. The metaphors for mathematicizing change. 

3. The limit metaphor, which is a special case of the BMI. 

4. Some simple algebraic manipulations. 

There is a moral here. A system of conceptual metaphors and blends charac- 
terizes systematic relationships between concepts and formulas. We have to un- 
derstand the nature of that system if we are to understand the mathematical 
ideas embodied by the formulas. 
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V — 1 rs taken for cranted today. No serious mathematician would deny 
that it is a number. Yet it took centuries for V-l to be officially admitted to the 
pantheon of numbers. For almost three centuries, it was controversial; mathe- 
maticians didn't know what to make of it; many of them worked with it suc- 
cessfully without admitting its existence. Why? 

Primarily for cognitive reasons. Mathematicians simply could not make it fit 
their idea of what a number was supposed to be. A number was supposed to be 
a magnitude. V-l is not a magnitude comparable to the magnitudes of real num- 
bers. No tree can be V-l units high. You cannot owe someone V-l dollars. Num- 
bers were supposed to be linearly ordered. V-l is not linearly ordered with 
respect to other numbers. Is it less than -1 ? Is it more than -1 ? The answer is 
that it is neither, as we shall see in detail below. 

Why was it used at all? Because it was useful for solving equations and doing 
computations that needed to be done,- that is, it came into existence for the 
most human of reasons. For an excellent history of V-l, see Nahin (1998). 

The Complex Numbers and Ordinary Cognition 

Our goal in this chapter is to show how the imaginary and complex numbers, 
the complex plane, and complex arithmetic arise from, and are understood in 
terms of, the mechanisms of ordinary cognition. This is counter to the impres- 
sion many students often get when they are taught the subject by means of for- 
mal definitions and proofs. 

From a formal perspective, much about complex numbers and arithmetic 
seems arbitrary. From a purely algebraic point of view, i arises as a solution to 
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the equation x 1 + 1 - 0. There is nothing geometric about this— no complex 
plane at all. Yet in the complex plane, the i-axis is 90° from the x-axis. Why? 
Complex numbers in the complex plane add like vectors. Why? Complex num- 
bers have a weird rule of multiplication: 

[a + bi) • (c + di ) = ( ac - bd ) + [ad + bc)i. 

Why? Is this an arbitrary invention of mathematicians? 

We have just represented a complex number in the usual way as a sum "a + bi." 
Is this "sum" the same kind of sum that we see in 2 + 3 - 5? Mathematicians 
write that i = V-l. Does "square root" here mean the same thing as in "5 = V25"? 

These are the kinds of questions we seek to answer. Our answers will be 
given in terms of human cognition. As such, they will be very different from the 
answers one finds in mathematics books. We will argue that there is a deep cog- 
nitive reason why the i-axis is 90° from the x-axis and that metaphor plays a 
central role in complex arithmetic. The cognitive perspective, as we shall see, 
makes sense of things that otherwise look arbitrary. 


Equations and Gosure 

In elementary algebra, the variable x is used in the activity of solving problems 
through computation. It is a number, but you don't yet know which number. It is 
a number whose identity you are trying to pin down. For example, suppose you 
are asked, "Find a number such that, when you multiply it by 3 and add 5 to the 
result, you get 32." You leant to write this as an equation, with "x" as the num- 
ber you are asked to identify: 3x + 5 = 32. As long as you know that x is a number, 
then the laws of arithmetic will apply and allow you to do ordinary calculations. 
You can subtract 5 from both sides, getting 3x - 27 and then divide both sides by 
3, giving x - 9. This "identifies" x as the number 9. The cognitive mechanism em- 
ployed here is the Fundamental Metonymy of Algebra (see Chapter 3). 

All this assumes a principle: The ordinary laws of arithmetic hold for x when 
you take x to be a number, and the laws of arithmetic hold for all "numbers." 
This is equivalent to the cognitive principle of closure, which we discussed in 
Chapter 4: Any arithmetic operations on "numbers" will result in a "number." 

It is important to recall where the principle of closure comes from. It is an en- 
tailment of the four basic grounding metaphors for arithmetic for the basic op- 
erations of addition and multiplication, just as were the laws of arithmetic (see 
Chapter 3). Closure and the laws arise naturally as entailments of the ground- 
ing metaphors, when just addition and multiplication are considered. But in 
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technical mathematics, beginning with the Greeks, the subject matter of the 
branches of mathematics was assumed to be defined by essences — principles 
that characterize precisely what is and isn't in a category of mathematical ob- 
jects. The properties of numbers from a nontechnical perspective (e.g., that of 
closure and the laws) are reanalyzed as essences — part of what defines what a 
"number" is. It follows that in equations, when "x" is taken to be a "number," 
closure and the laws must be operating. Closure, of course, is defined relative to 
whatever operations we take to be legitimate in arithmetic. The closure concept 
was motivated by addition and multiplication but was extended metaphorically 
to subtraction and division (see Chapter 4). 

Applying closure for subtraction and division required extending the natural 
numbers to more "numbers." An early extension was to the rational numbers, 
since 2 divided by 3 had to be a "number" if division was a permissible opera- 
tion in arithmetic. Another extension was to zero, since according to closure, 
4-4, say, has to be some "number." Another extension was to the negative 
numbers, since according to closure, 3 - 5 has to be some "number." 

These extensions all violated the concept of "number" as given by subitizing 
and the metaphor that Numbers Are Object Collections. You don't subitize neg- 
ative numbers or fractions. Nor do you have negative or fractional collections 
of physical objects. Even the idea of a zero collection is strange, as we saw in 
Chapter 3, since it requires conceptualizing no collection at all as a "collection" 
of size zero. Throughout the history of mathematics, the technical idea that 
closure is part of the essence of arithmetic operations on "numbers" has been 
in conflict with "number" as characterized by subitizing and the grounding 
metaphors. But within technical mathematics, the imperative of essence im- 
plied the imperative of closure. 

At each stage of the extensions due to closure, we get a progressively larger 
collection of entities we call "numbers" that are closed under the operations of 
arithmetic and obey the laws of arithmetic. By adding zero and the negative 
numbers to the natural numbers, we get the integers. Since the integers consti- 
tute an extension of the natural numbers, all natural numbers are integers. Sim- 
ilarly, by adding fractions to the integers, we get the rationals, and since the 
rationals are an extension of the integers, all the integers are rationals. 

The irrational numbers were brought into being as an attempt to answer the 
question "Which number, when squared, equals 2?" or, equivalently, "Solve for 
x in the equation x 1 = 2." This equation again takes for granted, via the princi- 
ple of closure, that x is indeed a "number." Once it was proved that x could not 
be a rational number, the closure principle entailed that the irrational numbers 
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should exist, with x « V2 as the solution to the equation x 2 - 2. When the ration- 
als are extended to include the irrationals, we get the reals. 

The reals are also not numbers in the sense required by subitizing and by the 
grounding metaphor that Numbers Are Object Collections. You can neither 
subitize V2 objects nor form a collection of physical objects whose size is V2. 
However, the reals are numbers in that they obey closure for the operations and 
laws of arithmetic. 

The reals also have an important property of numbers that comes from 
subitizing and grouping — namely, all the real numbers can be linearly ordered. 
Because they obey closure and the laws of arithmetic and can be ordered, such 
"numbers" as V2 are called "real." The ordering of the reals corresponds to the 
concept of relative magnitude or "size," which is the same concept that fits the 
subitizing and grouping of physical objects. It is hard to think of something as 
a "real" number if it does not have a magnitude relative to other numbers. 

Where Does / Come From, 
and What Is ‘Imaginary" About It? 

Suppose you are asked, "Find a number that, when multiplied by itself and 
added to 1, gives you zero." Or, equivalently, solve the equation x* + 1 = 0. This 
is a very simple equation, with numbers 1 and zero and the operations of mul- 
tiplication and addition. As before, the implicit assumption behind such equa- 
tions is that the x is a number, under all the operations and laws of arithmetic. 

Subtracting I from both sides of the equation, we get x 2 = -1. If x is number, 
as closure requires, it has to be either a natural number, an integer, a rational, a 
real, or some other kind of "number." Let us call this number "i" for short, i has 
the basic property that i 2 = -1 and therefore that i 4 - 1. 

Is i a real number? That is, is it ordered relative to all numbers we call "real?" 
It is easy to see that it is not. If it were a real number ordered relative to the 
other reals, then it would have to be either (a) positive, (b) negative, or (c) zero. 
If i were positive, its square would be positive. But its square is -1. So i cannot 
be positive. If i were negative, its square would be positive. But its square is -1. 
So i cannot be negative. If i were zero, its square would be zero. But its square 
is -1. So i cannot be zero. 

That means that i is not a real number — not ordered anywhere relative to the 
real numbers! In other words, it does not even have the central property of 
"numbers," indicating a magnitude that can be linearly compared to all other 
magnitudes. You can see why i has been called imaginary. It has almost none of 
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the properties of the small natural numbers — not subitizability, not groupabil- 
ity, and not even relative magnitude. If i is to be a number, it is a number only 
by virtue of closure and the laws of arithmetic. 

The Conceptualization of Negative Numbers 

Since i 2 - -1, let us begin our thinking about i with the conceptualization of -1 
and other negative numbers. Given the Numbers Are Points on a Line metaphor, 
we form the Number-Line blend, in which all the real numbers — including the 
positives, the negatives, and zero — are conceptualized as spread out along a line, 
with zero at a point called the origin. The positive numbers are conceptualized in 
this blend as being on one side of the origin (zero) and the negative numbers on 
the other side of the origin, with -n exactly as far from zero as +n, for all nonzero 
real numbers n. That is, -n and +n are symmetrical points relative to the origin 
(zero). 

This symmetry is conceptualized in terms of mental rotation of the sort that 
cognitive scientists have studied intensively (see, for example, Shepard fit Met- 
zler, 1971; Shepard fit Cooper, 1982; Niinez, Corti, fit Retschitzki, 1998). Cog- 
nitively, we visualize the relationship between the positive and negative 
numbers using a rotational transformation from the positive to the negative 
numbers — a "flipping over" of the positive part of the line onto the negative 
part of the line around the origin, preserving distance — with each +n rotating 
onto the location of the corresponding -n, while each of the -n rotates over onto 
the location of the corresponding + n. 

We will call this "rotating" transformation J?_,, since it maps +1 onto -1. 
That is, R_ t (+1) = -1 and R_j(-1) =* +1. In general, R^l+n) - -n and R_,(-n) = +n. 
That is, R_, maps positives onto corresponding negatives and vice versa. And if 
you perform R_ x twice, you get back to where you started. In other words, 
R jlR jln)) - n, for all n, positive and negative. 

jR_, is a conceptual, spatial operation on the Number-Line blend, applying to 
number-points taken as single complex entities. As a spatial operation, it oper- 
ates on the line and point-locations on it, but the basic constraint on the oper- 
ation is defined by the numbers associated with the points. 

The mental rotation R_ { is correlated one-to-one with multiplication by -1. 
The number that any positive or negative number n "rotates onto" correlates 
exactly with the number you would get by multiplying n by -1. This correlation 
gives rise to the metaphor discussed in Chapter 4: Multiplication of n by -1 Is 
Rotation to the symmetry point of n. The metaphorical blend of the source and 
target domains defined by this metaphor is as follows: 
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The Multiplication-Rotation Blend 

Source Domain Target Domain 

Space Arithmetic 

Rotation to the symmetry point of n <-> -1 • n 

This metaphorical blend has the effect of arithmetizing the spatial rotation 
transformation R_ x as the arithmetic operation of multiplication by -1 . 

Using the blend, we get metaphorical equivalences between applying the spa- 
tial operation /?_, and multiplication by -1 . Here are some examples. 

R.1MI-I-D • l+U - (-D 

R-,1-5) = (-1) • (-5)- (+5) 

*.,(*>3)) = (-1) - ((-1) • (+3)) = ((-1) • |^)) = (+3) 


Note, incidentally, that applying the rotation twice is metaphorically equiv- 
alent to multiplying by -1 • -1, which equals 1. 

What is important about this is that the spatial operation R_, is part of the 
cognitive apparatus we use to conceptualize the relationship between positive 
and negative numbers. It is not part of the formal mathematics. Yet, as we shall 
see, this conceptualization of the negative numbers is what unifies our under- 
standing of the square roots of negative numbers. 

But we are not quite finished with our conceptualization of negative num- 
bers. Let us locate this conceptualization in the Cartesian plane. 

The Rotation-Plane Blend 

We saw in Chapter 4 that negative numbers are conceptualized by the cognitive, 
spatial rotation operation R_ u via the metaphor Multiplication by -1 Is Rotation. 
We can take the metaphorical blend formed by this metaphor, the Multiplication- 
Rotation blend, and combine it with the Number-Line blend to form the Rota- 
tion-Number-Line blend, in which multiplication by -1 in the number domain of 
the blend correlates with rotation by 180°. In the Rotation-Number-Line blend, 
applying R_ x corresponds to multiplying by -1 . But this applies to the number line 
alone. Let us now ask what it implies when this conceptualization of negative 
numbers is applied to the Cartesian plane. To do so, we must form a new con- 
ceptual blend, the Rotation-Plane blend, which combines the Multiplication-Ro- 
tation blend with each Number-Line blend in the Cartesian plane. 
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This conceptual blend has two domains, each of which is a blend: (1) the 
Rotation-Number-Line blend and (2) the Cartesian Plane blend. 

The Rotation-Plane Blend 

Domain 1 Domain 2 

The Rotation-Number-Line Blend The Cartesian Plane Blend 


Rotation by 180° «-> Multiplication by -1 

The zero point «-» The origin 

The number line «-» Every line through the origin 

This blend creates a new conceptual entity — the rotation plane, which is the 
Cartesian plane together with the metaphor characterizing multiplication by -1 
as a rotation by 180°. 

What is most interesting about this blend is the fact that inferences about ro- 
tations j on the number line become quite different inferences in the Rotation- 
Plane blend. This new blend defines a form of metaphorical "multiplication" in 
the rotation plane— multiplication of one ordered pair of numbers by another, a 
kind of "multiplication" that does not exist on the real-number line. Thus, given 
a point (a, b) in the Cartesian plane, rotation by 180° takes you to the point (-a, 
-b). In the Rotation-Plane blend, this means (-1, 0) • [a, b) - [-a, - b ). This is a 
metaphorical inference in the rotation plane. It is a consequence of cognitive ap- 
paratus by which the blend was constructed. 

In the Rotation-Plane blend, multiplication of [a, b) by a scalar factor c is, con- 
ceptually, "stretching" the x- and y-coordinates by a factor of c. Thus, (c, 0) • | a , b) 
■ (flc, be). 

As a result, the Rotation-Plane blend has a certain number of cases of "mul- 
tiplication" of ordered pairs by ordered pairs, which are entailed by the forma- 
tion of the blend. 

Addition for ordered pairs is completely determined in the Rotation-Plane 
blend. Addition on the x- and y-axes is inherited from addition on the number 
line. Thus, we have (a, 0) + [b, 0) = [a + b, 0) on the x-axis and (0, a) + (0, b ) = (0, 
a + b) on the y-axis. 

In the Rotation-Plane blend, rotation and multiplication both exist and are 
correlated. That means that the rotation R_ : applies in this blend. For example, 

RJh 0)-{-l, 0).{1, 0) - (-1, 0) 

RJ-l, 0) = (-l, 0) - (-1, 0) - (1, 0) 

RJS, 0) = {-l, 0) • |5, 0) - {-5, 0) 

RJR.A 0)1 - (-1, 0) • ((-1, 0) . (3, 0)) - (-1, 0) . h3, 0) - (3, 0) 
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The Rotation-Plane blend is simple from a conceptual standpoint. It is no 
more than adding to the Cartesian plane our understanding of negative numbers 
in terms of a "rotation" operation. What is interesting from a cognitive point of 
view is how much follows from the simple formation of this conceptual blend. 
One thing that follows is a principle of addition for all ordered pairs [a, b ) and 
(c, d ) in the rotation plane. 

What does it mean to "add" two arbitrary points P * [a, b) and Q - (c, d) in 
the rotation plane? Since the Rotation-Plane blend has the Euclidean plane 
within it, a relevant theorem of the Euclidean plane holds: 

Each pair of intersecting line segments uniquely determines a parallelogram. 

Suppose we place the point O at the origin of the rotation plane and let the line 
segments be OP and OQ, which intersect at O. We get the parallelogram OPRQ 
in the rotation plane, which includes Cartesian coordinates (see Figure CS 3.1). 

The point R is uniquely determined by lines OP and OQ, which are uniquely 
determined in the rotation plane by points P = [a, b) and Q = (c, d). As Figure 
CS 3.1 shows, R has an interesting property. R - [a + c, b + d). That is, its coor- 
dinates ( e , f ) are the sums of the coordinates of P and Q. That is, (e, / ) - 
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[a + c, b + d), with e~a + c and / = b + d. All this simply follows from the con- 
ceptual structure of the rotation plane. 

What the rotation plane provides is a new concept of a "sum" for points P „ 
[a, b ) and Q = (c, d). Does the extension of the concept of "sum" fit the laws of 
arithmetic and the principle of closure? It should be obvious that associativity 
and commutativity hold. Moreover, (0, 0) will function as an additive identity, 
since [a, b) + (0, 0) = [a + 0, b + 0) - [a, b }. In addition, each point [a, b ) has an in- 
verse (-a, - b ), since [a, b) + {-a, - b ) = (0, 0). 

Notice that the additive inverse j -a, - b ) is [a, b ) rotated by 180°— that is, [a, b ) 
multiplied by (-1, 0). This is just a special case of scalar multiplication, (c, 0) • (a, 
b ) - [ca, cb ), where c - -1. 

The rotation plane thus has the following arithmetic properties. 

Arithmetic Properties of the Rotation Plane 

(a, b ) + (c, d) = [a + c, b + d) 

(c, 0) • [a, b ) = [ca, cb) 

(-1,0 )-\a,b)-[-a,-b) 

(0, 0) is the additive identity. 

(1, 0) is the multiplicative identity. 

The additive inverse of [a, b ) is [-a, -b). 

Addition and scalar multiplication are associative and com- 
mutative. 

Scalar multiplication is distributive over addition. 

The 90° Rotation Plane 

Recall that the rotation plane is essentially just the Cartesian plane to which we 
have added the metaphor characterizing multiplication by -1 as a rotation by 
180°. Suppose we extend the rotation plane by extending that metaphor a bit. In 
the rotation plane, rotation by 180° is multiplication by a number. But rotation by 
90° has no arithmetic correlate. Suppose we add such a correlate, a metaphorical 
submapping in which there is some number n such that rotation by 90° is multi- 
plication by n. It will follow that two rotations by 90° is multiplication by n 2 . 

The 90 ° Rotation Metaphor 


Source Domain 


Target Domain 

Space 


Arithmetic 

Rotation by 90° 

— » 

Multiplication by n 

Two rotations by 90° 


Multiplication by n z 
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Let us call the result of adding this metaphor to the rotation plane the 90° ro- 
tation plane. 

In the 90° rotation plane, all the arithmetic properties of the Rotation-Plane 
blend will be preserved. But the additional possibilities added by the 90° Rota- 
tion metaphor will yield new properties. 

What is the product of the number n and (1, 0)? A rotation by 90° applied to 
(1, 0) is |0, 1). Thus, n • (1, 0) = (0, 1). 

What is the product of n and [a, b)? A rotation of [a, b) by 90° yields |-b, a). 
That is, n • [a, b) = ( -b, a). 

What is the product of n 2 • [a, b)? A rotation of 90° applied to [-b, a) = [-a, - b ). 
Thus, n 2 • (a, b) «* (-a, - b ) 

What is the product of n 2 • (1, Oj? A rotation by 90° applied to (1, 0) is (0, I). 
A second rotation of 90° applied to (0, 1) = (-1, 0). This is equivalent to multi- 
plying (1, 0) by (-1, 0). Since 21 2 . (I, 0) = (-1, 0) • (1, 0), n 2 - (-1, 0). 

Since (-1, 0) in the rotation plane is just -1 on the Number Line, embedding 
the number line in the 90° rotation plane yields the result that n 2 - -1, and 
n ■= V-l, which is what has been called "i." Renaming n as 2 = V-l gives us the 
following version of the 90° Rotation metaphor, when it occurs as part of the 
rotation plane. 

The 90 ° Rotation Metaphor (As Part of the Rotation Plane) 

Source Domain Target Domain 

Space Arithmetic 

Rotation by 90° -» Multiplication by i (- V-l) 

Two rotations by 90° -» Multiplication by i 2 1= -1) 


What Is the Complex Planet 

As noted, the rotation plane is just the Cartesian plane with the structure im- 
posed by our normal metaphor for conceptualizing multiplication by - 1 — 
namely, Multiplication by -1 Is Rotation to the Symmetric Point on the Line. 

The complex plane is just the 90° rotation plane — the rotation plane with the 
structure imposed by the 90° Rotation metaphor added to it. Multiplication by i 
is "just" rotation by 90°. 

This is not arbitrary,- it makes sense. Multiplication by -1 is rotation by 180°. 
A rotation of 180° is the result of two 90° rotations. Since i times i is -1, it 
makes sense that multiplication by 2 should be a rotation by 90°, since two of 
them yield a rotation by 180°, which is multiplication by - 1 . 
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The Properties of the 90° Rotation Plane 

The 90° rotation plane has the following properties. 

• What is i? i - (0, 1) 

• What are i 2 , i 3 , and i 4 ? i 2 = -1, [i.e., (-1, 0)], i 3 = -i [i.e., (0, -1 )], and i 4 - l 
[i.e., (1, 0)1. 

• What is b • i? b • i = (b, 0) • (0, 1) - (0, b). 

• What is a + bil a + hi - [a, 0) + (0, b) = [a, b) 

• What is ( a + bi) + (c + di)? (a + bi) + (c + di) - (a + c) +(b + d)i 

• What is (a + bi) • (c + di)? (a + bi) • {c + di) = (ac - bd) + (be + ad)-i 


The last line isn't obvious; here's the reason why the equality holds. Recall 
that since we are in a special case of the Cartesian Plane blend, the basic laws 
of arithmetic — distributivity, associativity, and commutativity — hold. 


(a + bi) • (c + di) - (a + bi) • c + (a + bi) • di 
«= ac + bci + adi + bdi 2 
** ac + bci + adi - bd 
- (ac - bd) + (be + ad)*i 


[by the distributive law] 
[by the distributive law] 
[by i 2 =.-1] 

[by the associative law] 


These are exactly the properties of the complex plane. The 90° rotation plane is 
the complex plane, i is inherently linked to 90° rotations in the complex plane for 
a simple reason. Because i 2 - -1, i 4 - 1. In the complex plane, a rotation of 360° 
gets you back to where you started from. Do four rotations of 90° each, which is 
equivalent to multiplying by i 4 - 1, and you are back where you started. 

a + bi is, of course, the general form of all complex numbers. When b - 0, you 
get the real numbers as a special case. The simple fact that addition is vector ad- 
dition, that [a + bi) + (c + di) « [a + c) + (b + d)i, follows from the fact that Eu- 
clid's parallelogram theorem is true of the rotation plane, which incorporates 
the Euclidean plane (Figure CS 3.1). 

Finally, in the 90° Rotation-Plane blend, the arithmetic domain contains num- 
bers in a number system, each uniquely paired with a point in the spatial domain 
of the blend. A complex number, then, is an entity, z, of the form a + bi. It func- 
tions like any number in a number system. If you want to think of it as isolated 
from the spatial domain, you can. But then you would be losing all the concep- 
tual structure that motivates the arithmetic properties of this number system. 

The word "motivate" is important here. It is part of the paradigm of mathe- 
matical idea analysis, part of looking for cognitive explanations in mathematics. 
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Ignoring the spatial aspects of the conceptual structure of the complex numbers 
gives the misleading impression that they are "just another formal system" — a 
disembodied set of elements with operations obeying some constraints or other 
that happen to meet a particular set of axioms. Ignoring the spatial aspects would 
be to miss the heart of much of modem mathematics — the conceptual connec- 
tions across mathematical domains, the great ideas that give meaning to the num- 
bers and motivate the mathematics. 

The crux of the issue here is the difference between proof and understanding. 
As our quotation from Benjamin Peirce (in Case Study 1 ) indicates, it is possi- 
ble to prove a deep mathematical result without understanding it at all — for ex- 
ample, when the proof involves a lot of computation and putting together 
equations that have previously been proved technically. For us, mathematics is 
not just about proof and computation. It is about ideas. 

One can compute with, and prove theorems about, V-l without the idea of 
the complex plane or rotation. Does that mean that those ideas are extraneous 
to what V- 1 is? Do they stand outside the mathematics of complex arithmetic 
per se? Are they just ways of thinking about V-l — mere representations, inter- 
pretations, or ways of visualizing V-l — useful for pedagogy but not part of the 
mathematics itself? 

From the perspective of cognitive science and mathematical idea analysis, 
the answer is no. Here's why. 

Why Characterize the Complex Plane As the 90° Rotation Plane f 

First, because the characterization is true — true given the conceptual metaphors 
and blends commonplace in classical mathematics. 

But mainly because it reveals the conceptual structure inherent in an under- 
standing of what the complex plane is. In particular, it reveals the metaphorical 
and blend structure of the complex plane. 

The Conceptual Structure of the Complex Plane 

The Multiplication by -1 Is Rotation by 180° metaphor 
The Numbers Are Points on a Line metaphor and its blend, 
the Number-Line blend 
The Cartesian Plane blend 
The Rotation-Plane blend 

The 90° Rotation metaphor in the rotation plane, which is 
the 90° Rotation blend 
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It is, of course, not the only understanding of the complex plane or the complex 
number system that one could have. For example, there is a common under- 
standing of the complex plane as just the Cartesian plane together with addition 
and multiplication, derived not as entailments of conceptual structure but as ar- 
bitrary-sounding rules for the addition and multiplication of ordered pairs: 

Addition: [a, b ) + (c, d) = [a + c, b + d) 

Multiplication: [a, b ) • (c, d) = ( ac - bd, be + ad) 

Another way to think about the system of complex numbers is to jettison the 
plane altogether (in the Dedekind-Weierstrass spirit). One can then see the com- 
plex numbers as just a set of ordered pairs, with operations + and •, defined by the 
rules for addition and multiplication just given and, hence, meeting the usual 
laws of arithmetic. Here we find no Cartesian plane, complex plane, or vectors, or 
lines, or rotations, or any geometry at all. It is pure arithmetic. 

The last two are the ways the complex numbers are usually taught. But they 
give very little insight into the conceptual structure of the complex numbers— 
into why they are the way they are. The first method does not explain why the 
i- axis should be 90° degrees from the real axis. In the second, neither an i- axis 
nor real axis even exist. And neither method explains why those laws are there 
as consequences of the central ideas that structure the complex numbers. 

We will now turn to e* 1 + 1 = 0. Our approach will be there as it was here. 
e* + 1 - 0 uses the conceptual structure of all the cases we have discussed so 
far — trigonometry, the exponentials, and the complex numbers. Moreover, it 
puts together all that conceptual structure. In other words, all those metaphors 
and blends are simultaneously activated and jointly give rise to inferences that 
they would not give rise to separately. Our job is to see how e*' + 1 = 0 is a pre- 
cise consequence that arises when the conceptual structure of these three do- 
mains is combined to form a single conceptual blend. 



Case Study 4 
£^+ 1=0 

How the Fundamental Ideas of 
Classical Mathematics Fit Together 


Piecing the Puzzle Together 

We have almost all the pieces in place to see just what e” means and why it 
equals -1. Here are the pieces to the puzzle that we have. 

1. There is a distinction between self -multiplication and the exponential 
function. The exponential function e* has the following properties: 

e x maps sums onto products. 

e* maps 1 onto e. 

e* is a function whose rate of change is identical to itself; that is, e x is its 
own derivative. 

2. By the Trigonometry metaphor, the cosine of n - -1. This is a rotation of n 
radians from 1 on the x-axis in the Cartesian plane to -1 on the x-axis. This is a 
crucial link between n and -1 . 

3. In the complex plane, rotation by 90° (which is n / 2 radians) is multiplica- 
tion by i. Rotation by 180° (which is n radians) is multiplication by -1. Here 
again, in the complex plane, is the same all-important relationship between n 
and -I. 

4. A variable over complex numbers, z, is of the form x + yi, where x and y 
are real variables, id is an instance of x + yi, where x = 0 and y = n. e** is an in- 
stance of the complex function w = e* where z =ni. e* - -1 indicates that the 
function w - e* maps ni onto -1. 
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From these pieces we can immediately solve an important part of the puzzle- 
What can it mean to multiply e by itself a iu number of times? The answer, as 
we have seen, is that it can't mean anything at all. e* / is not an instance of the 
self-multiplication function. It is, rather, a special case of the exponential func- 
tion w => e z , where z - ni. This is not the same as the real- valued exponential 
function y » e* which maps the real line onto the real line. 

w - e z , of course, makes sense only when the exponential function is ex- 
tended to complex variables, which we have not yet done. But looking ahead, 
the idea is this: When extended, the complex exponential function w » e* will 
map points in one complex plane, z, onto points in another complex plane, w. 
In the input complex plane, z, ni is the point (0, it) — that is, the point on the i- 
axis at a distance re from the origin. 

The exponential function w« e* will map (1, 0) in the input z-plane onto (e, 0) 
in the output w-plane. That is, w = e* will map 1 on the x-axis in the z-plane 
onto e on the x-axis in the w-plane. 

The equation e” - -1 says that the function w*= e* when applied to the com- 
plex number id as input, yields the real number -1 as the output, the value of 
w. In the complex plane, ni is the point (0, n) — re on the i-axis. The function 
w - e l maps that point, which is in the z-plane, onto the point (-1, 0) — that is, 
-1 on the x-axis — in the w-plane (see Figure CS 4.1). 

This ought to leave you cold. We have not said why the mapping works in ex- 
actly this way, why w • e* maps id onto -1 rather than onto some other num- 
ber. We will get to that shortly. 

Even so, this may seem a bit anticlimactic. What's the big deal? So the com- 
plex exponential function w= e* maps tc on the i-axis in one complex plane onto 
-1 in another. So what? Why should anyone care? 

Numerically, all that is happening is that 3.141592654358979 ... on the y- 
axis in one plane is being mapped by some function onto -1 on the x-axis in an- 
other plane, when the same function maps 1 on the x-axis in the first plane onto 
2.718281828459045 ... on the x-axis in the second plane. From a purely nu- 
merical point of view, this has no interest at all! 

If all that is at issue is calculating values of functions and seeing which num- 
ber maps onto which other number, the greatest equation of all time is a big bore! 

Euler was too smart to care about something that boring. Euler's great equa- 
tion e* 1 - -1 has a lot more meaning than this. But its meaning is not given by 
the values computed for the function w - e*. Its meaning is conceptual, not nu- 
merical. The importance of e* «= -1 lies in what it tells us about how various 
branches of mathematics are related to one another— -how algebra is related to 
geometry, geometry to trigonometry, calculus to trigonometry, and how the 
arithmetic of complex numbers relates to all of them. 
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Mathematical Idea Analysis 

As we shall see shortly; answers to the deepest questions we have been asking lie 
in the conceptual metaphors and blends we have been analyzing. It is through the 
metaphors and blends that the cognitive linkages across subfields of mathematics 
occur. When we conceptualize numbers as points, we link arithmetic and algebra 
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with geometry. When we form the unit circle, we link algebra, geometry, and 
trigonometry. When we form the 90° Rotation-Plane blend, we link complex 
numbers with geometry and rotations. Each conceptual blend states detailed con- 
ceptual relationships among important mathematical concepts — for example, ro- 
tation and multiplication. And it states these relationships in sufficient detail to 
account for how inferences and methods of calculation from one domain are ap- 
plied to another domain. 

The equation e” + 1 = 0 is true only by virtue of a large number of profound 
connections across many fields. It is true because of what it means! And it 
means what it means because of all those metaphors and blends in the concep- 
tual system of a mathematician who understands what it means. To show why 
such an equation is true for conceptual reasons is to give what we have called 
an idea analysis of the equation. Here are the minimal conditions for an ade- 
quate idea analysis: 

Requirements for an Adequate Mathematical Idea Analysis 

of an Equation, Definition, Axiom, or Theorem 

• The metaphor-and-blend structure that makes the equation, 
definition, axiom, or theorem true relative to that structure. 

• The conceptual relationships among the elements that appear 
in, or are presupposed by, the equation, definition, axiom, or 
theorem. 

• The ideas expressed by the symbols in the equation, defini- 
tion, axiom, or theorem. 

• The grounding of the concepts used in the idea analysis. 

One thing that an idea analysis should make clear is this: The “truth” of an 
equation, axiom, or theorem depends on what it means. That is, truth is rela- 
tive to a conceptual structure, which at the very least includes an extensive net- 
work of metaphors and blends that we call an idea network. Thus, e» + 1 - 0 is 
not true of Euclidean geometry or the arithmetic of real numbers for an obvious 
reason: Those mathematical domains do not have the right idea structure to 
give meaning to the equation, much less to make it true. 

The Idea Network for e*' + 1 = 0 

The idea analysis of e** + 1 = 0 requires one conceptual blend in addition to the 
metaphors and blends we have already given. 
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The Trigonometric Complex Plane Blend 


Domain 1 Domain 2 

The Polar-Trigonometry Blend The 90° Rotation-Plane Blend 
(The Complex Plane) 


[z cos 0, r sin 0) «-» 


(1 cos x/2, 1 sin jc/2), which 
equals (0, 1) in the Cartesian «-» 
Plane blend 

(1 cos x, 1 sin it), which 
equals (-1, 0) in the Cartesian «-» 
Plane blend 


[a, b ) j that is, a + bi 

The length of the line from the origin 

to [a, b): y l(a 2 + b 2 ) 

The angle formed by the x-axis and 
the line from the origin to (a, b) 

(0, 1); that is, i 


(-1, 0); that is, i 2 


Entailments in the Blend 

1 (i sin 0) = bi 
1 cos 0 - a 

"1 cis 0": 1 (cos 0 + i sin 0) = a + bi 

(Tj cis a) • (r 2 cis p) = (r, • r 2 ) cis (a + P) 
if and only if 

[a + bi) • (c + di ) = ( [ac - bd) + [ad + be) i ) 


Trigonometry in the complex plane arises from the conceptual blend of the 90° 
Rotation-Plane blend of Case Study 3 with the Trigonometry blend of Case 
Study 1 . Within this blend, we get entailments not present in previous conceptual 
blends: characterizations of complex addition and multiplication in trigonomet- 
ric terms. For example, here is the characterization of complex trigonometric 
multiplication in terms of complex nontrigonometric multiplication. 


if and only if 


(fj cis a) • (r 2 cis P) - (r, • r 2 ) cis (a + p) 


[a + bi) • (c + di) = [[ac- bd) + [ad + be) i ) 

This characterization of complex multiplication in trigonometric terms is, of 
course, metaphorical. The complex plane, with complex addition and multipli- 





438 


Where Mathematics Comes From 



cation, has no inherent trigonometric structure. Complex arithmetic does not 
need trigonometry. Trigonometry is in another mathematical domain alto- 
gether. When we understand complex arithmetic in terms of trigonometry, we 
are conceptualizing one mathematical domain in terms of another, which is 
what conceptual metaphor does. 

A Piece of the Function e* 

As we have seen, xi is an imaginary number of the form yi, where y is a real 
number, e" is an instance of the complex exponential function e z , where 
z = x + yi. We are working toward an understanding of e*. So far, our journey has 
taken us to the Trigonometric Complex Plane blend. Let us turn now to what 
the unit circle looks like in that blend (see Figure CS 4.2). 

Every point [a, b ) on the unit circle can be conceptualized in terms of (r, 0), 
where a = r cos 0 and h » r sin 0, where r - 1. The complex number, a + bi, on 
the unit circle can thus be conceptualized via the Trigonometric Complex Plane 
blend as 1 • (cos 0 + i sin 0), or simply as cos 0 + i sin 0. 

To get some idea of how complex functions work, let us consider a very simple 
mapping from a segment of the real line onto the unit circle in the complex plane. 
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The circumference of the unit circle is In. Let us take a segment of length 2it on 
the real line and map it onto the unit circle. For convenience, we will take the 
portion of the real line between -7t and 7t. Since the points on the unit circle are 
of the form cos 0 + i sin 8, we will let that be our function. That is, we will use 6 
as a variable over the points on the real line between -n and n. Our function will 
be /(6) - cos 0 + i sin 0. This function will map every point on the line segment 
[—jt, +ji) onto a point on the unit circle in the complex plane (cos 0, sin 0), which 
corresponds to the complex number cos 0 + i sin 0 (see Figure CS 4.3). 
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For example, the number 0 in |-7t, +x] is mapped onto the complex number 
cos 0 + i sin 0, which corresponds to the point (1, 0) on the x-axis in the complex 
plane, since cos 0=1 and sin 0 = 0. Here are some other values of the function: 

/(x/2) = cos x/2 + i sin x/2 = 0 + li - i, which corresponds to the point (0, 1). 

/(-x/2) = cos -x/2 + i sin -x/2 = 0 + -li = -i, which corresponds to the point 

( 0 ,- 1 ). 

/(re) = cos x + i sin x = -1 + Oi = -1, which corresponds to the point (-1, 0). 

/(— x) - cos -x + i sin -x - -1 + Oi - -1, which corresponds to the point (-1, 0). 

Note that x and -x map onto the same point (-1, 0). This corresponds to the 
fact that sine and cosine are both periodic functions with a period of 2x. Since 
-x and x are 2x apart, they map onto the same point. 

Moreover, each two points on the line segment that are separated by a dis- 
tance x are mapped onto points that are related by a rotation of 180°, or x radi- 
ans, on the unit circle. That is, if they are a distance x apart on the line segment, 
they are x radians apart on the unit circle and one can be imposed on the other 
by a rotation of x radians. Since Rotation By x Radians Is Multiplication By -1, 
the numerical value of one point is -1 times the numerical value of the other. 
Take, for example, the points on the line segment -x/2 and x/2, which are sep- 
arated by a distance x. They map onto -i and i, where each is -1 times the other. 

Finally, consider two points on the line segment that are separated by a dis- 
tance x/2. They map onto two points on the unit circle that are x/2 radians 
apart, so that a rotation of x/2 radians will map one onto the other. Since a ro- 
tation of x/2 radians is equivalent to multiplication by i, the numerical value of 
one is i times the numerical value of the other. For example, take the points 
-x/2 and 0 on the line segment. They will map onto -i and 1 on the unit circle, 
where -i • i = 1 . 

What this function does is to wrap the line segment around the unit circle, 
starting at point (-1, 0) and ending at the same point. In so doing, it maps real 
numbers onto complex numbers, which are subject to all the constraints of the 
Complex Plane (90° Rotation-Plane blend), including the metaphors linking ro- 
tation to multiplication. 


Another Piece of the Function e z 

Since the complex variable z - x + yi, the corresponding exponential function is 
of the form e* = e**w. The function w~e* maps points of a complex plane z onto 
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points of a complex plane w. If e z is an exponential function, then e* maps sums 
onto products, and so e**>" = e* • When y = 0, & 1 = e° = 1, and so e z reduces to 
e*. We can now see exactly what e z does when y = 0. In the complex plane z, all 
there is when y = 0 is the x-axis. The function w - e* is now reduced to w « e* 
which will map the points on the x-axis of the z-plane onto points in the w- 
plane. What does e* map the x-axis onto in the w-plane? 

As an exponential function applying to a real line, e* maps the origin (0, 0) in 
the z-plane onto (1, 0) in the w-plane, since e° = 1. Next, e* maps (1, 0) in the z- 
plane onto (e, 0) in the w-plane, since e is the base of the exponential function. 
Correspondingly, e* will map (2, 0) onto (e 2 , 0), (3, 0) onto (e 3 , 0), and so on. It 
will also map (-3, 0} onto (e- 3 , 0), which equals (1/a 3 , 0). e* will thus map all the 
negative numbers of the x-axis onto the real numbers between 0 and 1 and all 
the positive numbers onto number:* greater than 1 (see Figure CS 4.4). 

• The entire negative half of the real line from up to 0 is mapped onto 
the interval from 0 to 1. 

• The entire positive half is mapped onto the portion of the positive half 
from 1 to 00 . 

• The entire x-axis in the z-plane is mapped onto the positive half of the 
horizontal axis in the w-plane. 

One of the basic properties of e* is that it maps sums onto products. For ex- 
ample, the sum 2 + 3 will be mapped onto the product e 2 • e 3 . Thus, arithmetic 
progressions are mapped onto geometric progressions. Intervals on the positive 
side of the x-axis are expanded exponentially, while intervals on the negative 
side of the x-axis are contracted exponentially. Suppose one were to take the 
positive half of the horizontal axis in the w-plane. And suppose one were to 
mark each point on it with the number in the z-plane that e* maps onto it. For 
example, one would mark the point (1, 0) with the number 0, the point ( e , 0) 
with the number 1, the point [e 2 , 0) with the number 2, and so on. The result- 
ing "marked up" positive half of the line would look like a logarithmic scale of 
a slide rule (see Figure CS 4.5). 


Why eYt= cos y + i sin y 

We have seen that e z - - e* • &K We have seen the effect of e* when y - 0. 

And we have seen the effect of the function /(y) - cos y + i sin y. With one more 
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step, we can see the effect of the whole function e* by showing that e* = cos y + 
i sin y. To do so, we need to know something about Taylor series. 

We saw in Case Study 2 that there is a set of metaphors that jointly allow us 
to conceptualize any continuous function f[x ) as an infinite sum of functions of 
the form 


fix) - Z o (fl n • x°) = a 0 + a t x + fl 2 x 2 + . . . 
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FIGURE CS 4.5 A slide rule with its logarithmic scales. 


under certain conditions for convergence. This sum of functions can be differ- 
entiated term by term. And each derivative of the function is another infinite 
series of the same form, which can in turn be itself differentiated to give an in- 
finite series of that form, ad infinitum. Let f[x) be the first derivative of f(x), f"[x) 
be the second, and so on. 

f[x) - a, +• 2 a 2 x + 3 a 3 x 2 + ... 

f'[x) = 1 • 2a 2 + 2 • 3 a 3 x + 3 • 4 a A x 2 + . . . 

/'"(*) - 1 • 2 • 3a 3 + 2 • 3 • 4fl 4 x + 3 • 4 • 5 o s x 2 + . . . 


In general, the nth derivative 


/l n| (x) = n! • a D + terms containing x as a factor. 
Suppose we set x - 0 for each function. Then, 


f\0) = a a = 

m-fl, 

/"(O) = 2 ! • a 2 a 2 = f*[0)/2l 

H0)-3!.fl 3 n 3 = n0)/3! 

/>")(0) ■ n! • a n a n - /W(0 )/n! 


Given that /|x) m £ g (a n • x°) = a 0 + a,x + a 2 x 2 + . . . , we now have values for all 
the a n 's in terms of the nth derivatives of the function itself and n factorial. 
Thus, the values of the function are determined by a unique power series de- 
termined by the derivatives of the function itself at x - 0. This is the Taylor se- 
ries for the function. 
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Let us stop for a moment to consider what this means. If you take the func- 
tion evaluated at one point, 0, and you take all its derivatives at that point, you 
can determine the entire function! That is, there is enough information in an 
arbitrarily small neighborhood around that point to determine every value of 
the function everywhere. 

When we think about this from a conceptual perspective, we can see why this 
is so. Every neighborhood around zero contains an infinity of points — as many 
as there are on the whole real line (in Cantor's sense). The derivative is a limit 
of an infinite sequence— a sequence of values of the function at points in that 
neighborhood. In other words, a derivative presupposes the assignment of an in- 
finity of values of the function in an arbitrarily small neighborhood. 

Moreover, each successive derivative is the limit of another such infinite se- 
quence. In short, there is a huge amount of information about a continuous func- 
tion in every neighborhood around every point where the function is defined. In 
the infinite number of sequences given by the infinity of derivatives, there is 
enough information to determine the entire function. When you think of it horn 
this perspective, the existence of Taylor series is not all that surprising. 

Let us now turn to the relevance of the Taylor series for our story. We want 
to see why e>" = cos y + i sin y. We know that the Taylor series for each func- 
tion is unique, because it is determined by the function's own derivatives eval- 
uated at zero. That means that if two allegedly different functions have the 
same Taylor series, they must be the same functions; they must be the same 
sets of ordered pairs of numbers (given the metaphor that A Function Is a Set 
of Ordered Pairs). 

Moreover, since the Taylor series of a function is determined by the func- 
tion's own derivatives, something very important follows. One entailment of 
the metaphor A Function Is a Set of Ordered Pairs is that the same set of ordered 
pairs may be characterized by different concepts, symbolized in different ways. 
Traditionally a function was a rule that gave a unique output, given a fixed 
input. The rule was characterized in conceptual terms. When functions became 
reconceptualized in terms of set theory — via this metaphor — the "function" be- 
came the set of ordered pairs, not the rule. 

It can be a substantive discovery in mathematics that two conceptually quite 
different functions (in the rule sense) can actually determine the same set of or- 
dered pairs, and thus be the same function (in the metaphorical set-of-ordered 
pairs sense typical of contemporary mathematics). 

Because of this, two conceptually different rules that have all the same de- 
rivatives must therefore have the same Taylor series. As such, they must deter- 
mine the same set of ordered pairs and must "be" the same function. 
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For example, e* and cos y + i sin y are two conceptually different rules for 
mapping inputs to outputs. It is a matter to be discovered whether they happen 
to determine the same set of ordered pairs, and hence are the "same function." 

One way to determine this is to look at their Taylor series. If the Taylor se- 
ries are the same, then they do constitute the same function (under the 
metaphor). 

Thus, to see why and cos y + i sin y are the same function, we need to 
know only why these two functions have all the same derivatives at y - 0. That 
is easy to show. Let us start with cos y + i sin y. Recall that the derivative of the 
sine is the cosine and that the derivative of the cosine is the negative of the sine. 


Derivatives 

/(y) - cos y + i sin y 
f{y) - -sin y + i cos y 
f’[y) = -cos y - i sin y 
f"'[y) - sin y - i cos y 
f'"(y) = cos y + i sin y 


Derivatives at y - o 

/I0) = 1 
m-i 
HO) - -1 

H(0) - -i 
H'(0) - 1 


Notice that the fourth derivative is the same as the function itself. After that, 
the sequence of derivatives recurs. The fifth derivative will be the same as the 
first, the sixth the same as the second, and so on. 

Now let us compare this to the derivatives of e*K Consider the value of a de- 
rivative of f{y) - & c , for a constant c • /'(y) - c • e»*. When the constant c - i, we 
get the following derivatives: 


Derivatives 
f[y) = e* 

f[y) = i • e* 

Hy) - -e* 
H(y) = -i • e* 
/""(y) - ey > 


Derivatives at y - o 

/ (0) - I 

m-i 

noj— 1 

HO)— i 
H(0) - 1 


Again we see that the fourth derivative is the same as the function itself, and 
that the derivatives recur after that. Note that the values of the derivative in the 
right-hand column are the same as for /fy) = cos y + i sin y. Therefore, the infi- 
nite number of derivatives at y - 0 for these two functions are the same. There- 
fore, they have the same Taylor series. Therefore, they perform the same 
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mappings — that is, determine the same set of ordered pairs. By the metaphor 
that Functions Are Sets of Ordered Pairs, they are the "same function." 

However, they are conceptualized, and hence symbolized, in very different 
ways. Recall from Chapter 16 that the symbol "=" can be used in mathematics 
to relate ideas that are cognitively very different. In this case, when we write e* 
» cos y + i sin y, the "=" has a special meaning, based on the metaphor that func- 
tions are sets of ordered pairs. The "=" means that the two conceptually differ- 
ent mapping rules on the two sides of the equal sign have the same referent, the 
same set of ordered pairs. 


Finally. 1 

We can now evaluate the function e>"'by evaluating cos y + i sin y. Setting y = jc, 
e® = cos jc + i sin jc. 

Since sin n = 0, i sin jc - 0. Since cos jc = -1, the entire expression cos jc + 
i sin jc = -1. Thus, e* - -1 ! 

But What Does It Meant 

We know what it is, but what does it mean? At first, all this sounds like 
mumbo-jumbo. Functions with the same power series compute the same map- 
pings and are linked by Two functions with all the same derivatives at 0 
have the same Taylor series. If you want to find out what the value of &' is when 
y = jc, plug jc in for y in cos y + i sin y. When y = jc, cos y + i sin y = -1. There- 
fore, when y - 7i, e>’ - -1. Okay. But again, why does it matter that &' - -1 when 
y = x? And what does it mean? 

What Are the Ideasi 

What we have described in our discussion of Taylor series are the usual mathe- 
matical reasons given ("informally" from a cognitive perspective) for why e» + 
1=0. Now we need a mathematical idea analysis to complete the cognitive ac- 
count we have been building up of why the equation is true. 

Let us begin with the blend implicit in the mathematical account. We refer 
to it as Euler's blend, partly in honor of Euler and partly because we suspect that 
he must have had, at least intuitively and unconsciously, an implicit under- 
standing of the relationships between the branches of classical mathematics 
that the blend represents. 
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Euler's Blend 

Domain 1 
The Porter 
Series Blend 

Domain 2 
The Taylor 
Series Blend 

Domain 3 Domain 4 Domain 5 

The Exponential The Trig. Complex Sets of 
Complex Plane Blend Plane Blend Ordered Pairs 

The power series 

n-0 ^ 

(via the BMI) 

The Taylor series 

v £3 m z n 

ho n! 2 
(via the BMIj 

/(e) -e* 

/(0) - cos 0 + i sin 0 

l(e,/| 0 ))) 


Here is the structure of this conceptual blend: 

• Domain 2 is a special case of domain 1, since a Taylor series is a type of 
power series. This brings the entire Power Series blend into this blend. 

• The Taylor series in domain 2 is the Taylor series of e ie in domain 3. 

• The Taylor series in domain 2 is the Taylor series of f[ 0) - cos 0 + i sin 0 
in domain 4. 

• The set of pairs {(0, f{&))} in domain S is determined by the Taylor Series 
in domain 2, and the functions in domains 3 and 4. 

This blend incorporates other metaphors and blends that we have discussed 
both in this case study and throughout the book. If one traces back through all 
of them, one gets a picture of the idea network used in Euler's equation. It is a 
significant part of the idea network of classical mathematics. 

An inspection of this idea network and of the idea analyses given throughout 
the book provides answers to the questions we have raised in this case study. 
Here are some of the answers to those questions. 

1. What is the conceptual structure of e^? 

As an exponential function, & l can also be written in the notation given in Case 
Study 2 as Exp a (yi). The mathematical ideas are as follows: 

a. An exponential function metaphorically conceptualizes products in 
terms of sums. It does this via a mapping from sums to products, 0 to 
1, and 1 to e. 

b. The derivative f (y) = i • e>" of the function f[y) - e>" is proportional to the 
function itself, with 2 being the factor expressing that proportionality 
via multiplication. 
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c. Conceptually, derivatives are mathematizations of the concept of rate of 
change, and a function with a derivative proportional to its size changes at 
a rate proportional to its size. (Here the "proportion" is metaphorical: It is 
V-l - i. We will discuss the meaning of this metaphorical value below.) 

d. The two ideas (a) and (b) are intimately linked via two metaphors: the de- 
rivative metaphor (Instantaneous Change Is Average Change over an Infi- 
nitely Small Interval) and the special case of limits in the Basic Metaphor 
of Infinity that characterizes what an "infinitely small interval" is. 

The derivative metaphor introduces the expression b ,+Al . The 
metaphorical exponential function that maps sums onto products will 
map onto b l • b**. That, as we saw, allows b l to be factored out. This 
b‘ is the exponential function that expresses both of the following ideas: 
(i) change in proportion to itself and (ii) the mapping of sums to products. 
These two ideas are mutually entailing, given the above metaphors. 

e. i is cyclic with a cycle of four. That is, i 4 - 1, which means that any 
number n multiplied by i four times - n, itself. Geometrically, multi- 
plication by i is equivalent to 1/4 of the rotation of a circle. Four such 
rotations get you back to where you began. This idea derives ultimately 
from the metaphor for multiplication by negative numbers. Multiplica- 
tion by -1 is Rotation by 180°. This is extended naturally to Multipli- 
cation by V-l is Rotation by 90°. 

f. Conceptually, circles and cyclicity are about recurrence: either about 
change that brings you back to the same place or about the regular recur- 
rence of events or actions. The metaphor here is Recurrence Is Circularity. 

g. The second derivative mathematizes the concept of acceleration. &' has 

the derivative i • &' and the second derivative This expresses the idea 
that its acceleration is the negative of its size. The fourth derivative — the 
acceleration of its acceleration — is itself. e* is thus a mathematization 

of the concept a periodically recurrent process that changes in proportion 
to its size but is self-regulated. The self-regulating character comes from 
the fact that the acceleration is the negative of the size. 

Thus, when the function is increasing in value, its deceleration is 
also increasing — until the deceleration stops the increase. Then the 
function starts decreasing in value. As it progressively decreases, there 
is a progressive increase in deceleration in the negative direction — until 
its deceleration stops the decrease and the function starts increasing 
again. This is a self-regulating cycle. 

h. ey* is therefore the mathematization of a very rich and important idea 
with a great deal of conceptual structure. 
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2. What is the conceptual structure of cos y + i sin y? 

a. It has a very different conceptual structure and seems on the surface to 
express a very different idea: the sum of the cosine of an angle plus the 
product of i times the sine of that angle. The question is why this 
should have anything to do with "a periodically recurrent process that 
changes in proportion to its size but is self-regulated." 

b. Since there are a sine and a cosine, it makes sense that there should be 
periodicity involved, since they are defined in terms of the unit circle 
and the metaphor Recurrence Is Circularity. 

But why should multiplication of the sin y by 2 added to cos y entail change in 
proportion to its size and be self-regulating? And why should that entail the 
mapping of sums to products by this complex trigonometric function? Here is 
the reason: 

a. Each point on the unit circle in the complex plane is of the form [a, b ), 
where a - cos y and b - sin y and y is the angle formed by the x-axis and 
the line segment connecting the origin to point (a, b ) (via the Trigonom- 
etry metaphor applying in the complex plane). 

b. The point [a, b) therefore corresponds to the complex number cos y + i 
sin y (via the metaphor that Complex Numbers Are Points In a Plane). 

c. In polar coordinates, the product of two complex numbers on the unit 
circle is cos (a + P) + i sin (a + P) - ((cos a + i sin a) • (cos P + i sin p)). In 
cis-notation, this is: cis (a + P) - (cis a) • (cis P) 

d. In other words, the function cis y = cos y + i sin y maps sums onto prod- 
ucts on the unit circle in the complex plane. 

Now, why does the function cos y + i sin y change in proportion to its size, just 
as an exponential function does? 

a. The limit metaphor says that Instantaneous Change is Average Change 
over an Infinitely Small Interval. 

b. A function that maps sums onto products maps /(t+At) onto f[t) • /(At) 
and allows /(t) to be factored out of the average change expression in the 
limit metaphor (see Case Study 2). 

c. This entails that the change in such a function will be in proportion to 
its size (again, see Case Study 2). 



45° Where Mathematics Comes From 

But, conceptually, what does the function cos y + i sin y have to do with the 
number ei 

a. Any function f{y) that maps sums onto products must map 0 onto 1 and 
1 onto some base. 

b. The rate of change of such a function /(y) is proportional to its size. 

c. When the rate is exactly equal to its size, the function maps 1 onto e. 

d. Therefore, cos y + i sin y maps 1 onto e. 

Why is the function cos y + i sin y periodic and self-regulating? 

a. Sine and cosine are both periodic functions, since they are conceptual- 
ized via the Trigonometry metaphor in terms of the unit circle and the 
Recurrence Is Circularity metaphor (see Case Study 1). 

b. The rate of change of sin y is cos y, and the rate of change of cos y is 
-sin y. 

c. As a result, the second derivative of cos y + i sin y is itself multiplied 
by -1 and the fourth derivative is itself multiplied by 1. 

d. That means that the acceleration (the second derivative) of the function 
is the negative of the function itself, which means that the function 
cannot get out of control and get progressively greater. Moreover, the 
acceleration of that negative acceleration (the fourth derivative) is the 
function itself. Thus, if the function is controlled, its negative acceler- 
ation is controlled. 

Thus, conceptually, both and cos y + i sin y are functions that map sums onto 
products, change in exact proportion to their size, are periodic, and are self- 
regulating. 

Though they are characterized by different combinations of concepts, they 
entail, by virtue of what they mean, exactly the same properties. From the per- 
spective of mathematical idea analysis, this is why they are equal. As a conse- 
quence, these functions perform exactly the same mappings of complex 
numbers onto complex numbers. 

The significance of e” +1 = 0 is thus a conceptual significance. What is im- 
portant is not just the numerical values of e, n, i, 1, and 0 but their conceptual 
meaning. After all, e, n, i, 1, and 0 are not just numbers like any other numbers. 
Unlike, say, 192,563,947.985329486 7, these numbers have conceptual mean- 
ings in a system of common, important nonmathematical concepts, like 
change, acceleration, recurrence, and self-regulation. 
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They are not mere numbers; they are the arithmetizations of concepts. When 
they are placed in a formula, the formula incorporates the ideas the function ex- 
presses as well as the set of pairs of complex numbers it mathematically deter- 
mines by virtue of those ideas. 

Because arithmetization works via conceptual metaphor, the conceptual in- 
ferences are thereby expressed in the arithmetic — if you understand the arith- 
metization metaphors. 

Why do e, n, i, 1, and 0 come up all the time when we do mathematics, while 
most numbers (e.g., 192,563,947.9853294867) do not? 

The reason is that these numbers express common and important concepts 
via arithmetization metaphors. Those concepts, like recurrence, rotation, 
change, and self -regulation are important in our everyday life. 

From the perspective of a mathematics where concepts have no place — 
in which numbers are just numbers — e, it, i, 1, and 0 have no conceptual 
significance at all and each has the same status that a number like 
192,563,947.9853294867 has. It is the ideas that these numbers express that 
make them significant. And it is the combination of these common, important 
ideas taken together that makes the truth of the equation +1 = 0 significant. 

It is no accident that our branches of mathematics are linked in the way they 
are. Those conceptual connections — via conceptual metaphors and blends — ex- 
press ideas that matter to us. The way the branches of mathematics are inter- 
related is a consequence of what is important to us in our everyday lives and 
how we conceptualize those concerns. The various branches of mathematics 
mathematicize our concerns. The mechanism for doing so is the all too human 
conceptual metaphor and blending. 
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Abstract elements, 112 
of Boolean algebra, 127 
Abstract essences, 117 
Abstraction, 354 
Abstract operations, 1 12 
Abstract reasoning, 43 
Acalculia, 26 
Acceleration, 448, 450 
Accessible Pointed Graphs (APGs), 147 
Accumulation points, 275 
Actual infinity, 202, 207 
of Cantor's proof, 212 
characterized by BMI, 180, 203 
final resultant state of, 167, 169, 172, 176, 
178, 196 

as metaphorical process, 158 
as unique, 160 
Addition, 61, 65 
Boole's new, 127 
object collection roles in, 57 
for transfinite cardinals, 214, 219 
Addition modulo 3, 1 12 
concept, 117 

literal interpretation of, 1 14 
metaphor, 113 

and rotations of triangle, 117 
AE metaphors. See Algebraic Essence 
metaphors 
Ai, 22 

Algebra, 110, 128 
abstract, 119 

and arithmetic, 25-26, 111, 114 
Boolean. See Boolean algebra 
cognitive structure of, 1 19 
fundamental theorem of, 82 
Algebra groups, 113, 116 


Algebraic Essence metaphors, 1 13 
form of, 117-118 
Algebraic laws, to fit classes, 129 
Algebraic structures, 113, 117 
Algorithms, 137, 261 
cognitive activity with, 86 
structure, 98 
symbolic, 98, 99 
All, 178 

meaning with infinite sets, 175, 179 
All parallel lines meet at infinity axiom, 
167 

American Mathematical Society, 307 
American Sign Language, 47 
Analyst, The (Berkeley), 251 
Analytic geometry, 397 
and calculus, 261 
and Cartesian plane, 384 
Angles as numbers, 387 
Animals 

numerical abilities of, 21, 22 
Anti-Foundation axiom, 147, 148 
APGs. See Accessible Pointed Graphs 
Approach, 188 

Approaching a limit, 199, 200 
Arbitrary distance condition, 168 
Archimedean principle, 298 
and Number-Line blend, 301 
and real numbers, 225, 305 
Aristotelian logic, 123 
Aristotle 

potential infinity, 158 
predication metaphor, 123, 129, 134 
theory of categories, 109, 122 
Arithmetic, 24, 29, 125. See also Innate 
arithmetic 
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and algebra, 25-26, 1 13-1 14 
axiomatic, 175 

capabilities of infants, 17(flgj. See also 
Babies, numerical abilities of 
elements for conceptual system, 99 
and ERFs, 87, 98 
inferior parietal cortex, 25 
of infinitesimals, 234 
laws of, 92, 95, 96, 98, 421 
and link with world, 96 
of natural numbers, 95, 294 
and rotation plane, 428 
as target domain, 55, 72 
Arithmetic Cut metaphor, 300 
Arithmetic Is Motion Along a Path 
metaphor, 72, 75, 92 
extension of, 89 
and zero, 367 

Arithmetic Is Object Collection metaphor, 
55, 56, 59, 63, 67. See also Object- 
collection metaphor 
extended to multiplication and division, 
61-62 

and innate arithmetic, 60 
and mapping of ERF, 87 
and zero, 64, 366 

Arithmetic Is Object Construction 
metaphor, 65, 66, 67, 404. See also 
Object-construction metaphor 
and prime numbers, 82 
and Roman notation, 83 
Arithmetization, 450 
of calculus by Dedekind, 305 
of calculus by Weieratrass, 293 
of granular numbers, 246 
metaphors, 100, 224, 451 
program, 261 

Ascending categories, 162 
As Many As concept, 144 
Aspect, 35, 180 
and infinity, 170 
in motor-control system, 156 
schema, 35 

Aspectual systems, 36, 155, 156 
Associative laws, 89, 132 
for addition and multiplication, 126, 200 
for arithmetic, 88, 96 
holding for classes, 125 
Associativity, 63 

Axiomatic method, 1 10, 1 18, 145 


Axiomatic set theory, 174 
Axiom of all parallel lines meet at infinity, 
167 

Axiom of Choice, 145 
Axiom of Extension, 145 
Axiom of Foundation, 146, 148 
Axiom of Infinity, 145, 232 
in set theory, 174 
Axiom of Least Upper Bounds, 200 
Axiom of Mathematical Induction, 

175-176 

Axiom of Pairing, 145 
Axiom of Powers, 145 
Axiom of Projective Geometry, 169-170 
Axiom of Specification, 145 
Axiom of Union, 145, 232 
Axioms, 89, 119, 205, 355 
expressed as constraints, 370 
first nine, 200, 227, 228, 235 
and idea of essence, 358 
for ordered fields, 205 
for set theory, 145, 174, 215, 355 

Babies' numerical abilities, 15-19. See also 
Children 
Bailey, David, 34 
Basal ganglia, 25 

Basic Metaphor of Infinity |BM1), 8, 158, 
159, 161, 180, 189, 192, 373 
and actual infinity, 179, 207 
applied for limits, 189(fig), 194, 200, 243 
applied to projective geometry, 169|fig) 
applied recursively, 249 
and Cantor's proof, 212 
characterizing infinite sequences, 186, 
220 

and class of all infinite decimals, 184 
and point at infinity, 170, 173 
creating least uppeT bound, 202 
and creation of infinitesimals, 248 
to define new entities, 229 
and equal symbol, 377 
and forming numbers process, 234, 247 
implicitly used by Newton, 228 
for infinite class with all numerals, 182 
for infinite nesting property, 275, 277, 
311 

and infinitesimal numbers, 233, 255 
and infinite sum existence, 367 
and infinity as a number, 165 
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linking discrete and continuous 
mathematics, 259 

and naturally continuous space, 293 
and natural numbers set, 174, 221, 216 
neural, cognitive plausibility of, 163 
parameters, 167 
and point concept, 266, 278 
and real numbers, 203, 206 
and transfinite cardinals and ordinals, 222 
Berkeley, George, 251, 252 
Bideaud, J.,19 
Binary operations, 177 
of addition, 84, 176 
of addition modulo 3, 1 12 
of Boolean algebra, 127 
Binary system, 82, 83 
Blends, 131, 282, 267, 372. See also under 
specific names-, Conceptual blending; 
Metaphorical blends 
of geometry, arithmetic, algebra, 385 
metaphorical, 48, 94 
of positive and negative numbers, 91-92 
of source and target domains, 70, 260 
of space, sets, numbers, 283, 295 
Blindness and visual imagery, 34 
BMI. See Basic Metaphor of Infinity 
Bombelli, Rafael, 73 
Boolean algebra, 133 
classes in, 140 
properties of, 127 
source domain, 128 
Boolean classes, 124, 133 
inferential laws of, 134 
Venn diagrams of, 122 
Boolean logic, 45, 122 
Boole, George, xiii, 123 
algebra of classes, 124, 131 
algebraic notation, 129, 131 
and Aristotle's predication metaphor, 129 
concept of class, 130 
empty class, 127, 130 
new addition table, 127 
and symbolic logic, 357 
universal class, 124-125, 127, 130 
Boole's metaphor, 124, 128-129, 138, 140, 
373 

first-stage, 124, 125, 126, 127 
as linking metaphor, 150 
mapping of, 134, 367 
Bounded regions in space, 43, 275, 353 


Bourbaki program, 349 
Boysen, Sarah T., 22-23 
Brain, 33-34, 138. See also Inferior parietal 
cortex 

damage of Mr. M, 383 
neural structure of, 134, 347 
Bumpy-curve-sets, 328 
Butterworth, B., 19, 26 

Calculation, 22, 85, 98, 99 
and embodied understanding, 89 
and notation, 86 
Calculus, 29, 233, 251, 309 
arithmetization of, 320 
of change, 223, 260, 314 
for classes by Boole, 129 
Dedekind's arithmetization of, 305 
and granulars, 250-251 
with hyperreals, 249 
with infinitesimals, 253 
Keisler's development of, 250 
with notion of limit, 242 
propositional, 133, 134, 137 
from Robinson's perspective, 242 
Weierstrass's arithmetization of, 293, 

311 

Cantor, Georg, xiii, 144, 162, 322 
and BMI, 219 

diagonalization proof, 210, 21 l(fig) 
infinite numbers, 254 
and infinite sequences, 218 
numbers of infinite size, 208 
Ordinal metaphor, 218, 221 
payability concept, 143 
set theory, 215, 216 

Cantor's Continuum hypothesis, 215, 289, 
290 

Cantor size, 208 
increasing, 215 

Cantor's metaphor, 143, 144, 150, 210, 213, 
255, 373 
and BMI, 368 
and Cantor size, 221 

and cardinality of real numbers, 216, 290 
and continuum, 289 
and creation of infinite sets, 214 
and two sets having same size, 208 
Cantor's proof, 211, 212-213 
Cardinality, 208, 215. See also Cantor size 
and Cantor's metaphor, 216 
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same, 210 

of set of real numbers, 290 
Cardinal numbers, 214, 216, 217 
assignment, 51 

Cartesian plane, 38, 170, 305, 306, 315, 325, 
326, 328, 330, 333, 334, 344, 384-385 
arithmetic functions in, 296 
blend, 331, 333, 385, 386, 396, 426 
coordinates, 170, 171 
ordered pairs of points in, 386 
and trigonometry, 396 
and unit circle, 48, 388 
Categories, 109, 110, 354 
as entities in world, 161 
formation of ascending, 162 
hierarchy of, 161 
as kinds, 108 

Categories Are Containers metaphor, 43, 44, 
45. See also, Classes Are Containers 
metaphor 

Category of Being, 162 
Cauchy, Augustin-Louis, 305, 308 
Causality of essences, 108, 119 
Change 
average, 449 

mathematicization of, 407-408, 409, 41 1 
and motion, 314, 386 
pattern of, 108 
rate of, 448, 450 

Change Is Motion metaphor, 408 
Change of Function Is Coordinated Motion 
of Two Trajectors, 198 
Chieu, Ming Ming, xii, 101 
Children 

and concept of a point, 270 
and innate arithmetic, 83 
and language development, 47 
subitizing by, 54 

Chimpanzees' use of numerical symbols, 22 
Christianity and infinity, 162 
Circle, 264, 388 
Circle-set, 271, 272 
Classes, 28, 123, 130 
Boole's law for, 124 
as collections, 122 
logic of, 125, 130 
operations on, 124, 129 
similarities to arithmetic, 123, 124, 127, 
129 

as target domain, 123, 125, 128 


Classes and propositions blend, 131 
Classes Are Containers metaphor, 122, 123, 
124, 134, 138, 367, 373 
and inferential laws, 135 
and model theory, 146 
Class-membership statement, 123 
Closed interval, 205, 284 
Closeness, 310, 311 
preservation of. See Preservation of 
closeness 

Closure, 82, 112, 253 
and arithmetical operations, 422 
and metaphors, 81, 89 
principles, 290, 421 
requirements, 93, 94 
as special case of BMI, 177 
Cognition, 33, 180, 420 
Cognitive linguistics, 138 
and image schema, 31 
methodology, 100 
Cognitive mechanisms, 161 
as linking metaphors, 99 
for multiplication, 60 
Cognitive psychology, 100, 138 
Cognitive reality, 372 
Cognitive science, 2, 4, 337, 339 
and embodied mathematics, 347 
and infinity as a number, 165 
of mathematics, 273, 348, 366, 3 97 
Cognitive unconscious, 5, 28, 41 
Cohen, Laurent, 23, 383 
Cohen, Paul, 215 

Collection metaphor. See Object-collection 
metaphor 
Collections, 54, 56 
fixed, 217 

and items in sequence, 216 
Combinatorial game theory, 343 
Combinatorial-grouping capacity, 52 
Commutative groups, 115 
with three elements, 112, 114, 117 
Commutative laws, 125, 133 
for addition and multiplication, 126, 

200 

Commutativity, 58, 62 
Compactness theorem, 230, 231, 232 
Completion in mathematics, 36, 37, 159 
Complex numbers, 421, 432 
Complex plane, 431, 437 
constraints, 440 
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as 90* rotation plane, 429 
properties of, 430 

Computational neural modeling, 138 
Computers, 360, 361 

Conceptual blending, 48, 52. See also under 
specific names! Blends; Metaphorical 
blends 

as element of embodied cognition, 347 
as linking mechanisms, 102 
Conceptual mapping, 74, 84. See also 
Mapping 
of BMI, 160 

from algebraic structures, 1 13 
Conceptual metaphors, 5, 41, 47, 55, 

100-101, 116, 123, 138, 412, 438. See 
also Metaphors; Metaphors cited in text 
for abstract concepts, 39 
as cognitive mechanisms, 6, 52, 351 
as definitions, 151 

as elements of embodied cognition, 347 
and generalizability, 98 
as inference preserving, 137, 353 
as linking mechanisms, 102 
and mathematical thought, 6 
Conflation, 96, 157 
in embodied cognition, 42 
of subitizing plus, 95 
Container schemas, 33, 39, 122, 123, 133, 
138 

cognitive, 32(fig) 
embodied, 135 
logic of, 43, 136(fig) 
in mathematics, 30 
and sets, 141, 145, 146, 148 
structure of, 31 
Containment, 33, 147 
Continuity, 8, 314 
for numbers, 299, 304 
for prototypical curve, 317 
for space, 304 

of Weierstrass, 20, 309, 310, 318, 407, 408 
Continuity and Irrational Numbers 
(Dedekind), 294, 308 

Continuity for Function Is Preservation of 
Closeness metaphor, 322 
Continuity for Line Is Numerical 
Gaplessness metaphor, 322 
Continuity Is Gaplessness metaphor, 299 
Continuity Is Numerical Completeness 
metaphor, 299 


Continuous, 157 

conceptualized as discrete, 262, 323, 324 
as repeated actions, 157 
Continuum, 8, 323. See also Cantor's 
Continuum hypothesis 
in Cantor's proof, 212 
granular, 239 
meaning of, 288-289 
Continuum, The (Weyl), 323 
Convergence, 186, 192 
Convergent sequences, 193, 205 
and BMI, 192 
Cosine, 253, 449 
functions, 395(flg) 
metaphorical definition of, 394 
Counting, 54 

cognitive mechanisms for, 51 
independent-order capacity, 52 
morpheme, 68 
pairing capacity, 51 

Course of Pure Mathematics, A (Hardy), 164 
Cultural relativism, 362 
Culture, 356 

as dimension of mathematics, 355, 358, 
359 

Curvature, 264 

Curves, 306, 315, 326.334, 387 
in Cartesian plane, 330 
as continuous, 260, 317 
metaphorical, 287 
as motions of points, 385 
Pierpont's eight properties of, 321 
replaced by sets, 32 7, 328, 329 
Curves (and Lines) Are Ordered Pairs of 
Numbers metaphor, 328, 329 

Dantzig, Tobias, 29 
Davis, M., 251 
Deceleration, 448 

Dedekind, Richard, xiii, xiv, 295, 298, 315, 
322 

Arithmetic Cut metaphor, 302 
continuity in arithmetic terms, 293, 294 
Continuity and Irrational Numbers, 308 
Continuity Is Numerical Completeness 
metaphor, 299 
Continuity metaphor, 305 
correspondence between numbers and 
points, 297 
cut frame, 299, 300 
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and discretization program, 289, 292 
Geometric Cut metaphor, 300, 301 
and infinitesimal numbers, 304-305 
link between real numbers and 
continuity, 296 
Number-Line blend, 301 
and Weierstrass's metaphorical world 
view, 322 
Definitions, 151 
Aristotle's definition of, 1 10 
as necessary, sufficient properties, 109 
in symbols, 273 

Dehaene, Stanislas, 21, 23, 24, 26, 29, 49, 
383 

De Morgan, Augustus, 124, 129 
Denseness property, 301 
Derivative metaphor, 448 
Derivatives, 445 
cumulative, 253 
defined by metaphor, 252 
idea of, 225(fig), 226(fig) 
properties, 412, 414 
and rate of change, 448 
Descartes, Rent, xiii, 315, 386 
analytic geometry, 260, 384 
metaphors, 261, 306, 394 
numbers as points on a line, 261, 292 
thought as mathematical calculation, 
357 

Diagonal ization argument, 210 
Differences, infinitesimal, 252-253 
Differentia] calculus, 408 
Dimension, 264 
Dimensionality, 260, 264 
Disc, 266-267 
of zero diameter, 278 
Disc/Line-Segment Blend, 267 
Discrete numbers, 261 
Discrete space, 287 
Discretization, 369 
Discretization program, 261, 262, 291 
rigor, 293 
and Dedekind, 289 
meaning of continuum, 288 
and Pierpont, 320 
points as different entities, 273 
of space, 272, 288 
Discretized geometry, 272 
Discretized mathematics, 271, 275, 282 
and logidsm, 261 


Discretized models, 274 
Discretized Number-Line blend, 288, 295, 
296 

Discretized plane, 287 
Discretized real-number line, 283, 284, 288 
Disembodied mind, 5 
Disjunction, 133 
Distance, 188, 274, 275 
as Cartesian Plane blend, 407 
between point-locations, 310 
-time ratio, 315 

Distributive laws, 125, 129, 200 
of arithmetic, 127 

for conjunction and disjunction, 133 
for intersection and union, 132 
for multiplication, 126 
Division, 61, 62 
as iteration of subtraction, 72 
by negative numbers, 93 
Dreams, 34 

s , 441 

and mathematicization of change, 409 
meaning of, 411, 416 
numerical value of, 414, 415 
Electromagnetism, 345 
Elemente (Heine), 308 
Elements, 1 12, 213, 214 
in arithmetic structure, 1 1 1 
and sets, 177, 212, 221, 263, 369 
Embodied cognition, 347 
and mathematics, 49, 349, 365 
and metaphor, 97 

Embodied mathematics, 33, 45, 348, 362, 
365 

historical dimension, 359 
properties, 351-352 
theory of, 9, 346, 347 
Embodied realism, 9 
Embodiment of mind, 5, 121, 348, 349, 

362 

Emptiness, 75, 76 
Empty class, 129, 367 
of Boole, 127, 130 
as unique object, 368 
Empty collection, 366 
Empty set, 121, 191 
as number one, 151 
as unique entity, 141 
zero as, 343 
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Entailments, 59, 162, 167, 302-303 
of BMI, 171, 198 
of 4Gs, 93, 96, 98 
and human cognition, 180 
of metaphors, 56, 64, 68, 92, 97, 367 
Entity-creating metaphor, 64 
Epilepsia arithmetices, 23 
Epsilon-delta, 198, 199, 200 
Epsilon disc, 275 
frame, 276, 31 1 
Epsilons, 194, 199 
Equality, 376, 377 
Equal symbol, 376-377 
Equivalent Result Frame (ERF), 87, 88, 98, 
99 

ERF. See Equivalent Result Frame 
Essence Is Form, 1 10 
Essence of all Being, 357 
Essence of Mathematical System metaphor, 
110, 119 

Essences, 109, 110, 112, 308, 358 
of arithmetic, 1 1 1, 295 
as causal source of natural behavior, 109, 
119,356 

and pattern of change, 108 
defined, 108 

as defining numbers, 422 
folk theory of, 107-108, 109 
of mathematical system, 118, 119 
Essences Are Forms metaphor, 119 
Euclid, 109 

axiomatic method, 118 
definition of surface, 265 
geometry, 70, 145, 356 
Properties Are Functions metaphor, 266 
properties of point, 269 
Euclidean plane, 385, 388, 427 
Eudoxus, 71 

Euler, Leonard, 315, 317, 381, 41 1 
Euler's blend, 446, 447 
Euler's equation, 7, 49, 381, 436 
conceptual meaning of, 434 
Euler's proof, 383, 384 
Even numbers, 144(fig) 

Event-concepts, 156 
Event structure metaphor, 157 
Everyday classes, 133, 135 
Evolution of mathematics, 354, 359 
Excluded middle, 44, 135, 137 
Exhaustion-detection capacity, 51 


Exponential blend, 406 
Exponential function, 381, 434, 447 
as conceptual metaphor, 405 
distinct from self-multiplication, 404, 433 
extended to granular numbers, 238 
rate of change, 410 
Exponential mapping, 403, 404, 405 
Extensions, 66, 422 

Fibonacci sequences, 163, 357 
Fictive motion, 38-39, 163 
schema of Talmy, 191, 198 
Fillmore, Charles, 87 
Final resultant state, 160, 162 
of actual infinity, 167, 169, 172, 176, 178, 
196 

in BMI, 159 

Fitting together extension, 66, 69 
Fixed collection, 217 
Floating-point arithmetic, 360, 361 
Floating-point numbers, 181 
Folk theory, 107 

of essences, 107-108, 109, 118, 119 
of measurement and magnitude, 298, 305 
Formal Foundations metaphor, 142 
Formal Foundations program, 261, 37X-373, 
376 

Formal mathematics, 372, 374 
Formal Reduction metaphor, 369, 370, 373, 
375 

cognitive interpretation of, 372 
as metaphorical schema, 371 
Foundational metaphors, 100 
Foundations of Mathematics movement, 6, 
130, 254, 305, 358 
4G metaphors. See Four grounding 
metaphors; Grounding metaphors 
4Gs. See Four grounding metaphors; 

Grounding metaphors 
Four grounding metaphors, 77, 79, 80, 88 
mapping of ERFs, 89, 98 
and metaphorical extensions, 92, 94 
needed for zero, 373 
Fractions, 66-67, 95 
and Arithmetic Is Motion metaphor, 73 
and Measuring Stick metaphor, 70 
and object-construction metaphor, 97 
as point-locations, 89 
Frame for Disc, 266 
Frame semantics, 87 
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Functions, 198, 386 
as curves in Cartesian plane, 394 
infinite sum of, 413 
limits of, 200 
with same derivatives, 445 
with same power series, 446 
as spaces, 264 

Functions Are Numbers metaphor, 386, 
387, 412, 413 

Functions Are Ordered Pairs of Numbers 
metaphor, 322 

Functions Are Sets of Ordered Pairs 
metaphor, 444, 446 
Fundamental Metonymy of Algebra 
metaphor, 75, 1 19, 421 
and cognitive frames, 98 
and generalizations over numbers, 1 1 1 

Gallistel, C. Randy, 21 
Gaps, 296, 298, 299, 303 
Gauss, Carl Friedrich, 303 
Gelman, Rochel, 21 
Generative closure, 176, 177, 179 
Geometric curves, 330 
Geometric Cut metaphor, 300 
Geometric cuts, 302 
Geometric figures 
discretized notion of, 278 
as part of space, 271, 272, 263 
Geometric Figures Are Objects in Space 
metaphor, 272 

Geometric paradigm, 306, 307, 322 
changes in, 308 
and monster functions, 318 
Geometry, 293 

blended with arithmetic, algebra, 

385 

elimination of, 308 
rotations, 116 
Godel, Kurt, 215, 262 
Granular arithmetic, 235 
Granular calculus, 250 
Granularity, 233, 239 
Granular numbers, 233, 235, 246, 255 
advantages for calculus, 250-251 
for infinitesimals, 234, 242 
and infinite sum, 240 
integral in, 243, 244(fig) 
layers of, 248 
line, 237 


model theory, 254 
and points on a line, 237 
Granulars. See Granular numbers 
Greek mathematics, 118 
Greek philosophy, 107, 161 
and essence, 1 10, 357 
Grounding domains, 102 
Grounding metaphors, 99, 102, 150, 367, 
404. See also Four grounding 
metaphors 

lot arithmetic, 65, 421 
for classes, 123, 140 
defined, 52, 53 
experiential basis of, 96 
for natural numbers, 98 
and zero and one, 75, 76 

H. See Huge number 
Hardy, G. H., 164-165, 166 
Heine, H. E., 308 
Henkin, Leon, 230, 232 
model of all hyperreals, 254 
Hersh, R., 251, 356 
Hilbert curve, 285|fig), 319 
Hilbert, David, 285, 319 
Hobbes, Thomas, 357 
Huge number (H), 234 
as infinitely beyond natural numbers, 240 
as metaphorical integer, 238 
Hyperinteger, 250 
Hyperreal numbers. See Hyperreals 
Hyperreal Numbers Are Points on a Line 
metaphor, 249 
Hyperreals, 251, 290 
calculus in, 249 
and infinitesimals, 247, 254 
and linearly ordered sets, 284 
naturally continuous, 283 
variables used over, 250 
Hyperreal unit square, 288 
Hypersets, 152 
and graphs, 148, 149(fig) 
theory of, 147, 370 
Hypothetical syllogism, 44, 135, 137 

i as number, 424 
Idea network, 436, 447 
Idempotent laws, 127, 129 
Image schemas, 30, 31, 33, 39, 54 
and embodied cognition, 347 
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and metaphorical mappings, 42 
and motion, 37 
neural circuitry, 33 
Imperfective aspect, 36, 156, 180 
Imperfective processes, 156, 158 
Indefinite Continuous Processes metaphor, 
157 

Induction. See Mathematical induction 
Inductive proof, 175-176 
Infants. See Children; Babies' numerical 
abilities 

Inference, 47, 54 
of inna te arithmetic, 77 
stability of, 353 
Inferential laws, 137 
of Boolean classes, 134 
and embodied container schemas, 135 
Inferential structure, 48, 138 
of source domain, 42, 44 
Inferior parietal cortex, 29 
lesions in, 24, 25(fig) 
and nonrote arithmetic abilities, 25 
and symbolic numerical abilities, 23 
Infinite decimals, 184, 186, 201, 205, 206 
in BMI, 212 

as cases of actual infinity, 183 
constructed by Cantor, 211 
of Euler's equation, 381 
and infinite polynomials, 185 
representing real numbers, 210 
symbolizing same number, 204 
Infinite extremity, 179, 184 
Infinite polynomials, 185, 186, 201 
Infinite sequences, 219 
and BMI, 197, 202 
with limit L, 190, 195 
meaning of, 189 
of nested intervals, 206 
and numbers, 186, 217, 218 
sums of, 233, 241 

Infinite series. See Infinite sequences 
Infinite sets, 179, 209, 213, 232 
Cantor's investigation of, 143 
Cantor size of, 221 
and cardinal numbers, 214 
and infinite numbers, 176 
Infinitesimal discs as points, 270, 271, 272 
Infinitesimal numbers, 229, 304-305 
Infinitesimals, 226, 230, 234, 247, 253 
arithmetic, 233 


combined with real numbers, 227 
creating, 236, 247-248 
existence of, 254 
inverses of, 255 
Leibniz's hypothesis, 224, 359 
as mathematical entities, 223 
philosophical consequences, 233 
ratios, 229 

Robinson's treatment, 242, 255, 359 
Infinite sum metaphor, 197 
Infinite sums, 239, 240, 250 
Infinite totality, 176, 179, 183 
and BMI, 175, 184 
Infinite unions of sets, 232 
Infinity, 8, 160, 249, 444 
degrees of, 208 
embodied, 155 
literal concept of, 156 
as a number, 164-166 
theological importance of, 162 
Infinity paradox, 325 
Inhelder, Barbel, 270 
Innate arithmetic, 19, 23, 51, 59, 83 
conflation with, 102 
and embodied mathematics, 347 
extension of, 60, 78 
and 4Gs, 77, 89 
linearity of, 59 
and subitizing plus, 95 
Innate mathematics, 100 
Instantaneous Change Is Average Change 
metaphor, 223, 252, 448, 449 
Instantaneous Speed Is Average Speed 
metaphor, 408 
Integers, 24, 290 
Intersections, 126, 132 
infinite, 205 

Interval of zero length, 278 
Intuition, 321, 322 
Intuitive sets, 140 
Inverses, 200 
of infinitesimals, 253 
Inversive geometry, I71(fig), 172 
frame, 171 

and point at infinity, 170, 173 
Irrational numbers, 71, 422-423 
with holes, 320 
and rationals, 205, 294 
Isomorphisms, 78 

across source domains of 4Gs, 79(fig), 80 



482 


Index 


Isosceles triangle frame, 168 
Iteration extension, 63, 66, 72 
and physical segment metaphor, 69 
and Object Collection Metaphor, 62 
Iterative processes, 156, 158, 161 
in BMI, 182 

for infinite closure, 1 77 

language of, 157 

resultant state after, 167 

as step-by-step condition, 167, 168 

syntactic forms of, 157 

as target domain, 159, 162, 165, 168, 172 

Japanese counting morpheme, 68 
Judaism and infinity, 162 

Kabbalistic concept of Cod, 162 
Kaufmann, E. L., 19 
Keisler, H. J., 242, 249, 250 

Lack, 265 

Lakoff, George, xii, 9, 357 
Landmark, 31, 33, 39 
trajector relation, 37 
Language, 130, 156, 340 
as conceptual metaphor, 55 
natural expressions, 138 
Larger, 215 

Larger Than concept, 208, 221 
Laws, 344 
of arithmetic, 124 
of Container Schemas, 134 
of thought, 124, 129 
Least upper bound, 206, 227 
defined, 202 

and greatest lower bound, 232 
Least Upper Bound axiom, 200, 201 
characterizing real numbers, 203, 205 
Leibniz, Gottfried Wilhelm von, 224 
calculus of instantaneous change, 223 
idea of derivative, 226(fig) 
and infinitesimals, 228, 229, 359 
monads, 227 

thought as mathematical calculation, 357 
Length, 264, 329 
Length paradox, 325, 332 
Limit metaphor, 224, 449 
Limit points, 275, 290 
Limits, 187, 229, 243, 314 
and BMI, 243 


defined, 187, 242 

of functions, 198, 199, 200, 312, 313 
of infinite sequences, 186, 197 
and infinite sums, 233, 239, 246 
Newton's notion of, 228 
of sequences, 195, 198, 327 
Limit-set metaphor, 328, 329 
and paradox, 330, 334 
Line, 191, 260 
at infinity, 368 

segments, 68, 70. See also Physical 
segments 
as set, 263, 372 
Linear notation, 97 
Linear symbol systems, 86 
Line-Segment frame, 267, 268(fig) 
Linguistics, 74, 103 
Linking metaphors, 102, 131, 142, 150 
between arithmetic and classes, 124, 125 
as cognitive mechanisms, 99 
defined, 53 
Logarithms, 399 
and exponentials, 406 
mapping, 401, 402(fig), 403 
values, 400 
Logic, 32|fig), 356 
of classes, 125 

Logical compactness frame, 231 
Logical Independence metaphor, 407 
Love Is a Journey metaphor, 98 
Love Is a Partnership metaphor, 46 

Malcev, Anatolii, 230 
Mandler, G., 19 
Map-comparison structures, 33 
Mapping, 78, 80, 84, 284 
log values of, 400 
numeral-number, 98, 99 
and object collections, 55, 57 
onto set-theoretical structure, 369 
point-locations to numbers, 90 
source domain, 143, 218, 282 
and symbolization, 99, 129 
Mathematical concepts, 29, 48 
Mathematical Function Is Curve in 
Cartesian Plane metaphor, 306 
Mathematical idea analysis, 29, 49, 1 19, 
120, 152, 215, 222, 338, 373 
of Euler's proof, 384 
of infinity concepts, 155 
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and precise cognitive terms, 375 
requirements for, 436 
and symbolic logic, 121 
Mathematical Idea Genome Project, 338 
Mathematical ideas, 371 
as metaphorical in nature, 365 
and neural motor control, 34 
Mathematical induction, 175, 176 
Mathematical logic, 138, 357 
Mathematical Platonism, 80 
Mathematical reasoning, 358 
as version of logic, 356 
Mathematical truth, 8, 81 
and embodied cognition, 366 
as universal, 339 
Mathematics, 37, 346, 352 
Aristotle's definition of, 110 
concepts, 2, 9, 354, 376 
creation, 379 
and culture, 356, 362, 363 
and folk theory of essences, 109, 118, 340 
formal logic and set theory, 373 
inaccessibility, 341 
as linear notational system, 86 
in 19th-century Europe, 293 
objective truth, 339, 343, 361 
as part of physical universe, 344 
Platonic, 2, 3, 4, 97 
as progressive discretization, 261 
properties, 364 
remetaphorization, 322 
self-characterization, 348 
social constructivist theory, 365 
McGwire, Mark, 345 
Measurement, 297, 298 
and completeness of real numbers, 305 
and magnitude, 298, 305 
Measurement Criterion for Completeness, 
303 

Measuring stick, 78 

Measuring Stick metaphor, 68, 70, 71 (fig) 
role of one in, 75 
and zero, 366-367 
Members of sets, 146, 212 
Mental rotation, 91, 92, 102 
Metaphorical analysis, 48 
Metaphorical blends, 48. See also under 
specific names-, Conceptual blending; 
Blends 

and arithmetic, 94 


corresponding to AE metaphors, 117 
of 4Gs domains, 96 
for multiplication, 60, 425 
of object collections, 61 
of positive and negative numbers, 91-92 
Metaphorical conceptions, 62, 162 
Metaphorical mapping, 43, 55, 90. See also 
Mapping 

in cognitive science, 41 
to conceptualize numbers, 65 
from groups to rotations, 1 19 
and image schemas, 42 
from object collections to numbers, 59 
of triangle rotations, 1 16 
Metaphorizing capacity, 5, 52, 54 
Metaphors. See also Conceptual metaphors; 
Metaphors cited in text 
for characterizing essence, 108 
defining discretized mathematics, 273 
forming, 99 

linguistic examples of, 55-56 
and meaning of numbers, 398 
re definitional, 150 

Metaphors cited in text. See also under 
specific titles 

Addition Modulo 3 Forms Commutative 
Croup, 113 

Aristotle's Predication, 123, 129 
Arithmetic Is Motion along a Path, 72, 92 
Arithmetic Is Object Collection, 55, 56, 
59, 60, 63 

Arithmetic Is Object Construction, 65, 

66, 82, 404 

Basic Metaphor of Infinity, 8, 158, 161, 
180, 192, 373 

Categories Are Containers, 43, 44, 45 
Change Is Motion, 408 
Classes Are Containers, 122, 123 
Continuity for Function Is Preservation of 
Closeness, 322 
Continuity Is Gapless, 299 
Continuity Is Numerical Completeness, 
299 

Continuity for Line Is Numerical 
Gaplessness, 322 

Curves (and Lines) Are Ordered Pairs, 

328, 329 

Essence of Mathematical System Is 
Algebraic Structure, 110 
Functions Are Numbers, 386, 387, 412, 413 
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Functions Are Ordered Pairs of Numbers, 
322 

Functions Are Sets of Ordered Pairs, 444, 
446 

Fundamental Metonymy of Algebra, 75 
Geometric Figures Are Objects in Space, 
272 

Hyperreal Numbers Are Points on a Line, 
249 

Indefinite Continuous Processes Are 
Iterative Processes, 157 
Infinite Sums Are Limits of Infinite 
Sequences, 197 

Instantaneous Change Is Average Change, 
252,448 

Instantaneous Speed Is Average Speed, 

408 

Logical Independence Is Geometrical 
Orthogonality, 407 
Love Is a Journey, 98 
Love Is a Partnership, 46 
Mathematical Function Is Curve in 
Cartesian Plane, 306 
Measuring Stick, 68, 70, 75 
Multiplication Is Addition metaphor, 

405 

Natural Numbers Are Sets, 142, 150, 370 
90' Rotation, 428-429 
Numbers Are Object Collections, 56, 96, 
422 

Numbers Are Physical Segments, 70 
Numbers Are Points on a Line, 6, 48, 188, 
237, 261, 280, 322, 424 
Numbers Are Sets, 6 
Numbers Are Things in World, 80, 81 
Ordered Pair, 141 
Polar Coordinate, 396 
Properties Are Functions, 266 
Propositional Logic, 131 
Recurrence Is Circularity, 395, 448, 449, 
450 

Rotation Group, 1 16 
Sets are Objects, 141 
Spaces Are Sets of Points, 264, 271, 273, 
284, 322, 369 
States Are Locations, 42 
Trigonometry, 388 
Weierstrass's Continuity, 311 
Zero Collection, 64 
Zero Object, 67 


Zooming In Is Multiplication by 
Infinitesimal, 234 
Metonymy, 74, 75 
Metric property, 274 
Mind-based mathematics, 4, 8, 9 
Model-building methodology, 101, 102 
Models, discretized, 274 
Model theory, 146, 254 
Modular arithmetic, 113 
Modus ponens, 44, 135, 137 
Modus tollens, 44, 135, 137 
Monads 

as clusters of infinitesimals, 227 
formation, 237 
of real numbers, 236-238 
Monkeys. See Rhesus monkeys 
Monster functions 

and geometric paradigm, 307, 308, 316, 
318, 323 

and nongeometric paradigm, 315 
and Pierpont, 321-322 
in Weierstrass's paradigm, 320 
Montague, Richard, 357 
Moore, E. H., 285 
More Than concept, 143, 144 
Motion, 29, 92 

arithmetic as, 71. See also Arithmetic Is 
Motion along a Path metaphor 
conceptualized as change, 314-315 
conceptualized as points along axes, 
385-386 

as 4Gs source domain, 88 
language, 74 

mathematicization of, 407 
path, 72, 78 
zero as origin of, 367 
Motor-control system, 34-36 
as embodiment of aspect, 156 
Motor schemas, 34, 35 
Moving along a path, 95 
Mr. M, 49, 383 

arithmetic disabilities of, 23-24 
Multiplication, 63 
commutative law for, 126 
as iteration of addition, 72 
metaphorical conceptions of, 62 
by negative numbers, 91, 92 
as operations on collections, 60 
by pooling, 61 

Multiplication Is Addition metaphor, 405 
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Multiplication-Rotation blend, 425 
Multiplicative identity, 63 
Multiplicative inverse, 229 

Nahin, P„ 420 
Napier, John, 399, 401 
Narayanan, Srini, 34, 35, 156 
Natural continuity, 317, 374 
Natural continuous space, 280 
Natural numbers, 94, 95 
arithmetic, 96 

cardinal and ordinal uses, 216 
and closure, 81 
extension, 82 

infinite class of numerals for, 182 
and infinity, 166 
laws governing, 294 
properties, 57 

and rational numbers, 209(fig) 
successor operation, 173 
in terms of sets, 141, 143, 182, 186 
Natural Numbers Are Sets metaphor, 142, 
370 

as linking metaphor, 150 
and set theory, 151 

Naturally continuous line, 282, 288, 290 
Naturally continuous space, 260, 265, 288, 
311, 385 

and naturally continuous change, 261 
properties of, 274 
as stasis and discreteness, 293 
Nearness, 274 
Negative acceleration, 450 
Negative numbers, 441 
adding and multiplying, 89-90, 91 
and Arithmetic Is Motion metaphor, 73 
conceptualization of, 425 
as point-locations, 92, 97 
Neighborhood, 274, 277 
Nested intervals, 206 
Nesting properties, 275, 277 
and sequence of discs, 312 
Neural computational structure, 156 
Neural connections, 54-55 
Neural mechanisms, 49, 348 
Neural model, 33 
Neural motor-control, 34, 35, 36 
Neural structures, 35, 99, 347 
Neuropsychology, 100 
Neuroscience, 100, 138 


Newton, Sir Isaac, 223 
arithmetization, 224, 314 
calculus, 292, 306 
fluxions, 252 
geometric curves, 315 
limit metaphor, 224 
and notion of limit, 228, 229 
Newtonian calculus, 230 
Newtonian derivative, 225(fig), 314 
Newtonian mathematics, 226 
Newton-Leibniz metaphor, 315 
90* Rotation metaphor, 428-429 
90* rotation plane, 430 
90* Rotation-Plane blend, 430, 437 
constraints on, 440 
No distance, 271 
Noncontainer metaphor, 147 
Non-Eudidean geometries, 355 
Nongeometric paradigm, 315 
Nonstandard analysis, 232, 249 
Nonstandard models, 254 
Notation, 83 
for classes, 129 
and mathematics, 120, 378 
Number line, 278, 279 
Dedekind's concept of, 305 
point-location of, 283 
two conceptions of, 282 
Number-Line blend, 70, 71, 280|fig), 424 
described by Dedekind, 295, 298-299 
with gap in points, 298 
mapping from, 439(fig) 
and Numbers Are Points on a Line 
metaphor, 296 
and Weierstrass, 310 
Number/Physical Segment blend. See 
Number-Line blend 
Number-points, 48 
Numbers, 57, 58, 60, 65, 81 
and abstract elements, 114 
as collections, 54 
and average speed, 406-407 
meaning of, 3 97 
and numerals, 83-85 
as objectively existing entities, 80, 97, 
166 

as objects, 110 

and physical segments, 68, 70 
and points, 73, 279 
relationship properties for, 59 
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symbolic representations of, 84 
symmetry between positive and negative, 
91 

as values of functions, 386 
as zero-dimensional geometric objects, 
342 

Numbers Are Object Collections metaphor, 
56 

and associative law for arithmetic, 96 
and subitizing, 422 

Numbers Are Physical Segments metaphor, 
70 

Numbers Are Points on a Line metaphor, 6, 
48, 188, 191, 198, 260, 295, 424 
of Descartes, 261 

extended to granular numbers, 237 
forming Number-Line blend, 296-297 
fully discretized version, 281 
for naturally continuous space, 279 
with Space-Set blend, 280 
Numbers Are Sets metaphor, 6 
as literal statement, 373 
as set theory model, 354 
Numbers Are Things in World metaphor, 80 
consequences of, 81 
as generalization of 4Gs, 97 
Numeral-number mapping, 89, 98 
Numerals 

application of BMI to, 213 
as infinite decimals, 184 
for natural numbers, 182, 183 
new, 213 

and numbers, 83-85 
Numerical abilities, 15, 21 
Numerical distinctions, 16 
Numerical estimation, 22 
Numerosity, 51 
Ntifiez, Rafael £., xii, xvi 

Object collection, 95. See also Object- 
collection metaphor; Arithmetic Is 
Object Collection metaphor 
associative ERF for, 87 
mapping of, 60 
metaphoric blend of, 61 
as source domain, 55, 56-57, 88 
Object-collection metaphor, 67, 93. See also 
Arithmetic As Object Collection 
metaphor 

individuality symbolized, 75 


Object construction. See also Object- 
construction metaphor; Arithmetic Is 
Object Construction metaphor 
conflation with object collection, 96 
primary experiences with, 95 
as source domain, 65, 88 
Object-construction metaphor, 67, 413. See 
also Arithmetic As Object 
Construction metaphor 
and destruction, 76 
and object-collection metaphor, 78 
role of one in, 75 
and unity, 75 
Object location, 18 
Occam's razor, 227, 230 
One, 75, 197 
Ontology, 365 
Open set property, . 275 
Operations, 81, 97, 111 
Ordered fields, 200, 205 
Ordered number systems, 290 
Ordered Pair metaphor, 141, 150 
and set theory, 151 

Ordered-pair-of-number set, 328, 329, 331 
Ordered pairs 
constrained sets of, 370 
infinite set of, 186 
metaphorical definition of, 141 
of real numbers, 313 
Ordered Pairs Are Sets metaphor, 370 
Ordinal numbers, 218, 220 
Orientational schemas, 33 

Payability, 143, 144 
Parabolic trajectories, 344 
Paradigm shift, 309 
Paradox of infinity, 325 
Paradox of length, 327, 330 
Parallel lines, 167, 170 
meeting at infinity, 169 
Parallel preattentive processing, 21 
Path of motion, 71-72 
Path schema, 141 
Peano, Giuseppe, 284 
Peirce, Benjamin, 383, 431 
Perfective aspect, 180 
and language of iteration, 157 
of verbs, 36 
Perpetual motion, 156 
Personality, 109 
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Philosophy in the Flesh (Lakoff and 
Johnson), 5 
Physical laws, 344 
Physical regularity, 345 
Physical segment metaphor. See Measuring 
Stick metaphor 
Physical segments, 68 
as constructed objects, 70, 78 
and path of motion, 71-72 
primary experiences with, 95 
as source domain 4Gs, 88 
Physics, 109 
laws in, 344 

mathematics of, 340, 345 
Piaget, Jean, 270 
Pierpont, James, 307 
arithmetization of calculus, 320 
geometric understanding of functions, 

374 

mathematical ideas, 321, 322 
prototypical properties of a curve, 307, 315 
Planck length, 181 
Plane geometry, 109 
Planes, 260, 263 
Plato, 110 

Platonic mathematics, 2, 3, 4, 97 
Platonism, 80 
Poincar6, Jules Henri, xiii 
Point-location metaphor, 73 
Point-locations, 90, 283 
and choice of numbers, 310 
in naturally continuous space, 282 
and negative numbers, 92 
sequence of, 191 
Points, 278, 291 
as abstract objects, 265 
child's concept of, 270 
correspondence with numbers, 297 
on a curve, 287 

in discretized mathematics, 273 
as discs, 268, 269(fig) 
as elements of sets, 33, 263, 272, 328, 372 
as infinitesimal discs, 270, 271, 272 
infinite smallness of, 266 
at infinity, 167, 171, 173, 175 
on a line, 186, 283, 372, 271 
in space, 264, 282 
Point-set topology, 261 
Points on a Line Are Numbers metaphor, 322 
Polar Coordinate metaphor, 396 


Polar-Trigonometric blend, 437 
P6lya, George, 285 
Polynomials, 82 
cumulative derivatives of, 253 
infinite, 185, 186 
Polysemy, 47, 103 
Pooling, 61, 62, 63 
Positional notation, 97 
Positive numbers, 92 
Potential infinity, 158, 159[fig), 202 
Power series, 414 
Power-Series blend, 413 
Power set proof, 213 
Power sets, 141, 215 
of Cantor, 212, 213 
members, 255 
number of elements in, 214 
Precision, 350, 351 
Predication metaphor, 123, 129, 134 
Prefrontal cortex, 24, 34 
Preservation of closeness, 314, 318 
and space-filling curves, 319 
of Weierstrass, 323 
Pre-Socratic philosophy, 161 
Primates numerical abilities, 22-23 
Prime numbers, 82 

Principles of Mathematics [Russell), 408 
Processes, 163, 187 
as motion, 157 
as static things, 163 
Projective geometry, 167, 168 
basic axiom, 169-170 
infinity of points, 173 
Proofs, 75, 372 
concept, 362 
done by computers, 361 
proving, 342 
symbolizing, 369 
Properties, 364 
of external objects, 350 
inherent, 265 

of naturally continuous space, 274 
Properties Are Functions metaphor, 266 
Propositional calculus, 133 
grounded in container schemas, 134 
mechanization of, 137 
Propositional logic, 133 
and Boole's algebra of classes, 131 
Propositional Logic metaphor, 131, 134, 138 
mapping inferential laws, 135 
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Prototypical properties of curve, 307 
Puppet experiments for babies, 16-18 
Pythagorean essence of all Being, 357 
Pythagorean theorem, 70, 349, 393 

Rational array diagram, 208 
Rationality, 340 

Rational-Number-Line blend, 300, 301 
Rational numbers, 209 
Rats, 21, 22 

Real-approximation operator, 241, 243 
and granulars, 250 
Real line, 282 
misnaming of, 291 
Real-Number-Line blend, 301 
Real numbers, 181, 184, 185, 283, 440 
adding infinitesimals to, 238 
and Archimedean principle, 225 
axioms of, 200, 202, 227, 228, 235 
closure for, 290, 423 
commensurability, 226 
and continuity link, 296 
defined, 289 
e as, 415 

embedded in granulars, 241 
as exhausting continuum, 288 
within hyperreal interval, 287 
and infinite decimals, 204 
infinite intersections, 205 
and infinite polynomials, 186 
and Least Upper Bound axiom, 205 
lines, 283, 284, 289, 291 
and monads, 237 
on naturally continuous line, 289 
and natural numbers, 212, 214 
and rational numbers, 201, 210, 212, 309 
Real-valued points, 288 
Reason, 121 

Reclaiming Cognition (Ntifiez and 
Freeman), 5 

Recurrence Is Circularity metaphor, 448 
in language, 395 
and unit circle, 449, 450 
Recursion, 28 
Reduction, 151,371 
of mathematics to set theory, 370 
Regier, Terry, 33 
Relationship properties, 59 
Relativistic view of science, 362 
Religion and mathematics, 162-163 


Repeated action, 28 
Repetition, 157 

Result of an infinite process, 158 
Rhesus monkeys, 22 
Rigor, 321 
concept, 293 
increased, 307 
myth, 321 
and Pierpont, 322 
Robinson, Abraham, 234, 249 
hyperreals concept, 250 
mathematics of infinitesimals, 242, 255, 
359 

and nonstandard analysis, 232 
Romance of Mathematics, 339, 340, 341, 
368 

claim of, 361 

and cognitive science, 346 
and culture, 355 
disconfirmation of, 364-365 
Roman numerals, 83, 85 
Romeo and Juliet, 46 
Rotation, 37 
applying twice, 425 
as a commutative group, 1 14-1 15 
concept, 29 
mental, 90ffig) 
plane, 428 

to symmetrical point, 91 
of triangle forming a group, 1 15(fig) 
Rotation Croup metaphor, 116 
Rotation-Number-Line blend, 426 
Rotation-Plane blend, 426, 427 
Rote memorization of arithmetic, 24, 49 
and cortico-subcortical loops, 25 
Russell, Bertrand, 357, 408 

Same Number As concept, 142, 143 
Same Size As concept, 152, 208 
Schemas, 40(fig). See also Image schemas 
Secant-tangent difference, 224 
Self-membership of sets, 146 
Self-multiplication and exponentiation, 404, 
433 

Semantics of propositional logic, 131 
Sensory-motor system, 54-55 
and grounding of abstract concepts, 101 
Sequence and Limit Frame 
general version, 195 
prototypical version, 189 
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Sequence of differences, 202, 204 
Sequence of functions, 286 
Sequence of length, 220 
Sequence of partial sums, 197 
Sequence of sums, 246 
Sequences, 188, 209, 218 
of all odd numbers, 219 
approaching limit, 194 
convergent, 192, 193, 205 
along diagonal, 212 
elements of, 195, 216 
formation process of, 217 
mapping, 218 

of natural numbers, 210, 217 
Set-of -points, 263 

Set-of-points metaphor. See Spaces Are Sets 
of Points metaphor 
Sets, 140, 147, 196, 215, 371 
of all natural numbers, 173, 174, 182, 
210, 212, 214, 221 
of all rational numbers, 297(fig) 
closed, 82 

conceptualized as containers, 141, 145, 
146, 148 

containing all members of sequence, 190 
extensions, 177 

and infinite nesting property, 276 

infinite operations on, 221 

length, 329 

linearly ordered, 284 

linked to natural numbers, 142 

objectively existing, 373 

of ordered pairs of numbers, 328, 329 

pairable, 144 

process of forming, 247 

replacing spaces, curves, points, 328 

self-membership of, 146 

size of, 208 

real numbers, 212 

two infinite sequences of, 195 

union, 219 

Sets Are Graphs metaphor, 147 
and hypersets, 152 
as linking metaphor, 150 
Sets Are Objects metaphor, 141 
Set-theoretical structure 
constraints on, 370 
with infinitesimals, 232 
mapping onto, 369 
models, 232 


Set theory, 343 
axiom of infinity in, 174 
axioms for, 145, 215 
defined by axioms, 355 
modern, 140 

and Zermelo-Fraenkel axioms, 148 
Sheba, 22-23 
Shebo, B. 19 
Sierpinsky, W., 285 
Sine, 253 

functions of, 395(fig) 
metaphorical definition of, 394 
and periodicity, 449 
Slide rule, 443 
Small concept, 56, 269 
Smaller defined by Cantor's metaphor, 215 
Source domains, 42 
algebra, 128 

algebra groups, 113, 116 
arithmetic, 125 
classes, 123, 131 

completed iterative processes, 159 
container schemas, 123 
of4Gs, 77 
inferences of, 102 
inferential structure of, 44, 48, 80 
limits of infinite sequences, 197 
mappings, 143, 218 
measuring stick, 68 
motion, 72, 74, 79, 91 
nonisomorphic characterization of, 81 
numbers (values of functions), 386 
object collection, 55, 79, 56-57 
object construction, 65 
sets, 141, 142, 371, 263 
space, 425 
Space-Set blend, 280 
Unit Circle blend, 393, 396 
Source location, 37 
Source-Path-Goal schema, 37, 38(fig) 

Space, 304, 425 

as axis on Cartesian plane, 407 
bounded region of, 28 
discretized, 271, 279 
naturally continuous, 260, 385 
set-of-points conception of, 263 
Space-filling curves, 9, 284, 291 
concept, 265 
of Hilbert, 285, 286 

and naturally continuous unit square, 287 
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pace Is a Set of Points metaphor, 263, 264, 
265 
paces 

properties of, 264 
replaced by sets, 328 
paces Are Sets of Points metaphor, 271, 
273, 275, 277, 279, 284, 295, 322, 

369 

as literal truth, 373 
pace-Set blend, 279, 280, 282 
patial abilities, 24 
•patial logic, 33 
of Container schema, 44, 45 
internal, 37 
Ipatial metaphor, 186 
.patial relations, 353 
systems of language, 30 
terms of, 33 
ipecial cases 

formation of ascending categories, 162 
granular numbers, 235 
infinite class of numerals, 182 
infinitesimals, 228 
inversive geometry, 172 
mathematical induction, 176 
projective geometry, 168 
real numbers, 184 
set of natural numbers, 174 
unending sequence of integers, 165 
>peck concept, 223, 233 
ipeed, 406 

concept of average, 406-407, 408 
mathematicization of, 407 
splitting up concept, 61 
stability, 350, 352 
standard part, 250 
operator of hyperreal numbers, 250 
states Are Locations metaphor, 42 
structured connectionism, 33 
structure of events, 35 
subcortical basal ganglia. See Basal 
ganglia 
Subitizing, 52 

as embodied capacity, 51, 351 
extensions, 54 
as inborn ability, 19-21 
and innate arithmetic, 96 
and neural structure, 99 
and object collections metaphor, 422 
of small numbers, 29 
Subitizing plus, 95 


Subject matter, 372 
of mathematics, 351, 354 
multiple versions of, 355 
in terms of sets, 369 
Subject-matter frame, 167 
Substance, 108 
Subtraction, 57, 61 
Superinfinitesimal number, 248 
Support schema, 30 
Symbolic calculation, 97 
Symbolic domain, 129 
and infinite decimals, 186 
of propositional calculus, 133 
Symbolic logic, 8 
development of, 130 
to discretize reason, 261 
implications of, 121 
mapping, 133, 134, 138 
as propositional calculus, 132 
requiring cognitive analysis, 5 
Symbolic numerical abilities, 23 
Symbolization, 95 
capacity for, 52, 102-103, 351 
mappings, 99, 370 
mathematical, 120 
of operations on classes, 129 
Symbols, 129 
manipulation of, 137 
mathematical, 49 
for numbers, 83, 84 
used by chimpanzees, 22 
Symmetrical point, 90 
•location, 92 
rotation to, 91 
Symmetry, 91 

Syntactic forms of iterated action, 

157 

Talmy, Len, 38, 163, 191, 198 
Target domains, 42 
arithmetic, 55, 65, 68, 72 
classes, 123, 125, 128 
functions, 386 
geometry rotations, 116 
and inferential structure, 48 
iterative processes, 159, 162, 165, 168, 
172 

mathematical ideas, 371 
modular arithmetic, 1 13 
naturally continuous space, 31 1 
natural numbers, 142 
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new elements in, 46 
numeration, 143 
ordered pairs, 141 
ordinal numbers, 218 
predication, 123 
propositional logic, 132 
trigonometric functions, 393, 396 
Tautology, 137 
Taylor series, 444 
for functions, 443, 445 
Teaser elements, 196 
convergence, 192, 193, 194 
and critical elements, 195 
Theodorus of Cyrene, 71(fig) 

Theological importance of infinity, 162 
Thought, 5 

as mathematical calculation, 357 
Time and distance, 315, 407 
Topographic maps of visual fields, 134 
Totalities involving sets, 175 
Total ordering axiom, 200 
Touching of points on a line, 271 
Trajector, 33 
of image schema, 31 
landmark relation, 37 
in motion, 191 
Transcendent mathematics 
existence of, 342 
and objective truth, 363 
philosophical paradigm of, 343 
Transfinite addition, 221 
Transfinite cardinals 
and Cantor's metaphor, 214 
and elements in infinite set, 221 
hierarchy, 216 
as infinite numbers, 254 
and line at infinity, 368 
Transfinite numbers, 290 
defined, 208 
embodied, 222 

formed by Cantor's metaphor, 216 
Transfinite ordinal numbers, 217, 220 
arithmetic of, 219 
hierarchy of, 220 
Triangle rotations, 114, 116, 117 
Trigonometric Complex Plane blend, 437 
TYigonometric functions, 393, 396 
Trigonometry, 397 
Trigonometry blend, 396 
Trigonometry metaphor, 393, 433 
and angles as numbers, 387 


entailments, 394 
and unit circle, 450 

Unconscious conceptualization 
of mathematics, 29 
metaphors, 55 
system, 108, 180, 339 
Unconscious memory, 27-28 
Unending process, 266 
for creating infinitesimals, 248 
literal, 160 

Unending sequence of integers, 166 
Union 

of a class with itself, 126 
commutative law for, 132 
of set size of natural numbers, 219 
Unique mathematics, 374 
Unit circle, 170 

on Cartesian plane, 48, 388 
circumference of, 439 
in complex plane, 449 
Unit Circle blend, 388 
entailment of, 393 
first stage of, 389(fig) 
and sine/cosine functions, 395 
as source domain, 393, 396 
Stage 3, 390, 392|fig) 

Unit square, 287 
Unity, 75 

Universal class, 131 
of Boole, 127, 130 
as correlated to one, 124-125 
metaphorical creation of, 129 
Universality of external objects and 
mathematics, 350, 351 
Upper bound, 201, 202 

Venn diagrams, 45 
for Boolean classes, 122 
and member concepts, 145 
of propositional calculus, 134 
Verbs, 36 

Violation-of-expectation paradigm, 16, 22 
Visual systems, 33, 34 
Von Neumann, John, 141, 150 
axiom of Foundation, 146 
Von Neumann metaphor, 148 

Weierstrass, Karl Theodor, xiv, 305, 308, 
322, 407 

arithmetization of calculus, 293 
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characterization of derivative, 314 
descretizing continuity, 292, 310, 408 
elimination of geometry, 315 
implicit conceptual metaphors, 309 
linkage between continuity and limit, 
313 

nongeometric arithmetization, 230 
nongeometric paradigm, 315 
notation for concept of continuity, 313 
notation for concept of limits, 312 
Weierstrass's continuity, 320 
and preservation of closeness, 318 
versus natural continuity, 374 
Weierstrass's Continuity metaphor, 311 
Weierstrass's paradigm, 316, 318 
Weyl, Hermann, xiii, 323, 324 
Wholeness, 75 
Wigner, Eugene, 3 
Wilder, R., 356 
Writing systems, 378 


Zermelo-Fraenkel axioms, 145, 148 
Zero, 366 

Boole's arithmetic law for, 124 
on Cartesian plane, 170 
as empty collection, 366 
as empty set, 343 
as infinitesimal, 250 
and least upper bound, 202 
meanings of, 75 
as number, 366 

and one as natural correlates, 124 
as point-location, 73, 97 
Zero Collection Metaphor, 64 
Zero-diameter discs as points, 270, 271, 272 
Zero-dimensional geometric objects, 342, 
343 

Zeroes (two), 360, 361 

Zero Object Metaphor, 67 

ZFC axioms. See Zermelo-Fraenkel axioms 

Zooming In Is Multiplication metaphor, 234 



A Note on the Text 


Trump Mediaeval was designed by Georg Trump for the Weber foundry and re- 
leased between 1954 and 1960. A student of F. H. Ernst Schneidler, Trump was 
a prolific type designer who considered himself first and foremost a teacher of 
the graphic and lettering arts. With its crisp angularity and wedge-shaped ser- 
ifs, Trump Mediaeval appears carved in stone. It is a strong text typeface that 
is highly legible. Mediaeval is the German term for oldstyle; this design is a 
modern rethinking of the oldstyle theme. 
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MATHEMATICS / COGNITIVE SCIENCE 


In this acclaimed study of the cognitive science of mathematical ideas, renowned linguist George Lakoff pairs 
with psychologist Rafael Nurtez to offer a new understanding of how we conceive and understand mathe- 
matical concepts Abstract ideas, for the most part, arise via conceptual metaphor— a cognitive mechanism 
that derives abstract thinking from the way we function in the everyday physical world Conceptual metaphor 
plays a central and defining role in the formation of mathematical ideas within the cognitive unconscious— 
from arithmetic and algebra to sets and logic to infinity in atl of its forms The brain s mathematics is math- 
ematics the only mathematics we know or can know 

"A groundbreaking book ' —Science News 

The authors take readers on a dazzling excursion without sacrificing the ngor of their exposition 
Revolutionary' —Publishers Weekly 

'An unprecedented attempt to base advanced mathematics on the working of the brain It is beautifully writ- 
ten and a pleasure to read " — REUBEN HERSH. author of What is Mathematics Really? 

'An unusually provocative naturalistic treatment of the foundations of mathematics based on lived experi- 
ence and metaphor It should force mathematicians to think harder about the foundations of their discipline * 

-FELIX BROWDER 

President of the American Mathematical Society 

This fascinating book has great promise when the dust finally settles to leave us better able to teach, to 
communicate and to think mathematics ' —BILL THURSTON. 

Professor of Mathematics University of California. Davis and 
Fields Medal winner 

'An important book, which challenges some deep seated beliefs about the nature of mathematics If Lakoff 
and Nurtez are right, and I believe they are. then what they say has significant implications for mathematics 
education ’ — KEITH DEVLIN, author of TheMath Gene 
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